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Abstract

Let CT . x and CT7, ;, be the classes of all n-vertex chemical trees with k segments
and b branching vertices, respectively, where 3 <k <n—-land1<b< 5 —1.
The solution of the problem of finding trees from the class CT,x or CT7, , with the
minimum first Zagreb index or minimum second Zagreb index follows directly from
the main results of [MATCH Commun. Math. Comput. Chem. 72 (2014) 825-834]
or [MATCH Commun. Math. Comput. Chem. 74 (2015) 57-79]. In this paper,
the chemical trees with the maximum first/second Zagreb index are characterized
from each of the aforementioned graph classes. Along the way, some similar results
concerning the reduced second Zagreb index are also discussed at the end of this

paper.

1 Introduction

All the graphs discussed in this paper are simple and connected. Chemical compounds
can be represented by graphs, known as chemical graphs, in which vertices correspond

to atoms and edges represent the bonds of the considered chemical compound. Let G be

*Corresponding author
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a graph with vertex set V(G) and edge set E(G). If two vertices u and v of the graph
G are adjacent, then the edge connecting them will be denoted by wv. The number of
vertices adjacent to the vertex u € V(QG) is its degree, and it will be denoted by d,(G). In
a chemical graph, every vertex has degree at most 4. Let n;(T") be the number of vertices

of degree i in a graph G. Let Ng(u) be the set of all those vertices of G that are adjacent
to the vertex u € V(G). A vertex of degree one is called a pendent vertex. A vertex of
degree more than two is known as a branching vertex. A pendent vertex adjacent to a
branching vertex is called a starlike pendent vertex. A graph with n vertices is called n-
vertex graph. When the graph under consideration is clear, we drop “G” from the graph
theoretical notations — for example, we write d,,, n; and N(u) instead of d,,(G), n;(G) and
N (u), respectively. If V(G) = {v1,v2, ..., v,} then the sequence (dy,, dy,, ..., d,, ) is called
the degree sequence of G and it is usually assumed that d,, > d,, > --- > d,,. Undefined
terminology and notations from (chemical) graph theory can be found in books [7,19,26].

In chemical graph theory, the graph invariants (that found some chemical applications
in chemistry) are called topological indices. Long time ago, a pair of topological indices
were appeared within the study of the dependence of total m-electron energy of molecular
structures [17,18]. Nowadays, the members of this pair are known as the first Zagreb
index, which is denoted by M;, and the second Zagreb index, which is denoted by M.
For a (molecular) graph G, these Zagreb indices are defined as

Mi(G)= Y (d,)’ and My(G)= Y dud,.

veV(G) wveE(G)
These indices were given different names in the literature, such as the Zagreb Group
indices [18], the Zagreb group parameters [10] and the Zagreb indices [27]. The Zagreb
indices attracted much interest from mathematical chemists and mathematicians, and
as a result a plethora of their mathematical properties were reported — detail about
the mathematical theory and applications of these indices can be found in the recent
surveys [3,4,8,9,16], recent papers [1,2,5,11,13,20,22-24,29-32] and related references
listed therein.

Let P : ugujus - - -u, be a path of length » > 2 in a graph. The vertices ug and u,
are called end vertices of P. If r > 3 then the vertices uy, us, - -+ , u,_q are called internal
vertices of P. A pendent path in a graph is a path in which one of the end vertices is
pendent and the other is branching, and all the internal vertices (if exist) have degree 2.
An internal path in a graph is a path in which both the end vertices are branching and all

the internal vertices (if exist) have degree 2. A segment of a tree T is a non-trivial path
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P’ in T with the property that neither of the end vertices of P’ has degree 2 and that all
the internal vertices (if exist) of P’ have degree 2.

Denote by CT,x and CT, , the classes of all n-vertex chemical trees with k segments
and b branching vertices, respectively, where 1 <k <n—1and 0 <b < § —1. The
solution of the problem of finding trees from the class CT, or CT,, ,, with the minimal
first Zagreb index or minimal second Zagreb index follows directly from the main results

of [6] or [21]. The main purpose of the present paper is to solve the following chemical

extremal graph theoretical problem.

Problem 1. Characterize all the trees attaining the mazimal first Zagreb index or mawi-
mal second Zagreb index from the class CT i or CT .

Clearly, the classes CT,,1 and CT, , consist of only the path graph and the class CT, 2
is empty. It is mentioned in the papers [6,21] that the n-vertex star graph is the unique
tree with n — 1 segments — however, this is not the case because every n-vertex tree
containing no vertex of degree 2 has n — 1 segments. Also, if T € CT*%fl then T consists
of the vertices only of degrees 1 and 3, and hence M;(T) = 5n — 8, My(T) = 6n — 15,
where n > 4. Thus, we solve Problem 1 under the constraints 3 < k < n — 1 and
1 <b < §—1. Moreover, if k = 3, 4, the solution of the problem of characterizing
trees from the class CT, ; with the maximal first Zagreb index or maximal second Zagreb
index follows directly from Theorem 1 of [21] or Theorem 3.1 of [6], respectively. However,
for the sake of completeness, we state our main results, concerning segments, with the
condition 3 < k <n—1instead of 5 <k <n-—1.

Let G’ be a graph obtained from another graph G by applying some graph transfor-
mation such that V(G) = V(G’). In this paper, whenever such two graphs are under

discussion, by the vertex degree d,, we always mean that it is the degree of the vertex u

in G.

2 Statements of the Main Results

This section is concerned with the statements of our main results, which give the solution
of Problem 1. In order to state the first two of these results, we need the following

elementary lemma.

Lemma 1. For any tree T € CT , with 3 <k <n — 1, the following results hold.

a)ng =0 if and only if k =1 (mod 3), nlz%T”, ng=n—k—1 andm:k%.
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b) ns =1 if and only if k=0 (mod 3), ny = 283 ny=n —k —1 and ny = 53,

3 3
3

¢) ny =2 if and only if k =2 (mod 3), ny = %, ng=n—k—1 andng = 3.

Proof. From the well known identities

n=mn;+ng+ns+ny

and
ny + 2ng + 3ng + 4ng = 2(n — 1),

it follows that

ny =ng + 2ny + 2.
By using (3) in the equation k = (ny + ns + n4) — 1, we get
k=2n3+1 (mod 3).
Now, by using the identity ny =n — k — 1 (see [21] for details) in (2), we have
ny +4ny = 2k — 3ns.

By solving (3) and (5) for the unknowns n; and ny, we get

2]@‘*7134’4
n=———
! 3
and
k*Qﬂg*l
ng=—————.
‘ 3

From (4), (6) and (7), the desired results follow.

Let CTo(n, k), CT1(n,k) and CT2(n, k) be the subclasses of CT,, ;. consisting of the

trees that contain no vertex of degree 3, contain one vertex of degree 3 and contain

two vertices of degree 3, respectively. Then, by Lemma 1, every member of CTg(n, k),

CT1i(n,k) or CTa(n, k) satisfies & = 1 (mod 3), & = 0 (mod 3) or k = 2 (mod 3),

respectively, and also that member has the degree sequence
(4,4,..,4,2,2,...,2,1,1, ..., 1),
R G N

k-1 n—k—1 2k+4
3 3

(4,4,..,4,3,2,2,..,2,1,1,..., 1)
—_— Y
or

(4,4,..,4,3,3,2,2,..,2,1,1,.... 1),
—— —— ——

k=5 n—k—1 2k+2
3 3

respectively.
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Theorem 1. If3 <k <n—1and CT € CT,, then
An+2k—10 if k=0 (mod 3),
M(CT) < q4n+2k—8 ifk=1 (mod 3),
dn+2k—12 if k=2 (mod 3).
The equality holds if and only if CT € CT1(n, k) for k=0 (mod 3), CT € CTo(n, k) for
k=1 (mod 8), and CT € CTs(n, k) for k=2 (mod 3).

Let CTy(n, k), CT1(n, k) and CT4(n, k) be the subclasses of CTy(n, k), CT1(n, k) and
CTa(n, k), respectively, consisting of the trees that satisfy the following properties:
e every internal path (if exists) has length 1,
e if there is at least one starlike pendent vertex then there is no pendent path of length
greater than 2,
e every vertex of degree 3 (if exists) does not have more than one branching neighbor,
e if there is a pendent neighbor of a vertex of degree 4 then there is no vertex of degree
3 having any neighbor of degree 2,

e if 7y > 0 then the graph induced by the vertices of degree 4 is a tree.

Theorem 2. If CT € CT 1, with 3 <k <n —1, then it holds that

6n+2k—24 ifn<3%+1and k=0 (mod 3),
n— th-87 ifn=2%+1and k=0 (mod 3),
12n416k-66 ifn>2%4+1and k=0 (mod 3),
6n + 2k — 22 zfn<¥ and k=1 (mod 3),

My(CT) < L2nt10k=b2 ifn> % and k=1 (mod 3),
6n+2k—26 ifn< %, : =2 (mod 8) and k # 5,
M if%gng%,kEQ(modé’)andk;éf),
W ifn > ‘r’kLT”, k=2 (mod 3) and k # 5,
5n—9 ifn <10 and k =5,
4n+1 ifn>10 and k = 5.

with equality if and only if CT € CT'1(n,k) for k = 0 (mod 3), CT € CT'¢(n,k) for
k=1 (mod 3), and CT € CT"2(n, k) for k =2 (mod 3).

Since ng =n —k — 1 (see [21] for details), we remark that the solution of the problem

of finding trees from the class of all n-vertex chemical trees having n, number of vertices
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of degree 2, with the maximal first Zagreb index or maximal second Zagreb index, follows
from Theorem 1 or Theorem 2, respectively, where 0 < ny <n — 4.

For1<b< "T’Z and for "T’Z <b< §—1, denote by BT 1(n,b) and by BT(n,b) the
subclasses of CT, , consisting of the trees with the degree sequences

(4,4,..,4,2,2,..2,1,1,...,1)
—_——— —— ——

b n—>3b—2 2b+2
and
(4,4,...,4,3,3,...,3,1,1,....1)
— Y —
n—2b—2 3b—n+2 n—b
respectively.

Theorem 3. If BT € CT,, then

1,

220 +3b—3) if1<b< 12,
M (BT) <
2dn —3b—T) fE<b< o1

The equality sign in the inequality My(BT) < 2(2n + 3b — 3) holds if and only if BT €
BT1(n,b) for 1 <b < 232 and the equality sign in the inequality My(BT) < 2(4n—3b—7)
holds if and only if BT € BT3(n,b) for "2 <b < % — 1.

For1<b< ”—;2 and for % < b < §—1, denote by BT"1(n,b) and by BT s(n,b), the
subclasses of BT 1(n,b) and BT (n, b), respectively, consisting of the trees that satisfy the
following constraints:

e every internal path (if exists) has length 1,

e if there is a pendent vertex adjacent to a vertex of degree 4, then there is no adjacent
vertices of degree 3,

e if there is a pendent vertex adjacent to a branching vertex, then there is no pendent
path of length greater than 2,

e every vertex of degree 3 (if exists) has at most one neighbor of degree 4,

e 1y > 0 and the graph induced by the vertices of degree 4 is a tree.

Theorem 4. If BT € CT,,, where 1 <b < § —1, then

1,

dn+16b—12  if1<b< )

5

6n + 6b — 20 if 2=t < b < 252,

M,(BT) < )
10n—6b—28 if 22 << Bt

16n —20b— 36 if =t <h< 1.
The equality holds if and only if BT € BT'1(n,b) for 1 <b < 52, and BT € BT 5(n,b)

forn2 <<t
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3 Proofs of Theorems 1 and 2

Let CTY,, (respectively CT?2 ) be the tree with the maximal first Zagreb index (respec-

mazx

tively, second Zagreb index) among all the members of the class CT ., where 3 < k < n—1.
In order to prove Theorems 1 and 2, we first establish some structural properties of the

trees CT.,,, and CT2 ..

maz

Lemma 2. The tree CT}!

mazx

€ CT s (respectively CT?,, € CT,y) contains at most two
vertices of degree 3 where 3 <k <n —1.

Proof. We give a proof by contradiction. Suppose that the tree CT. (respectively

nax

CT?2,,) contains the vertices u, v and w of degree 3. If the vertices u, v and w lie on the

max

same path, then without loss of generality, we assume that the vertex v lies on the u-w
path. Whether the vertices u, v and w lie on the same path or not, we assume that w;
and wy are the neighbors of w that do not lie on the u-w path. Then, in either case, v
must not be coincident with either of the vertices w; and w,. Let 7" be the tree obtained

from CT}

max

(respectively CT?,.) by deleting the edges ww;,ww, and adding the edges

uwy,vws, then it is clear that 77 € CT . It can be easily checked that

My(CTL,.) — My(T') < 0,

max

which is a contradiction to the definition of C'T'.

max*

Next, we show that My(CT2,..) — My(T") < 0, which contradicts the definition of CT2,,,.

max

Let w3 be the unique neighbor of w that lies on the path w-w. By definition of My, it
holds that

My(CTL,,) = Mo(T') = 2y —duy —duy — Y, da— > dy,. 8)

zENG(u) YyENg(v)
The right hand side of (8) is negative due to the facts that > <y de > 4, 30 cn) dy > 4
and d,, < 4. This completes the proof. |

We can now prove Theorem 1.

Proof of Theorem 1. Recall that we have denoted by CT,,. the tree attaining the

ax

maximal first Zagreb index among all the members of CT,, ;. By Lemma 2, CT},,. must

have at most two vertices of degree 3 and hence by Lemma 1, we have
4n+ 2k —10 if k=0 (mod 3),
M(CTr.) =< 4n+2k—8 if k=1 (mod 3),
dn + 2k —12 if k=2 (mod 3).
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Now, bearing in mind the definitions (see Section 2) of CTo(n, k), CT1(n, k) and CT2(n, k),
we get the desired result. u

In order to prove Theorem 2, we need to establish some further structural properties

of the tree CT?

max

Lemma 3. For 3 < k < n —1, the tree CT2,, € CT i does not contain any internal

max

path of length greater than 1.

Proof. Assume, on the contrary, that there is an internal path wvovy - - v,_1v, of length

at least 2 in CT2,. where vy and v, are branching vertices and d,, = d,, = -+ =

T

dy,_, = 2. Let u be a pendent vertex adjacent to some vertex v € V(CT2,,). The

max

vertex v may or may not be coincident with either of the vertices vy and v,. If CT' =

CT?

mazx

— {uwv, vov1, v,_10, } + {vovr, uvy, v_1v}, then CT' € CT . Whether the vertex v

is coincident with either of the vertices vy and v,., or not, in both cases we have

M,(CT?

mazx

) — My(CT")

2d, + Qdm. - d'uo dw - dv -2

V0

IN

4+ 2(dyy + ) — duyd, - (9)

The right hand side of (9) is negative because the function f defined by f(z,y) = 2(z +
y) — axy — 4, with 3 < z,y < 4, is decreasing in both z and y, and hence we have
My(CT?,,) < May(CT'), which is a contradiction to the choice of CT?2 [ ]

max mazx*

Lemma 4. If the tree CT2,, € CT,y contains a pendent vertex adjacent to a branching
vertex, then CT2,, does not contain a pendent path of length greater than 2 where 3 <

mazx
k<n-—1.

Proof. Suppose, on the contrary, that vivy---v, is a pendent path of length at least 3

and there is a pendent vertex u € V(CT2,,) adjacent to some branching vertex v €

mazx

V(CT2,.), where v; is a pendent vertex and v, is a branching vertex (the vertex v,

may coincides with the vertex v). Let CT" = CT2,, — {uv, v1vq, vov3} + {uva, vov, viv3}.

max

Certainly, the tree C'T” belongs to the class CT,, ; and from the fact d, > 3, it follows that
My(CT2,,.) — Ma(CT') = —d, + 2 < 0, which is a contradiction to the choice of CT?

max mazx*

Lemma 5. If the tree C’Tfmz
degree 4 then CTZ, .
2 where3 <k <mn-—1.

€ CT . contains a pendent vertex adjacent to a vertex of

does not contain any vertex of degree 3 adjacent to a vertex of degree
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Proof. Suppose, on the contrary, that v € V(CT2,,) is a vertex of degree 3 adjacent to

max

a vertex u of degree 2 and p € V(CT2,,) is a pendent vertex adjacent to some vertex

max

w of degree 4. Let ¢ be the neighbor of u different from v. Because of Lemmas 3 and

4, it holds that d, = 1. If CT" = CT?

mazx

My(CT?,..) — Ma(CT") = —1 < 0, which is a contradiction to the definition of CT?2

max mazx*
|

— {tu,uwv, pw} + {tv, pu, uw} then we have

Lemma 6. If the tree CT?,, € CTny contains a vertex u of degree 3 then u does not

have more than one branching neighbor where 3 < k <n — 1.

Proof. Suppose, on the contrary, that v and w are two branching neighbors of u. Let
P = vv9 -+ 0;_10;0;41 - - - v, be the longest path containing u, v and w, where v;_; = v,
v; = w and v;41 = w. By Lemma 2, P contains at most two vertices of degree 3 including
u. If P has two vertices of degree 3 including w then, without loss of generality, we
assume that d,;, = 3 for some j, where 1 < j <4 — 1. Thus, there exists some [ with
i+ 1 <1 < r—1 such that v; has exactly one branching neighbor and d,, = 4. If
CT' = CT?,,

<2.d

— {vi—1v, Vi1, VU } + {Vic1Vi1, VY, ViU then bearing in mind the

facts d, =4 and d = 3 or 4, we have

Vi1 Vit1 Vi—1

My(CT2,.) — My(CT') = —dy,_, +d,,,, <0,

Vi1

a contradiction to the definition of CT?

maz*

The next corollary follows directly from Lemmas 3 and 6.

Corollary 1. If the mazimum degree of the tree CT2,. € CTny is 4 then the graph

ax

induced by the vertices of degree 4 of CT2,, is a tree where 3 <k <n — 1.

Denote by z; ;(G) (or simply by z; ;) the number of edges in a graph G connecting the
vertices of degrees i and j. The following system of equations holds for any chemical tree
T:

> @it 2w =40 (10)

1<i<4
i

where j =1,2,3,4.

We are now in position to prove Theorem 2.

Proof of Theorem 2. Recall that we have denoted by CT?__ the tree attaining the max-

mazx

imal second Zagreb index among all the members of CT ;. Thus, My(CT) < My(CT2,..)

mazx
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with equality if and only if CT = CT2, .. If k = 3, 4, the desired result follows from
Theorem 3.1 of [6]. In what follows, we determine M,(CT2,,) under the assumption
5<k<n-1

By Lemma 2, the tree CT2 .

Lemma 1, the degree sequence DS(CT?2,,) of CT2,,, is

mazx max

contains at most two vertices of degree 3 and hence by

(4,4,..,4,3,2,2,..,2,1,1,..,1)  if k=0 (mod 3),
———  —— ——

k-3 n—k—1 2%+3
, (4,4,.,4,2,2,..,2,1,1,..., 1) it k=1 (mod 3),
DS(CTmaz) = T/ T T
k-1 n—k— ot
3 3

(4,4,..,4,3,3,2,2,...,2,1,1,...,1) if k=2 (mod 3).
—— ——— ——

k=5 n—k—1 2k+2
3 3

Thus, by Lemmas 3-6 and Corollary 1 one can conclude that the tree CT2,, belongs to
CTo(n, k), CTy(n, k) or CTo(n, k).
Case 1. The tree CT?,, is a member of CTy(n, k).

mazx

We note that C'T? . has the degree sequence

maxr
(4,4,..,4,2,2,....2,1,1,...,1)
——— —— N———
k-1 n—k—1 244
3 3

and the congruence k = 1 (mod 3) holds. Because of the assumption k& > 5, we have

nyg > 1. By Corollary 1, it holds that

k—4
Tyga=ng—1= 3 (11)

Subcase 1.1. The inequality n < @ holds.

From the inequality n < %, we have n; > ny and thus (by Lemmas 3 and 4), it holds
that

.’l:z,Q =0. (12)
From (10), (11) and (12), it follows that z1o =294 =n—k—1, 214 = w
Hence

My(CT2 ) = 6n 4 2k — 22.

mazx

Subcase 1.2. n > %

In this subcase, it holds that n; < ny and hence (by using Lemmas 3 and 4) we have

T14 = 0. (13)
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From (10), (11) and (13), it follows that @12 = 234 = | 2,5 = 3=2E=T therefore we

have

12 16k — 52
AIQ(ijlaz) = n—i_f

Case 2. CT2,. € CT\(n, k).
In this case, the tree CT?

ez Das the degree sequence

(4,4,..,4,3,2,2,...,2,1,1,..,1)
——— S N —
% n—k—1 Lﬁ
and the congruence k¥ = 0 (mod 3) holds, which implies that k& > 6 (because of the
assumption k > 5). Thus, ny > 1 and hence by Corollary 1, it holds that

k—6

T4 = Ny — 1= 3 (14)
Also, it holds that
X33 = 0. (15)
By Lemmas 3 and 6, we have
T34 =1. (16)

We note that 290 =0 and 214 # 0if ne < 2n4+2; 290 =14 =0if no = 2n4+2; 214 =0
and zg0 # 0 if ny > 2n4 + 2. We discuss these three cases in the following.
Subcase 2.1. n < % + 1.

The inequality n < % + 1 implies that ny < 2ny4 + 2 and hence, it holds that

Too =0 (17)
and z14 # 0, and hence (by Lemma 5)

x5 = 0. (18)

From (10), (14), (15), (16), (17) and (18), it follows that zo4 = 210 =n—k—1, 213 = 2,

ke
T4 = JkS?’” and hence

My(CT2,,) = 6n + 2k — 24.

mazx

Subcase 2.2. n = % + 1.

From n = % + 1, it follows that ny = 2n4 + 2 and hence we have

T2 = T14 = 0. (19)
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From (10), (14), (15), (16) and (19), it follows that @10 =n—k — 1, 213 = 1, 293 = 1,

294 =n — k — 2, and hence

30m — 14k — 87
My(CT2,,) = ”f

max

Subcase 2.3. n > % + 1.

The inequality n > % + 1 yields ny > 2n4 + 2, which further implies that

X114 = 0. (20)

and 259 # 0, and hence (by Lemmas 3 and 4)

13 =0. (21)
From (10), (14), (15), (16), (20) and (21), it follows that @;p = 2 gy, = =5k
Tog =2, Toy = Lf and hence
My(OT3,,) = ATIRZE
Case 3. CT2,., € CTy(n, k).

In this case, the tree CT2

o has the degree sequence

(4,4,..,4,3,3,2,2,...,2,1,1, ..., 1)
———— —— ——

k=5 n—k—1 2k+2
3 3

and the congruence k = 2 (mod 3) holds. If k =5 then ny = 0, 233 = 1 and hence

5n—9 if 6 <n <10,

dn +1 if n > 10.

Next, in what follows, we assume k£ > 8, which implies that ny > 1. By Corollary 1, it

holds that
k—8
CE414 = Ny — 1= T (22)

By Lemmas 3 and 6, we have

€33 = 0 and T34 = 2. (23)

Subcase 3.1. n < %

5k—=17

The inequality n < 2%

implies that ny < 2n4 and hence, it holds that

Tao = 0 (24)
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and z14 # 0, and hence (by Lemma 5)
€23 = 0. (25)

From (10), (22), (23), (24) and (25), it follows that z19 = 294 = n —k — 1, 213 = 4,

T4 = E”“Lg”q and hence

My(CT2,,) = 6n + 2k — 26.

mazx

Subcase 3.2. 5"6(7’4 <n< 5’%2

From L;‘l <n< 5’“;2, it follows that 2n, + 1 < ny < 2n4 + 3 and hence we have
T2 = T14 = 0. (26)

From (10), (22), (23) and (26), it follows that 215 = n—k—1, x93 = W, Tog = 2(’“—;5)7

Canis
T13 = &g’“"‘ and hence

15 11k — 85
My(CTR,,) = T

Subcase 3.3. n > M.

5k+2

The inequality n > yields ny > 2ny + 3, which further implies that

XT14 = 0. (27)
and z99 # 0, and hence (by Lemmas 3 and 4)
T3 = 0. (28)

From (10), (22), (23), (27) and (28), it follows that @15 = 2EF2, gy = =085 gy 5 = 4,

Zoy = 2(%) and hence
12n + 16k — 80

3
This completes the proof. |

My(CT2,,) =

maz

4 Proofs of Theorems 3 and 4

Let C'T! . (respectively C”

mazx

mw) be the tree with the maximal M; (respectively, Ms)

value among all members of CT,, for 1 <b < § — 1. We need to prove some lemmas

first, to prove Theorems 3 and 4.

Lemma 7. For 1 <b < 2 — 1, the tree C'T2

max € CT .y, does not contain any internal

path of length greater than 1.
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Proof. The proof is fully analogous to that of Lemma 3. |
Lemma 8. If the tree C'Tp,, € CT},,, contains a pendent vertex adjacent to a branching

vertex, then it does not contain any pendent path of length greater than 2 where 1 < b <

n

2
Proof. The proof is fully analogous to that of Lemma 4. |

Lemma 9. Let 1 <b < % —1. If the tree C'T},,, € CT, (respectively C'T7,, € CTr,)
contains some vertex/vertices of degree 2, then it does not contain any vertex of degree
3. That is, the tree C'Ty,,, € CTr, (respectively C'T7,, € CT,,) does not contain the

max

vertices of degrees 2 and 3 simultaneously.

Proof. On the contrary, we assume that the conclusion of the lemma is wrong and that
the hypothesis of the lemma is true. Let z be a vertex of degree 3 in C'TY, .. (respectively
C'T2 ..). We take a vertex v of degree 2 with neighbors u and w. Take N(z) = {21, 22, 23}.
Without loss of generality, we assume that the vertices z3 and w lie on the unique v — 2
path (it is possible that the vertex z or z3 is coincident with u; also, z = w if and only

if z3 = v). If T" is the tree obtained from C'TY __ (respectively C'T2

mazx axr

) by deleting the

edges 212, 202 and adding the edges vz, v29, then it can be observed that T' € C b

and that

My(C'TY,.) — My(T")

mazx

—-4<0

which is a contradiction to the choice of C'T},..
For the tree C'T?2 . it holds that d, > 2 and d,, = 1 or 2, because of Lemma 7. After

maz? =

simple calculations, we have

My(C'T2,) — My(T') = 2d,, — 2dy — 2d,y — ds, — ds,. (29)

mazx

If d,, > 2, d,, > 2, then keeping in mind the inequalities d, > 2 and d.,, < 4, from
Equation (29) we get My(C'T2,..) — My(T") < —2d,, < 0 which is a contradiction to the
definition of C'T2 .. If d,, =1 or d,, = 1, then by Lemmas 7 and 8 it holds that d, > 3,
d, = 1 and hence from Equation (29) it follows that M,(C'T2,,) — Ma(T") < 0, which is

again a contradiction. |

Lemma 10. Let 1 < b < & — 1. For the tree C'T}

2 mazx

€ CT},y (respectively C'T2,, €
CT ), the following statements hold:

a) if ng >0 thenny =2b+2, ng=n—3b—2, n3 =0 and ny = b;

b) ng =0 if and only if ny =n—>b,ng=3b—n+2 andng=n—2b — 2.
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Proof. a) We note that
ng +ng = b. (30)
Since ny > 0, by Lemma 9, it holds that
nz = 0. (31)

From Equations (1), (2), (30) and (31), it follows that n; = 2b+ 2, np =n —3b — 2 and
ng = b.

b) If ny =n—b, ng =3b—n+2and ny = n — 2b — 2 then Equation (1) yields ny = 0.
Conversely, suppose that ny = 0. Bearing in mind the assumption ny = 0 and by solving

Equations (1), (2), (30), we get ny =n—b,ng=3b—n+2and ngy =n —2b — 2. |

Lemma 11. For the tree C'T,,,, € CT},, (respectively C'T%,, € CT,,), the inequality

ng > 0 holds if and only if 1 < b < "gz where 1 <b < 5 — 1.

n—2
3

Conversely, suppose that 1 < b < "772, that is n > 3b + 3 with b > 1. We have to show

Proof. If ny > 0, then by using Lemma 10(a) we have ny = n — 3b—2 and hence b <

that ny > 0 and we will prove it by induction on b. For b = 1, we have n > 6 and the
graph in this case is the starlike tree with maximum degree at most 4, and hence the result
is true for b = 1. Assume that every chemical tree of order at least 3k + 3 with exactly
k branching vertices contains at least one vertex of degree 2, where k > 1. Let C'T} .

(respectively C'T2_ ) be the chemical tree of order n > 3(k + 1) + 3 with exactly k + 1

maxr
branching vertices. Let P : ujug---u,_ju, be the longest path in C'T),. (respectively
C'T?

). We note that us is a branching vertex and that its every neighbor different

from wus is pendent. Let T’ be the tree obtained from C'T:

maz

(respectively C'T2,.) by
removing all the pendent neighbors of us. Clearly, the tree 7" has order at least 3k + 3
and has exactly k branching vertices. Hence, by inductive hypothesis 7" contains at least

(respectively C'T2

ax max

one vertex of degree 2. Thus, the tree C'T), ) has also at least one

vertex of degree 2. This completes the induction and hence the proof. |

Proof of Theorem 3. Recall that we have denoted by C'TJ,,. the tree attaining the

azx

maximal first Zagreb index among all the members of CT7,,. By Lemma 9, C'T),,,
cannot contain the vertices of degrees 2 and 3 simultaneously and hence by Lemmas 10

and 11, we have

dn+6b—6 if1<b<nz?

My(C'T,,,) =
8n—6b—14 if 2 <b< -1

n
2
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Now, bearing in mind the definitions of BT 1(n,b) and BT 3(n,b) (see Section 2), we get
the desired result. ]

In what follows, we prove some further structural properties of the tree C'T2,,., which

ax?

are needed to prove Theorem 4.

Lemma 12. If the tree C'T2,. € CT, contains a pendent verter adjacent to a vertex of

max

degree 4, then C'T2,, does not contain adjacent vertices of degree 3 where 1 < b < 37— 1

Proof. Assume, on the contrary, that w, z € V(C'T2,,,) are the adjacent vertices of degree

max

3 and that u € V(C'T?,,) is a pendent vertex adjacent to a vertex v € V(C'T2,,) of

max max

degree 4. Without loss of generality, we assume that z lies on the unique u—w path. Let w;
and wy be the neighbors of w different from z. If T/ = C'T2,, — {wiw, wow} + {uwy, uw, },
then it can easily be observed that 7" € CT,, and Ma(C'T2,,,) — Ma(T") = —2 < 0, which

max
is a contradiction to the choice of C'T? |

max*

Lemma 13. For 1 < b < % — 1, each vertex of degree 3 (if exists) of the tree C'T2,, €

CT . has at most one neighbor of degree 4.

Proof. Suppose, on the contrary, that z € V(C'T?

mazx

) is a vertex of degree 3 and that

the vertices z,y € N(z) have degree 4. Then, by Lemma 9, the tree C'T?,, does not

az

contain any vertex of degree 2. Let u € V(C'T2,.) be a pendent vertex adjacent to a

mazx

branching vertex v # z (it is possible that the vertex v is coincident with z or y). If

T = C'T,. — {xz, 2y, uv} + {zy, uz, zv}, then T' € CT,, and My(C'T},,,) — Ma(T') =
5 — 2d, < 0, which is a contradiction to the definition of C'T? | ]

mazx*

Lemma 14. For 1 <b < % —1, the tree C'T?,, € CT},, has at least one vertex of degree

mazx

4 and the graph induced by the vertices of degree 4 of C'T?2 . is a tree.

naxr

Proof. If1 <b< anz then by using Lemmas 10 and 11, we have ng = 0 and the inequality
b > 1 implies that ny > 0. Hence, by Lemma 7, the graph induced by the vertices of degree
4 of C"T?

" ae 15 a tree. In what follows, we assume that "T’Q <b< 5 —1. By Lemmas 10

and 11, it holds that no = 0 and ny = n—2b—2 > 0. By Lemma 7, every internal path of
C'T? . has length 1. Suppose contrarily that the graph induced by the vertices of degree 4

max

of C'T2,,. is not a tree. Let uguyuy - - - u, be a path of length at least 2 in C'T2,, such that

max axr

duo =dy, =4 and dul = duz == dur,l =3. Let v € V(C/T2

2 ) be a pendent vertex
adjacent to a branching vertex w. If T" = C'T2 . —{uouy, up_1t,, v} +{ugtt,, w10, u,_w},
then T € CT,;, and My(C'T3,,) — Ma(T") = 5 —2d,, < 0, which is a contradiction to the

maxr
definition of C"T2 .

This completes the proof. |
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Finally, we are now able to give the proof of Theorem 4.

Proof of Theorem 4. Recall that we have denoted by C'T _ the tree attaining the

max

maximal second Zagreb index among all the members of CT Thus, My(BT) <

n,b-

My(C'T?,,,) with equality if and only if BT = C'T2 .. In what follows, we determine
My (C'T2 ).
By Lemmas 10 and 11, the degree sequence DS(C'T?,,) of C'T2 . is
(4,4,.,4,2,2,..,2,1,1,..,1) if 1<b< 22,
——— —— —
DS(C/TQ ) _ b n—3b—2 2042
e (4,4,..,4,3,3,..,3,1,1,..,1) if 222 <b< 21

e N N e

n—2b-2  3b—n+2 n—b
Now, by Lemmas 7 — 14 one can conclude that the tree C'T2 .
BT5(n,b).

Case 1. 1§b<%.

belongs to BT"1(n,b) or

In this case, we have ny = 2b+ 2, ng = n — 3b — 2, n3 = 0, ngy = b and hence (by Lemma
14), it holds that
Tgg=n4—1=0b—-1 (32)

Subcase 1.1 1 < b < ”T"l.
In this subcase, it holds that z;4 = 0 and hence from (10) and (32), it follows that
i = T24 = 2b+2 and xp5 =n — 5b — 4. Thus,

My(C'T?

max

) = 4n + 16b — 12.

Subcase 1.2 %4 <b< "T*Z
In this subcase, we have z14 # 0. Thus, it holds that 255 = 0 (by Lemmas 7 and 8)
and hence from (10) and (32), it follows that 210 = @24 =n —3b— 2, x14 = 5b —n + 4.
Thereby,
My(C'T2,.) = 6n + 6b — 20.

Case 2. %§b<%—1.
In this case, it holds that ny =n—b,no =0, n3=3b—n+2, ny=n—2b—2 >0 and
hence (by Lemma 14), it holds that

x474:n4—1:n—2b—3. (33)

Subcase 2.1 ”—;2 <bh< 3n7—4‘

In this subcase, we have x14 # 0, which forces that z33 = 0 (by Lemma 12) and hence
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from (10) and (33), we get 14 =3n—Tb—4, 13 =6b—2n+4, 234 = 3b —n+2. Thus,

My(C'T2,,) = 10n — 6b — 28.

max

Subcase 2.2 % <b < §—1. Wenote that z; 4 = 0 in this subcase and thereby from

(10) and (33), it follows that 213 =n —b, 34 = 2n — 4b — 2, 33 = 7b — 3n + 4. Hence,

My(C'T2,,) = 16n — 20b — 36.

max

This completes the proof. |

5 Closing Remarks

Let us consider the Wiener polarity index [12] which was firstly appeared in a linear
formula, derived for the prediction of the boiling points of paraffins [28]. Du et al. [12]

showed that Wiener polarity index W, of a tree T' can be written as:

WP(T> = Z (dy — 1)(dy — 1). (34)

weE(T)

We remark here that the right hand side of Equation (34) actually coincides with the
definition of the reduced second Zagreb index [14,15,25] of T

Because of the similarity between the definitions of M, and W), for trees, at first sight,

we thought that among all the members of the class CT7, ;, for 1 < b < £ — 1, the classes

of trees having the maximal M, value and those having the maximal W, value would be

same. However, this is not the case — for example, both the trees 77 and T3 depicted in

Figure 1 have the maximal W), value in the class CT7, but Ma(T1) < My(T3). Also, the

trees T3 and Ty shown in Figure 1 attains the maximal W, value in the class CT7,, but

AIQ(T}) < ]‘/[2(T4)

(a) (b)

Tl T2 Tj T4

Figure 1. (a) Two trees in the class CT7; (b) Two trees in the class CT7y 4.
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Although, among all the members of the class CT,,, for 1 < b < § — 1, the classes
of trees having the maximal M, value and those having the maximal W), value are not
same. We still believe that the extremal trees belonging to these two classes have several
common structural properties. Let BT,q, be the tree with the maximal W), value among
all the members of CT, ;, for 1 <b < § —1. We state the results concerning the structural
properties of BT,,,, whose proofs are very similar to some of the results proved in this
paper.

Lemma 15. The tree Bln., € CT,;, does not contain any internal path of length greater

than 1, where 1 <b < g — 1.

Proof. The proof is fully analogous to that of Lemma 3. |

Lemma 16. If the tree BT, € CT,,, contains a pendent vertex adjacent to a vertex of

degree 4, then C'T2 . does not contain adjacent vertices of degree 3, where 1 < b < 5—L

ax

Proof. The proof is fully analogous to that of Lemma 12. |

Lemma 17. If the tree BT max € CT,,,, contains a pendent vertex adjacent to a branching
vertez, then it does not contain any pendent path of length greater than 2, where 1 <b <

51
Proof. The proof is fully analogous to that of Lemma 4. |

If T" is the tree obtained from BT,,., by applying the transformation used in the proof

of Lemma 9, then we have
Wy (BT az) — Wp(T') =2(dy, — 1) — 2(dy, — 1) — 2(dyy — 1) — (ds, — 1) — (d, — 1). (35)

Ifd, =d,, =d,=2,d,=1and d,, =4, then from Equation (35) we get W,,(BT nez) —
W,(T") > 0 and hence we conclude that the technique adopted in proving Lemma 9 does
not work for the following result — nevertheless, we believe that the following result is true

and hence it needs to be proved in some other way.

Conjecture 18. Let 1 < b < § — 1. If the tree BT, € CT,,, contains some ver-
tex/vertices of degree 2, then it does not contain any vertex of degree 3. That is, the tree

BTae € CT,, does not conlain the vertices of degrees 2 and 3 simultaneously.

Let us now consider the question: among all the members of the class CT,, for

3 <k <n—1, are the classes of trees having the maximal M, value and those having the
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maximal W, value same? The answer of this question is not positive — it can be easily
verified that both the trees 75 and T shown in Figure 2 attains the maximal W), value in

the class CT15115 but A{Z(TS) < ]\/IZ(T())

Ts Ts
Figure 2. Two trees in the class CT 6,15.

Although, among all the members of the class CT 4, for 3 < k < n — 1, the classes
of trees having the maximal M, value and those having the maximal W), value are not
same. We still believe that the extremal trees belonging to these two classes have several
common structural properties. Let ST,q, be the tree with the maximal W), value among
all the members of CT, , for 3 < k < n—1. In what follows, we give the results concerning
the structural properties of ST,,,, whose proofs are very similar to some of the results

proved in this paper.
Lemma 19. The tree ST,0p € CT i does not contain any internal path of length greater
than 1, where 3 <k <n —1.

Proof. The proof is fully analogous to that of Lemma 3. |

Lemma 20. If the tree STp € CT i contains a pendent vertex adjacent to a branching
vertex, then ST .. does not contain a pendent path of length greater than 2, where 3 <

k<n-—1.
Proof. The proof is fully analogous to that of Lemma 4. |

Lemma 21. If the tree ST,0p € CT i contains a pendent vertex adjacent to a vertex of
degree 4 then STp,q. does not contain any vertex of degree 3 adjacent to a vertex of degree

2 where 3 <k <n-—1.
Proof. The proof is fully analogous to that of Lemma 5. |

At this point, we left finding the complete structure of the trees BT,u4: and SThq. as
an open problem.
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