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Abstract

Triangular prism links, as mathematical models of DNA triangular prisms with
double-helix edges, have been constructed and classified into 366 link types in our
previous work [1]. In the present paper, the chirality of such links are identified
by firstly giving some invariants such as the component number, crossing number
and writhe number. Then, there are 77 link types of triangle prism links whose
lowest-degree terms of HOMFLY polynomials are given as some general formulas
by establishing a new algorithm. Also, there are 100 pairs of triangular prism links
such that these invariants of each pair have the same value respectively, due to each
pair of links having the symmetrical relationship disclosed in this paper. These
results altogether show that these triangular prism links are all chiral, which means
that the chirality of DNA triangular prisms can be determined by their topological
structures. Meanwhile, they also confirm that the synthesized DNA triangular
prism of five components is chiral. Hence our work provide a necessary theoretical
support for predicting and controlling the chiral structure of DNA Triangular Prism.

1 Introduction

Chirality is an essential feature of nature, and play the important role in physical and
chemical properties of biological molecules [2,3]. In recent decades, DNA have became
an ideal building material for its well-defined secondary structure and excellent molecular
recognition [4,5]. A variety of DNA molecules in polyhedral shape have been assembled

and commonly studied [6-17]. It is well-known that DNA is intrinsically chiral for its
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duplex structure [18]. However, the chirality of DNA nanostructures are not recognized
widely due to the complexity of the geometric folding and association of component DNA
molecules in the construction process. In 2005, Turberfield and coworkers synthesized
and confirmed a pair of chiral DNA tetrahedrons with a DNA duplex on each edge by
designing four component oligonucleotides [19]. More recently, Mao’s group construct a
serial of DNA octahedra and triangular prisms, each with two parallel DNA duplexes on
each edge, to investigate their chiral structures by designing three or four symmetrical

cross motif [20,21]. However, these studies so far only exploit a small fraction on the

chirality of DNA nanomolecules. How to predict the chirality of DNA nanostructures
become a challenge work. Herein, we employ a theoretical method to determine the
chirality of DNA triangle prisms with double-helical edges [22,23].

Oriented triangle prism links (OTP links) are interlocked and interlinked architectures
in triangle-prism shape such that each edge is two oriented and twisted strands with odd or
even crossings number. These links are further classified into 366 link types, which are used
to describe topological structures of DNA triangle prisms with a double-helix on each edge
[1]. To date, there are many researches devoted to calculating the chirality of polyhedral
links [25-37], particularly with even crossing number on each edge. These works are
mainly dependent on establishing the corresponding relationship between polyhedral links
and polyhedra to obtain the polynomial invariants such as Homfly polynomial and Jone
polynomial. However, this relationship will be not existing for the oriented polyhedral

links with edges of odd crossings number. In fact, there are very little work involved

in calculating the chirality of these oriented polyhedral links [24, 27, 37] owing to the
complexity of their structures. OTP links, as oriented polyhedral links, allow the edges
of odd crossing number as well as the edges of even crossing number, which make it more
difficult to determine their chirality. Thus, we must appeal to a new approach to giving
the chirality of OTP links.

Link invariants, as important tools in knot theory to determine whether two links are
equivalent, play the significant roles in identifying the chirality of links [38]. However,
there is no invariant which always work for all links. In the present paper, three link
invariants including component number, crossing number and HOMFLY polynomial are
calculated for OTP links. The component number of OTP links are completely depen-
dent on the building blocks on each edge, which are used to identify the chirality of links
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with even component number. The crossing number of OTP links, together with their
writhe number as a regular isotopy invariant of oriented link diagrams, are used to de-
termine the chirality of 111 link types of OTP links with odd component number. For
the remaining 77 link types of triangle prism links, we must resort to a more powerful
invariant of oriented links, Homfly polynomial [39,40], which can distinguish many links
from their mirror images. Note that these OTP links each contain the crossing number
as a parameter. Hence there is no software package which can be used for computing
HOMFLY polynomials of such links as well as the lowest-degree terms of their HOMFLY
polynomials with respect to the variable z. Also, these links exhibit less regularity on the
change of their HOMFLY polynomials with the appearance of the edges of odd crossing
number. Hence a new algorithm is to supposed for establishing a general formula for the
lowest-degree terms of HOMFLY polynomial for each link type. In particular, the second
lowest-degree term of HOMFLY polynomial of the link D(2b3,,4a3,,203,, a3, )es is given
separately. These polynomials are shown to be asymmetrical over the variant v, and hence
the remaining 77 OTP links are all chiral. Thus, our works show that the chirality of DNA
triangular prism with double-helix edges are determined by their topological structures,
which open a new door to predict and control the chiral structures of DNA Triangular

Prism from the theoretical viewpoint.

2 OTP link diagrams

The symmetry of link diagrams as a new definition and OTP link diagrams constructed
in reference [1] are introduced in this section.

Let L be a link, and D be a link diagram of L. L can be oriented by giving one of the
two directions along each component. L with the opposite orientation, denoted by —L, is
called the reverse of L. An oriented link L is called achiral if it is equivalent to its mirror
image L*. Otherwise, it is called chiral. Similarly, D also can be oriented, and its reverse
and mirror image are denoted by —D and D* respectively.

The diagram D? is called a symmetrical link diagram of D if it is obtained from —D*
by switching the over and under-line position at each crossing. The link L*® corresponding
to D? is called as a symmetrical link of L. According to this definition, we have the

following lemma.
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Figure 1. (a) Four orientations of T: «, —«, 3, v ; (b) Six oriented twist tangles
of T: a$,,, ay,y, agn_l, bs,, by and b3, 15 (¢) The construction of D(G)
and D(a$,,,5b%,,3b3,_1)-

A twist tangle T is two parallel strands twisted round each other, where T allows four
orientations «, f, v and —a (Fig. 1(a)). Also, T has six oriented twist tangles denoted
by a$,, az®, a1, b3, by® and by, for n € Z* (Fig. 1(b)) . Let G be a plane graph of
a triangular prism, and let D(G) be an oriented triangular prism link diagram (OTP link
diagram) obtained from G by replacing each edge e; with an oriented twist tangle T; for 1 <
i <9 (Fig. 1(c)). D(G) can be denoted as D(T, Ty, T3, Ty, T5, Ts, T7, T, To)n for 1 < n <
366 by recording the twist tangle on each edge in a sequence from outside to inside and in
the clockwise direction, where the subscript n is the number labeling the OTP link diagram
[1]. And the orientation of D(G) is denoted accordingly by o(7i, T2, T3, T4, Ts, T6, T7, T8, To ),
where 7; € {«o, —a, 3,7} is the orientation of T; for 1 < ¢ < 9. The oriented triangular

prism link (OTP link) corresponding to D(G) is denoted by L(G) [1].

Lemma 2.1. There are 100 pairs of symmetrical links among 366 OTP links, as shown

in table 1.

This lemma can be directly obtained from the definition of symmetrical links and OTP
links, and the proof is left as an exercise for the reader. With some abuse of terminology
in this paper, the word  link ’ is applied to mean a whole equivalence class (a knot type)

or a particular representative member.
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3 Chirality of OTP links
3.1 Component number of OTP link diagrams

In knot theory, component number (L) of the link L is defined as the number of compo-
nents of L. Similarly, a component of a link diagram D is plane projection of a component
of L. Evidently, u(L) = p(D). Component number is an invariant of links, and also can

be used to identify the chirality of some links.

Lemma 3.1. [41] All oriented alternating links with an even number of components are

chiral.

Each OTP link diagram is oriented and alternating, then we obtain the following

theorem.

Theorem 3.2. The component number of all OTP link diagrams are given in table 1
(Appendiz A). There are 178 OTP link diagrams with an even number of components,

which are all chiral.

3.2 Crossing number and writhe number of OTP link diagrams

In knot theory, crossing number ¢(D) of a link L is the minimal number of crossings in any
link diagram for L. It is well-known that the number of crossings in a reduced alternating
link diagram of L is a topological invariant of L [42].

For any link diagram D, each crossing is given a sign of plus or minus according to
the conventions shown in Fig. 2. The writhe number w(D) of a link diagram D is the sum
of the signs of all the crossings. As we known, writhe number is the simplest invariant
of regular isotopy for oriented diagrams. Since all OTP link diagrams we constructed are

all alternating, we obtain the following lemma (proof is omitted).

Lemma 3.3. Let D be an OTP link diagram. let x,, T_o, v and y, be the number of

the twist tangles a$,, as," afjn,l and by, _, in D respectively. Then

c¢(D(GQ)) = 18n — x5 — ys (1)
and w(D(G)) =18n —4n(zq +v_o) — (4n — )zg — Y. (2)
In terms of the crossing number and writhe number, the following inequality is intro-

duced to identify chiral links by Kauffman.
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Lemma 3.4. [{2] Let D be a simple alternating diagram which is not the unknotted circle
diagram, and T(D) = |w(D)|. If T(D) > “2) then D is chiral.

3

Using the above two lemmas, we obtain the following theorem.

Theorem 3.5. Crossing number and writhe number of all OTP link diagrams are given
in table 1 (Appendiz A). Then there are 111 OTP link diagrams with an odd number of

components (without the label * in table 1), which are all chiral.

3.3 HOMFLY polynomials of OTP link diagrams

Let min,H denote the lowest-order term of z in the multi-variable polynomial f taken
over terms with non-zero coefficients. Our result begins with the definition of HOMFLY

polynomial [38-40].

Definition 3.6. The HOMFLY polynomial H(L) = H(L;v, z) € Z[v, 2] for an oriented
link L is defined by the following relationships:

(1) H(L;v, z) is invariant under ambient isotopy of L.

(2) If L is a trivial knot, then H(L;v,z) = 1.

(3) Suppose that three link diagrams Ly, L_ and Lo are different only on a local region,
as shown in Fig. 2, then v *H(L*;v,2) —vH(L_;v,2) = zH (Lg; v, 2).

\ /
+ - 0

Figure 2. Three link diagrams are different from a local region, and each diagram
denotes its corresponding HOMFLY polynomial.

Let D be a link diagram of L. According to the above definition, to obtain the
HOMFLY polynomial of L, repeatedly applying the skein relation to the crossings of D
until each diagram D; obtained from D is trivial for 1 < i < n. In this process, we can
require that each crossing of D is switched or smoothed no more than once. Also, let
P;(v,z) € Z[v, z] be the product of all polynomials produced by switching or smoothing

the crossings of D for obtaining D;. Then

H(D) =3 Pi(v, 2)H(D). (3)
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On the other hand, the HOMFLY polynomial also has the following properties:
(1) If L is the connected sum of L; and Ly, denoted by Li#Ls, then

H(L) = H(L1)H(Ly).

(2) If L is the disjoint union of L; and Lo, denoted by L; U Lo, then

H(L) = (”71; ”) H(L)H(Ls).

(3) If L is a link, then
H(L;v,2) = H(L*;v,2) = H(L*; —v™ !, 2).

The following four lemmas are introduced for the HOMFLY polynomials of the link
diagram having a twist tangle a$,, b3, b3,_, or agnfl‘ The first three lemmas have proved
in our previous works [24]. The proof of four lemma is similar to the lemma 3.9, and we

omitted it here.

Lemma 3.7. Let Dyg be a link diagram with an edge b3, for n > 1. Let Dyg and Dyg,
be two link diagrams obtained from Dyg by switching and smoothing a crossing of by
respectively. Then

2n

1
H(Dyy ) = v H(Dys) + vz —H(Dy). (4)
n 02— %
Lemma 3.8. Let Dyg be a link diagram with an edge a3, forn > 1. Let Dyg and Dqg
be two link diagrams obtained from D,g by switching and smoothing a crossing of as
respectively. Then

—2n __ 1
H(Dys ) = v 2"H(Dy) — v’lzvzilH(Daa ). (5)
3 pr= %

Lemma 3.9. Let Dy;  be a link diagram with an edge by,_1 forn > 1. Let Dy and
Dy, be two link diagrams obtained from Dyy by switching and smoothing a crossing of b]
respectively. Then

— " 2H(D, ) 6
)= H(D) v (D) )

2n

and H(Dy, ) =v"H(Dy»,) + v="r —LH(Dyz ). (7)
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Lemma 3.10. Let Da@ 1 be a link diagram with a agn_l form > 1. Let Daﬁ1 and D s
be two link diagrams obtained from Da‘f by switching and smoothing a crossing of a/f
respectively. Then

. U7(2n72) —1

H(Dyp ) =v " H(Dyp) —v e H(D,p ) (8)
Ufzn —1
and H(Dy ) =v""H(Dyp ) = v 20— H(D,z ). 9)
n—1 -1 U, _ Lo

According to the skein relation of HOMFLY polynomial and the theorem 3 in refer-
ence [24], each lowest-order term of HOMFLY polynomial can be obtained by using the

following algorithm.

Algorithm 3.11.

Step 1. Switching some crossings enable D into a trivial link diagram DT (n > 1). Output
Ppr H(DY), where Ppr be the polynomial produced from D by switching and smoothing
crossings to obtain the trivial link diagram DZ. Go to step 2.

Step 2. Among these crossings, if there exist m crossings numbered from 1 to m such
that each crossing belong to a component of D (m > 1), go to step 3. Otherwise, this
loop is terminated.

Step 3. Smooth " crossing and keep switching 1,27 ... (i — 1)!* crossings for i =
1,2, ...,m. The resulting link diagrams are denoted by D}, D}, ..., D, . Replacing D} with
D, go to step 1.

The following lemma can be obtained directly from the above equation (3) and Algo-

rithm 3.11.
Theorem 3.12. Each PprH (DY) is one lowest-order term of H(D). Then
min.H(D) = > Ppr(v, 2)H(DY). (10)
By using the above lemmas, we obtain the following theorem.

Theorem 3.13. The lowest-order terms of HOMFLY polynomials of 77 OTP links are

given in table 2.
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D | min.H(D)
Das | (6007 T v~ TF0% — y= 2707 — 2700 1 (3 0my,—1
Dos. Doo. Da1. D _0p0n 4 2y8n _ 9120 4 =246n 4 246 _ o —248n _ 2480 | —2+12n | ,24+12n),—2
25, D29, D31, D39
Doz, D33, Da7, Da1, Dag | (—20120 4 = 2120 4 o 212n) ;=2
Do, Ds1 | (—20%™ + 2067 — 29120 4 y=2F4n 4 24040 _ =246n _ 2460 | =2+12n 4 24120, 2
Dss, Do, Dsz | (02747 4 02=4n _y=2-2n _ 2=2n _ gy—dn 4 9=2n _ 920 | =2+2n | 42+2n) 2
58, >
Deo | 24+0710m _9y=6n 4 gy—dn _ =2n _ 92 4 48n
De2, Drs | 4 4+v=10n _ 3y=6n | 5=4n _ 5,20 _ 20 _ gdn 4 o 8n
Des | (—2+0v"2402)272
Dgsg 24 p=10n _9y=6n 4 gy—dn _ 3y,=2n _ pidn 4 g8n
Dry | (—2027 4 p= 220 4 24202
Drg | 24010 _ 3p=6n 4 5y—4n _ g,=2n _ydn |, 8n
Dog. Dasg. D p=2-An 4 2—dn _ gy —dn),—2
76, D346, D364
Dso | (=2 4072 + 02 4 p=274n | y2-4n _ 4=2-2n _ 220 _ gy—dn 4 9;=2n),~2
Dgs | T4 0100 — 5y=6n 4 [19=4n _ 12p=2n _ gpin 4 48n
Doi | 44 0=10m _ gy=6n | gy=dn _ gy=2n | 42n _gudn 4 ,8n
Dog | 14v710n _ 3y=6n 4 5=4n _ 4=2n 4 9,20 _ gpdn 4 8n
Dios | 44 v710m _ 3p=6n 4 gy=4n _ 7y=2n | gy2n _ gpdn 4 480
D119, D125, D139 | (02" — 202127 4 p4+2n) =2
Dio1 | 302 4+ 302740 _ 5220 4 20 _ pdn | o8n _ g 244n
Diaz, Dia1 | 20% 4024 _ 2-2n 4 y8n _ 2420 _ p244n
Dior | v2 4 202—4n _ 2,2=2n 4 o 8n _ 244
Digs | 502 4+ 302—4n — G221 4 21 _ ydn 4 o8n _ 242m _ 4 244n
Dz, D1gg | (1—20% +0%)z72
Dira | 2072 — 30=2-6n | 3y=2-4n _ 9,,=2-2n 4 ,~10n
Dizg | (vt 4n — 2p=2-4n 4 y—4n),—2
Diss | (3" —v0n 4 3p=4+4n _ Gy=244n _ 4y=6+6n 4 g=d46n 4 5 =2+46n),—2
Digs | 3v—2T4n _ 3p=2+6n 4 3,=2+10n _ —4412n _ ,—2+12n
Digr | 2072 — 3p—2+2n | 52440 _ o —446n _ 5, —2+6n |, —4+8n
—248n —2410n _ ,—4+12n _ ,—2+12n
+v + 3v v v
Digs | v=2 — 0=2+2n | 9y=2+4n _ 9y,=246n | 3,,=2+10n _ —d+12n _ 24120
—2 _ g,—2+2n —24dn _ o —4+6n _ g, —2+6n —4+8n
Digg | 2v 4v + v v 6v + v
—2+8n —2+10n _ ,—4+12n _ 4 —2+12n
+v + 3v v v
Digo | (v +p=4F4n — gp=2+4n),—2
Digr | 4v2 4+ 302740 _ 5220 4 20 _ gdn 4 8 9 242n
Doot | 202 4+ 202—4n _ 9,220 4 o 8n _ 9, 242n
Dago | (02747 — 2ud=4n 4 of—4n _ 220 | 9p4=2n _ 620 | 420 _ 9p242n 4 pdi2ny, =2
Dot | v2 4 2u—8n _ 94—6n 4 o 8n _ 244
Dotg | 202 +vA=8n — 9pd—dn 4 yd=2n | 8n _ 2420 _244n
Daos | (0247 — 2yd—dn 4 y6—dny,—2
Dagz | —(dv=4) — By=2-6n 4 5y~ 2-4n 4 9y=4-2n 4 ;=100 4 9, —4+2n
Daso | 202 — 202420 _ 9 —4dan 4 g, =2+4n 4 3, —4+6n _ —246n _ 3,,—4+8n | 4 —4+12n
. —2 _ 9,—242n _ ,—d+dn —2+4n —446n _ 4 —246n _ 9, —4+8n —4+12n
Doso | 20 2v v + 3v +v v 2v +v
Dosg | 202 4 v 220 _ gy—dddn _ o —24dn 4 3,—446n _ o —4+8n 4 —4+12n
Dass | (v=6+6n — 9y=4+6n | ;=2+6n) —2
Dag1 | 202 4 vt 4 pd=6n _pd—dn _A-2n 4 8n _ 9 2+dn
Doga | v2 4 v 4 vd=8n _pd—dn _ pd=2n 4 8n 42420 _ 9, 2+dn
Doy | (02747 — 2ud=4n 4 of=dn _ 220 | 9pd=2n _ 6-2n | 420 _ 92420 4 yd+2ny,—2
Dasa, Dagy | (v=6F4n — 2p=d+dn 4 =2+any,—2
s
Dagy | v=2 — p=4+2n _gymdtdn | —6+6n | 9y —446n _ —6+8n 4 9, —4+8n _ ,—6+10n _ ,—4+10n
. o4 d—dn _ g, 4—2n 4 .80 4 9,2+2n _ o, 2+4n
Dog7 v* + 3v 4v + v 4 20 2v
Dago | (072727 4 p22n — 9p=2n),—2
3 p2—An _y=dn | 9y=2n _ 2n _ 4 —242n

D322
Digr | —00—120 4 9,6-10n 4 (d=8n _ 9,,6-8n _ yd—6n 4 ,d—dn | 4 2-2n

Dasg | (410 _ 246-10n 4 8-10n) 2

Dags | (v8+8n  y—6+8n | o —d+8n) 2

Dais | (v=8+6n _ 0p=6+6n 4 yy—dt6n) —2

Dast | 2 — 3p—2+4n 4 y—4+6n 4 —2{6n

Dasa | —06—12n _ 98120 | 5,6-10n | 8100 _ 4,6-8n | 9yd—dn

Dasr | (—202=4n | yd—dn | y—in) —2

Dasg | v—8n — gp2—dn 4 2-2n L y—dn 4 g,—2n

Digs | —4 — dp=2 4 p2-6n _ 32=4n | =2-2n | 2-2n _ gy,—dn | 11y=2n 4 92420

Table 2: The lowest-degree terms of z of HOMFLY polynomials of 77 OTP link
diagrams. Here each link diagram denote the link diagram with the same subscript
in table 1.

Proof. By using the definition (3) of HOMFLY polynomial, the 77 OTP link diagrams

cover nineteen types of orientations in table 2. Then the lowest-degree terms of HOM-
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FLY polynomials of these link diagrams can be divided into the following nineteen cases
according to their orientations. Also, the operation that switch n or n — 1 crossings of a

. B . . .
twist tangle a$,, ay,_;, b3, or by, _; is covered in the proof below, and hence we illustrate

it in Fig. 3.
(a) (b) (c) (d)
201 RPN v Yy
*’\/f\ DOW ,’\_, o OC0 1 1
B
Ay S
- 3 Switchi 3 Switchi 1
swicamg o 1 Q e, R s
n crossings ssing! : ; 2n-3 —
y =
2n-1
M S OWN N /\/”_ " < 2n-1> ¥ 1
n 8 I 1
2 b, Y
Ry /\/ OA=S B, ! ‘ ROV 4

Figure 3. Each crossing switched or smoothed is bounded by a circle. (a) Switch-
ing n crossings of a$,; (b) Switching n—1 or n crossings of a,gTHI respec-
tively; (c) Switching n crossings of b5,; (d) Switching n—1 or n crossings
of b3, respectively.
(1) There are 28 OTP link diagrams oriented with o(9¢) in table 2, and the subscribes
of these link diagrams are numbered from 23 to 104.
For the OTP link diagram D,y = D(3a3,,, 603, )23, there is only one lowest degree term
of z for H(D,3). First, the link diagram Dss is changed into a trivial link diagram DT
with five components by switching n crossings of each for three a$, and six b3, (Fig. 3).

The resulting polynomial is denoted by PDIT(v7 z). By using the lemmas 3.7 and 3.8, then
Pop(v.2) = (07 (027)F = o™

Also, using the property (3) of HOMFLY polynomial, we have

H(DT) = (”71 - ”)4 .

z

Then

1 4
v —v - - -
Ppr - H(D]) =" ( ) = (605" 4 v 7O — gy T2HOn 2O gy At6n)
z

In addition, for the link diagram D, all twist tangles are each composed of two
different components. For each such twist tangle, smoothing its any crossing don’t result
in a lowest-order term of z for H(D) according to the algorithm 3.11. By using theorem

3.12, we have
mmzH(ng) _ (6’06" 4 ,U—4+6n _ 4v—2+6n _ 4U2+6n + Z}4-%—671)2—4.
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Similarly, for the other link diagrams with the orientation o(9«), the lowest-order terms

of their HOMFLY polynomials can be given in table 2.
(2) There are nine OTP link diagrams oriented with o(4c, 3, 2a, 2/3) in table 2, and

the subscribes of these link diagrams are numbered from 119 to 143.

For the OTP link diagram Dyo; = D(a$,,305,, a5, ,b%,,a3,,2d5, ), it is changed
into a trivial link diagram DT with three components by switching some crossings. In
this process, we switch n crossings of each for a ag,, four b5, and a a‘;n,l, and switch n—1
crossings of another a§n71 (Fig. 3). By using the lemmas 3.7, 3.8, 3.10 and theorem 3.12,
then

min,H (Diss) =Ppr - H(DT)
— 2
:U—Zn(U27z)4v—2nv—(2n—2) . (’U 1_ ’U)

z
:(UZn _ 2U2+2n + U4+2n)z—2.

Similarly, for the other link diagrams with the orientation o(4a, 3, 2a,20), the lowest-
order terms of their HOMFLY polynomials can be given in table 2.

(3) There are eight OTP link diagrams oriented with o(6c, 37) in table 2, and the
subscribes of these link diagrams are numbered from 172 to 190.

For the OTP link diagram Dsg5 = D(3a$,,3b3,,3b3,_1), there are three trivial link
diagrams, which all together result in the lowest-degree term of z for H(Digs). A trivial

link diagram DT of three components is obtained from the diagram Djgs by switching

some crossings. In this process, we switch n crossings of each for three ag,, three b3, and

a b),_;, and switch n — 1 crossings of another b3, ;. By using the lemmas 3.7-3.9, then
-1

2
Py - H(DT) = (v=27)3(p2) 422 . (” - U) = (v 4 pmiHn _ gy 2Ny =2

Note that two b3, ; in the above process are both on the same component of D.
Respectively smoothing the crossings of these two b3, _;.
First, we smooth n — 1 crossings of one b3, _; to obtain the link diagram D} from D.

Then D is further changed into a trivial link DI by switching n crossings of each for

three a$,, three b5, and a b3, _,, and then switching n— 1 crossings of the remaining b3, ;.

By using the lemmas 3.7-3.9, then

2n—2 1 -1

3
v - —2n\ n n— v —-v
Ppg - H(DY) :vzﬁ(v Y3 (y2n)yty?n=2 . ( p; )

:(U4n + U74+4n _ 2U72+4n _ U76+6n + 2U74+6n _ v72+6n)Z72.
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Second, we smooth n crossings of the other b3, ;, and keep switching n — 1 crossings
of the one b3, ; to obtain the link diagram DY, from D. Then D) is further changed into
a trivial link DI by switching n crossings of each for three a$,, three b3, and a b3, _;. By

using the lemmas 3.7-3.9, then

,UZn —1 U71 —v 3
Ppr - H(DY) =vz——— (v™2)3 ()2
3 v? —1 z
:(/U4n _ ,UGn + ,U74+4n _ 2,U72+4n _ ,U74+6n + 2’1]72+6n)272.

Hence the lowest-degree term of z for H(D;g5) only contains the above three cases.

By using theorem 3.12; then
min,H(Dsgs)

3
=" Ppr(v,2)H(DY)
n=1
— (UAn + v—/H»ML _ 21}—2+4n)z—2 + (,U/ln + ,U74+4n _ 2v72+4n _ v76+6n + 2,[}7/14»()'71

_ U—2+(m)z—2 4 (,U4n _ an + v—4+4n _ 2U72+4n _ U74+6n 4 2U72+6n)z—2

= (3uin — B 4 ZyTHHIn Gy m6HOn | g —dkBn | =460y =2
Similarly, for the other link diagrams with the orientation o(6c,3v), the lowest-order
terms of their HOMFLY polynomials can be given in table 2.

(4) There are three OTP link diagrams oriented with o(3c, 33, 3(—«)) in table 2, and
the subscribes of these link diagrams are numbered by 197, 199 and 201.

For D99 = D(a$,, 2b3,,, 3a§n,17 azy, 2by,Y), there is only one lowest degree term of z for
H(D(ag,,2,,3a5, 1, a;%,2b;%)). First, the link diagram Dgg is changed into a trivial
link diagram DT with three components by switching some crossings. In this process, we
switch n crossings of each for a ag,, a ay®, two b3, two b;* and a a5, _,, and switch n— 1
crossings of a agn_l. By using the lemmas 3.7, 3.8, 3.10 and theorem 3.12, then

v —v

2
) =(1-20*+oh272
z

min, H(D1gg) = (’UfZ")Q('112”)4'172"/((2”’2) . (

Similarly, for the other link diagrams with the orientation o(3«, 33, 3(—«)), the lowest-
order terms of their HOMFLY polynomials can be given in table 2.

(5) There are four OTP link diagrams oriented with o(4a, 43, —a) in table 2, and the
subscribes of these link diagrams are numbered by 209, 214, 216 and 228.

For the link diagram Dys = D(2b‘2"n,a;’n,bgn,4a§n71,b2’f), there is only one lowest

degree term of z for H(Dagg). First, the link diagram Daog is changed into a trivial link
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diagram DT with three components by switching some crossings. In this process, we
switch n crossings of each for a a$,, three b3, and two a@n,l, and switch n —1 crossings of
each for the remaining two agn_l. By using the lemmas 3.7, 3.8, 3.10 and theorem 3.12,

then
—1

2
777/7:7LzH(D228) _ U—Zn(UQn)S(U—Zn)Z(U—(Qn—Z))z. (U - U) _ (1)274"721}474n+/11674n)272-

Similarly, for the other link diagrams with the orientation o(4a, 43, —«), the lowest-order
terms of their HOMFLY polynomials can be given in table 2.

(6) There are five OTP link diagrams oriented with o(2«, 7, @, 27, 2a,y) in table 2,
and the subscribes of these link diagrams are numbered by 242 250, 252, 256 and 258.

For the link diagram Dasg = D(b3,,, aS,,, ban_1, a5,y 203, 1, a5, 05, b3, 1 )2ss, it is chan-
ged into a trivial link diagram DT with three components by switching some crossings.
In this process, we switch n crossings of each for three a$,, two b5, and two b3,_;, and
switch n — 1 crossings of each for the remaining two b3, ;. By using the lemmas 3.7-3.9
and theorem 3.12, then

v‘l—v

z

min.H(Das) = (072 P2

2
) _ (U_6+6n72’!)_4+6"+U_2+67L)Z_2.

Similarly, for the other link diagrams with the orientation o(2c, 7, a, 2, 2, y), the
lowest-order terms of their HOMFLY polynomials can be given in table 2.

(7) There are three OTP link diagrams oriented with o(«, 28, o, —«, 2a,, 23) in table
2, and the subscribes of these link diagrams are numbered by 261, 264 and 272.

For the link diagram Dazy = D(bS,,2a5 1, b5, b5%, b3, , a3, 2a5 _)ara, there are two
trivial link diagrams, which both result in the lowest-degree term of z for H(Dazs). First,
the link diagram Daro is changed into a trivial link diagram D{ with three components
by switching some crossings. In this process, we switch n crossings of each for an a$,,,

three b3, a by," and an af,_,, and switch n — 1 crossings of another a5, ;. By using the

2n)
lemmas 3.7, 3.8, 3.10, then

Uﬁl—v

PDT . H(D?) _ ,U—Qn(v2n)4U—2nv—(2n—2) . ( .

2
) _ (,UZn _ 2v2+2n 4 U4+2n)2_2.

Also, there is only one b9, in the above process is on the same component of D. We
smooth n crossings of the 05, to obtain the link diagram D] from D. Then Dj is further

«

changed into a trivial link DI by switching n crossings of each for a a5, two b3, a by,
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two agn_l, and then switching n — 1 crossings of the remaining two a:fn_l. By using the

lemmas 3.7, 3.8, 3.10, then

T v —1 v =)’
Pog - (D) =o'y =L ()

:(,UZ—/In _ 2,0/1—/171, + ,U()—/ln _ 2)2—271 + 21}/172n _ ,U()—Zn,)z—?

By using theorem 3.12; we have
77LinzH(D272)
— Py H(DY) + Py H(DY)
— (U2" _ 2v2+2n 4 v4+2n)z—2 + (v2—4n _ 2U4—4n + U6—4n _ ,U2—21L + 2v4—2n _ UG—Zn)Z—Z
_ (U274n _ 2v474n 4 ,U674n _ 1)27277, + 2U472n _ ,U672n + ,U2n _ 2,U2+2n T U4+271)Z72.

Similarly, for the other link diagrams with the orientation o(a, 26, o, —av, 2c, 2/3), the
lowest-order terms of their HOMFLY polynomials can be given in table 2.

(8) There is three OTP link diagrams oriented with o(2a, v, o, 47, —«) in table 2, and
the subscribes of these link diagrams are numbered by 284, 287 and 293. For the link
diagram Dogy = D(2a$,,,b3,_1,0S.,, 4b3,,_1, b5 )2s4, there is only one lowest degree term of
z for H(Dagy). First, the link diagram Dsgy is changed into a trivial link diagram DI with
three components by switching some crossings. In this process, we switch n crossings of
each for three a$,, a by and two b, _;, and switch n — 1 crossings of each for two b3,_;.
By using the lemmas 3.7-3.9 and theorem 3.12, then

-1

2
min,H(Das) = (v=2")30 (v?)2(p?*"=2)2. (U U) = (7O _gymitin | —2Hn) =2
z

Similarly, for the other link diagrams with the orientation o(2«, 7, a, 4, —a), the lowest-
order terms of their HOMFLY polynomials can be given in table 2.

(9) There is only one OTP link diagram Dag; = D(bg,, 2ab, 1,63, b5, 3ab, 1, by )a0r
oriented with o(a, 283, o, —a, 33, —«) in table 2. There are six trivial link diagrams, which
all together result in the lowest-degree term of z for H(Dagr). A trivial knot DT is obtained
from the diagram Dsg7 by switching n crossings of each for two b5, and two b,,;". By using
lemma 3.7, then

Ppr - H(DT) = (v*)* -1 =™

Note that two b3, and two b, in the above process are all on the same component of

D. Respectively smoothing the crossings of these four twist tangles.
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First, we smooth n crossings of a b3, to obtain the link diagram D} from D. Then

Dy is further changed into a trivial link DI by switching n crossings of each for two by,®
and two agnfl, and then switching n — 1 crossings of the remaining two a’jn,l. By using

lemma 3.7 and 3.10, then

2n

-1
Ppy -H(DT) = ,UZTLQ — (022 (v 272 (p= (=22 . UT — i _ e

Second, we smooth n crossings of the other b3, and keep switching n crossings of the
one b3, to obtain the link diagram D, from D. Then Dj is further changed into a trivial
link DI by switching n crossings of each for two by,® and a aé}%h and then switch n — 1

crossings of another a@n,l. By using the theorems 3.7 and 3.10, then

2n -1
v —v
,U2+271, _ ,U2+4n.

V2

Ppr - H(DY) = vz : 1112”(1)2")2’1;’2"@’(2"’2) Y .

Also, there is a by, on the same component of the link diagram Dj. We smooth n
crossings of the by to obtain the link diagram D} from D). Then DY is further changed
into a trivial link DT by switching n crossings of each for a b;* and two a’jn,l, and then

switching n — 1 crossings of the remaining two aj, ;. Then

T v —1 2n\2(, —2n\2(, —(2n—2)\2 v =1 (vl —0)?
Poy - H(DD) = vy L2y UL (V20

=t 4t 9t
Third, we smooth n crossings of a b5, and keep switching n crossings of each for two
b3, to obtain the link diagram Dj from D. Then Dj is further changed into a trivial link
DT by switching n crossings of each for two afjn,l, and switching n — 1 crossings of the

. 5
remaining two aj, ;. Then

v — 1(U2n)2(U—Qn)z(v—(zn—z))z . vl —w  phin _ e

v2—1 z

Ppr - H(DY) = vz

At last, we smooth n crossings of the remaining twist tangle b5, and keep switching n
crossings of each for two b3, and a b, to obtain the link diagram D} from D. Then D) is
further changed into a trivial link D by switching n crossings of a a,gnfl, and switching

. 5
n — 1 crossings of another aénfl. Then

v —1 ; vl—v
PDT . H(DT) = vz (v2n)3v—2nv—(2n—2) . _ ,U2+2n o U2+4’L.
6 6 v -1 z

Hence the lowest-degree term of z for H(D(b$,,2a5, b3, b5, 3d5, 1, b3.)) only con-
tains the above six cases. According to the theorem 3.12, we have

min, H(Dagr) = v + 30171 — 491727 4 8n 4 2720 _ 92 +in,



-270-

(10) There are two OTP link diagrams oriented with o(«, 28, o, 8, @, 37) in table 2,
whose subscribes are numbered by 320 and 322.

For the link diagram Dsyy = D(bg,, 2a5, |, aS,, a5, 1, a%,, 33, )as0, there is only one
lowest degree term of z for H(Dsy). First, the link diagram Dss is changed into a trivial
link diagram DT with three components by switching the crossings of all oriented twist
tangles. In this process, we switch n crossings of each for two a$,, a b3, two agn_l and
two b3, ;, and switch n — 1 crossings of each for the remaining a aj, ; and a b}, ;. By
using the lemmas 3.7-3.10 and theorem 3.12; then

(2 — v

2
minzH(Dgzo) _ (’l)_2n)4(U2")3U_(2"_2)7J2n_2 . ( ) — (,U—2—2n + 22 2U—2n)z—2'

z
Similarly, for the link diagram Dsas, the lowest-order terms of the HOMFLY polynomials
can be given in table 2.

(11) There are two OTP link diagrams oriented with o(«, 28, «, 38, a, 8) in table 2,
whose subscribes are numbered by 327 and 329.

For the link diagram Dsgy = D(bg,, 2a5, |, aS,,3as, 1, b, a5, | )ss, there is only one
lowest degree term of z for H(Dsgg). First, the link diagram D3a9 is changed into a trivial
link diagram DT with three components by switching some crossings. In this process, we
switch n crossings of each for a a$,, two bg, and three a5 _,, and switch n — 1 crossings
of each for the remaining three (Lgn_ 1- By using the lemmas 3.7, 3.8, 3.10 and theorem

3.12, then

2
WZiTLZH(Dgzg) _ ’U_Qn(’Uzn)2(’l)_2")3(U_(ZH_Q))3~ (U . U) _ (v4—10n_2U6—1O1L+U8—10n)z—2'

Similarly, for the link diagram Dsjy7, the lowest-order terms of the HOMFLY polynomials
can be given in table 2.

(12) There is only one OTP link diagram Dsss = D(a$,, 33,1, age, b3, _1,a%,,2b3, ¢
)s3s oriented with o(ay, 3y, —a, v, @, 277) in table 2. There is only one lowest degree term of
z for H(Djssg). First, the link diagram Dssg is changed into a trivial link diagram DT of
three components by switching the crossings of all oriented twist tangles except a a,,.*. In
this process, we switch n crossings of each for two a, and three b3, _;, and switch n — 1
crossings of each for the remaining three b3, ;. By using the lemmas 3.8, 3.9 and theorem
3.12, then

ol —v)?
) — (,U78+8n _ 2v76+8n + 1}74+8n,)z—2.

min.H(Dyzs) = (v72")* (v™")* (0™ 7%)° ( 2
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(13) There is only one OTP link diagram Dsys = D(bS,,2aS,,3a5 1, 3b3, )46 ori-
ented with o(3a, 33, 37) in table 2. There is only one lowest degree term of z for H(Dayg).
First, the link diagram Dayg is changed into a trivial link diagram DT with three compo-
nents by switching some crossings. In this process, we switch n crossings of each for two
ag,, a by, , and a aj,_,, and switch n — 1 crossings of each for the remaining two b},

and two (Lgn_l. By using the lemmas 3.8-3.10 and theorem 3.12, then

min, H(Dsye)

_ (U72n)2v2n,U72n(,U2n72)2(,uf(2n72))2 (U
z

(14) There is only one OTP link diagram Dass = D(3b3,_1, 3as,", 3b3,,_ )34s oriented
with 0(37,3(—a),37) in table 2. There is only one lowest degree term of z for H(Dass).
First, the link diagram Djss is changed into a trivial link diagram DY with three compo-
nents by switching some crossings. In this process, we switch n crossings of each for three
ay” and three by, |, and switch n — 1 crossings of each for the remaining three b3, ;. By
using the lemmas 3.8, 3.9 and theorem 3.12, then

-1

2
min, H(Dass) = (v=27)3(02")3 (02" 2)3 - (U v) = (p 8O _ gy ~6+6n |y —diony, =2
z

(15) There is only one OTP link diagram Dsgy = D(ag,, b3, 1, a%,,2b}, 1, 2d5, |,
b) 1, ah 1 )ses oriented with o(e,7,a,2v,28,7,8) in table 2. There is only one lowest
degree term of z for H(Dzgq). First, the link diagram Djsgy is changed into a trivial link
diagram DlT with three components by switching some crossings. In this process, we
switch n crossings of each for two a$,, a b3, ; and a a;rﬁ 1, and switch n — 1 crossings of

each for two 0, , and two aj, ;. By using the lemmas 3.8-3.10, and theorem 3.12, then

-1 2 —2—4n 2—4n —4n
1 I P —9
7)?7:7LZH(D364) _ (1}72n)2/u2n,0—2n(UQn—Q)Z(U—(Zn—Z))Q (U . U) _ v + UZ2 v )

(16) There is only one OTP link diagram Dssy = D(b3,, 5a5, 1, b3, 2a5, 1 )ss0 OTi-
ented with o(a, 53, —«, 2f3) in table 2. There are thirteen trivial link diagrams, which all
together result in the lowest-degree term of z for H(Djs2). A trivial knot DT is obtained
from the diagram Dsse by switching some crossings. In this process, we switch n crossings

of each for a b5, and three a’;n,l, and switch n — 1 crossings of each for three afnfl. By

using the lemmas 3.7 and 3.10, then
PD{ . H(D?) _ ,UZn(U—Zn)S(,U—(Qn—Z))S 1= U—lOnJrﬁ.
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Note that six ay, ; and a by in the above process are all on the same component of
D. Respectively smoothing the crossings of these seven twist tangles.

First, we smooth n — 1 crossings of a ah, , to obtain the link diagram D} from D.
Then Dj is further changed into a trivial link DI by switching n crossings of each for a
b3, a by and two afnfl, and then switching n — 1 crossings of two agnfl. By using the
lemmas 3.7 and 3.10, then

= (2n=2) _ 1 =1 _
v v v
PD%- H(Dg) — (_?}712271) (,UZn)Z(,U—Zn)2(vf(2nf2))2 R, _1)6—6n+1}4—4n.
v2 — z

Also, there is only one b, on the same component of Dj. We smooth n crossings of

the by, to obtain the link diagram DY from D). Then DY is further changed into a trivial

link DT by switching n crossings of each for a bg, and three a5, ,, and then switching

n — 1 crossings of the remaining three afjn,r Then

—(2n—2) _ 1 2n __ 1 . ) =1 _ 2
Ppr -H(DT) = <—v’lzv ) vz? V2 (pT )3 (p= 323 <7U U)

v2—1 v2—1 z

— _ v8—12n + UG—lOn + v8—10n _ v6—8n.

Second, we smooth n crossings of a by® and keep switching n — 1 crossings of a a3,
to obtain the link diagram D} from D. Then D} is further changed into a trivial link
DT by switching n crossings of each for a b, and three agn_l, and then switching n — 1
crossings of two ajy, ;. Then

T v =1, 2n\3 on—2)a¥ L =V 6—10 6-8
Ppr - H(Dy) =V gV " (p2)3 (v~ (3n) — =V B A

Also, there is a aj,_, and a bg, in the above process on the same component of Dj.
Respectively smoothing the crossings of these two twist tangles. On the one hand, we
smooth n crossings of the a | to obtain the link diagram D? from Dj. Then D is
further changed into a trivial link DI by switching n crossings of each for a b3, and
three aghl, and then switching n — 1 crossings of the remaining two a;?n,l. By using the

theorems 3.7 and 3.10, then

2n 1 —2n __ 1 -1 _ 2
PD{ . H(D5T) _ Uzi)z — (71)—121;72 — ) v2n(v—2n)3(w—(2n—2))3 . (v - U)
12 9,6-10n _ 6-8n

On the other hand, we smooth n crossings of the b3, and keep switching n crossings

of the a}fwl to obtain the link diagram DJ from D). Then DY is further changed into a
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trivial link DE by switching n crossings of each for two agnfl, and then switching n — 1

crossings of two al,_,. Then

n 2 — 2
P H(DT) = v —1 —2n\3(, —(2n—2)\3 [ YV v _ 6120 _ g, 6-10n | 6-8n
DI " (Dg) = vzvzfl () (v )’ 2 =v v +v .

Third, we smooth n crossings of another twist tangle aS,H, and keep switching n
crossings of a by, and then switching n — 1 crossings of a a§n71 to obtain the link diagram
D} from D. Then D} is further changed into a trivial link DI by switching n crossings
of each for a b3, and two agnfl, and then switching n — 1 crossings of another two aén,l‘

Then

P H(DTY = [yt v 1 2120, ~2n\2(, —(2n—2)\3 vl —v 6-6n 6-8n
pr - H(D7) = —v = (™) (™) (v )’ el o8,

Fourth, we smooth n — 1 crossings of the third twist tangle a§n71 and keep switching
n crossings of each for a b, and a a’;k] and then switching n — 1 crossings of a ag%] to
obtain the link diagram D/ from D. Then D} is further changed into a trivial link D by
switching n crossings of each for a b3, and two agnfl, and then switch n — 1 crossings of
each for the remaining two aﬁn,l. Then

—(2n—2) __ 1

-1 _
Ppr - H(DY) = (,,Uﬂzv — ) (/UZn)Z(U727L)3(,Uf(2n72))3 LU TV s s-lon

z

Also, there is only one b3, on the same component of Dj. We smooth n crossings of
the b3, to obtain the link diagram D} from D). Then DY is further changed into a trivial
link DI by switching n crossings of each for two aé*n,l, and then switching n — 1 crossings

of each for the remaining two a5 _,. Then

— — — 2
(7@7121} (2n—2) _ 1) vzw" — 1/U2n(v72n)3(,U—(2n72))3 ) (’u 1_ v)

PD;{'H(DQT) v2—1 2 —1 z
— _gB12n 4 6-10n 4 8-10n _ 6-8n

Fifth, we smooth n crossings of the fourth twist tangle agn_l and keep switching n
crossings of each for a b, and a agn_l and then switching n — 1 crossings of each for two
a§n_1 to obtain the link diagram D} from D. Then Df is further changed into a trivial
link DY, by switching n crossings of each for a b3, and a a/;n_l. Then

P ~H(DT) _ _vilzv—zn -1 (v2n)2(v72n)2(v—(2n—2))2. vo—v o by gyiin
Dl 1077 v2—1 z '

Also, there is only one b3, on the same component of Dj. We smooth n crossings of

the b3, to obtain the link diagram DY from Df. Then DY is further changed into a trivial
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link DY, by switching n crossings of each for two af,kl., and then switch n — 1 crossings
of the remaining aj, ;. Then

—2n __ 1 2n 1 -1 _ 2
Py - H(DY) = (7U—1ZU ) vl V2 (23 (p (223 (U U)

v™2—1 v?2—1 z
6—12n + 21’671071, 678n.

=—0 —

Sixth, we smooth n — 1 crossings of the fifth twist tangle af,hl and keep switching
n crossings of each for a b and two alfnfl and then switching n — 1 crossings of each
for two @i, , to obtain the link diagram D} from D. Then D} is further changed into a
trivial link D%, by switching n crossings of each for a bg, and a a5, ;. Then

-1 _
Py, H(DY) = (71} Pl ) (02M)?2 (v~2)3 (= (D)2, v - U ya—bn _ 6-8n

At last, we smooth n crossings of the sixth twist tangle agnf 1 and keep switching n
crossings of each for a b, and two a5, , and then switching n — 1 crossings of each for
three (Lgn_l to obtain the link diagram D! from D. Then D is further changed into a

trivial link DY, by switching n crossings of each for a b, and a aj,_,. Then

-1

e 1) (V)2 (v™2)3 (p= (2= 2)3 VTV _ 68 6-10n

v=2—1

Ppr, - H(Diy) = (71]712 >

Hence the lowest-degree term of z for H(D(bS,,5a5 _,,b3%,2a5 _,)) only contains the

above thirteen cases. According to the theorem 3.12; we have

minzH(DSSZ) _ 7v6712n _ 21}871271 + 5v6710n + 1)871071 _ 41}67871 + 21}47471.

(17) There are two OTP link diagrams oriented with o(a, 33, —c, §,37) in table 2,
whose subscribes are numbered respectively by 357 and 358.

For the link diagram D(a3,,, 3“5%17 by, agnfl, 3b3,_1)357, there is only one lowest de-
gree term of z for H(Dss;). First, the link diagram Djs7 is changed into a trivial link
diagram DT with three components by switching some crossings. In this process, we
switch n crossings of each for a a$,, a b,", a by, ; and two a"gnf 1, and switch n — 1 cross-
ings of each for a b3, ; and the remaining two a@n,l. By using the lemmas 3.7-3.10 and

theorem 3.12, then

2 — — _
1 _ ’U) 721)2 4n + U4 An +v 4an
= 3 .

min, H(Dssy) = 1)72nv2nv2n(z}72n)2v2n72(U7(2n72))2 (U
z z
Similarly, for the other link diagram Dssg, the lowest-order term of the HOMFLY poly-

nomials can be given in table 2.
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(18) There is only one OTP link diagram Dsg, = D(2a5, 1, b3, 1, a%,, 203, 1, 2a5,
by, 1)362 oriented with o(28,7, «, 27,23, ~) in table 2. There are twelve trivial link dia-
grams, which all together result in the lowest-degree term of z for H(Dzg2). A trivial knot
DT is obtained from the diagram Dsgy by switching some crossings. In this process, we
switch n crossings of each for a bJ, , and two aj |, and switch n — 1 crossings of each

for a 03, ; and two aj, ;. By using the lemmas 3.9 and 3.10, then

PD}" . H(DT) _ UZn(U—Zn)ZUZn—Z(v—(Zn—Z))Z L1 = pint2

Note that two b3, _; and four agn_l in the above process are all on the same component
of D. Respectively smoothing the crossings of these six twist tangles.

First, we smooth n — 1 crossings of a b3, _; to obtain the link diagram D’ from D.
Then Dj is further changed into a trivial link DI by switching n crossings of each for a
azy, a by, and two aé’n,l, and then switching n — 1 crossings of each for a b3, , and
two agn,]. By using the lemmas 3.8-3.10, then

P - H(DY) = UZ%U%(U72n)3v2n72(1}7(zn72))2 . Ufl%” —_ p2bn _ g —an

Also, there are two a@m1 in the above process on the same component of Df. Respec-
tively smoothing the crossings of these two a§n,1. On the one hand, we smooth n — 1
crossings of a a§n,1 to obtain the link diagram DY from Dj. Then DY is further changed
into a trivial link DI by switching n crossings of each for a a3, a b3, _; and a a‘;n,l, and
then switching n — 1 crossings of each for the remaining two b3, ; and two ag’m. By

using the theorems 3.8-3.10, then

V22— 1 IR |
> —v
v

Ppr - H(DJ) =vz

1 ) 2
(U7(2n72))2 (“ - L) =y gp2in gy
z

On the other hand, we smooth n crossings of the other aj, ; and keep switching n— 1
crossings of a aj, | to obtain the link diagram D} from D). Then Dj is further changed
into a trivial link DT by switching n crossings of each for a a3, a b}, , and a a5, |, and
then switching n — 1 crossings of each for the remaining two b}, , and a a,, ;. Then

U27172 -1 - ,07271 -1 n/, —2n n— —(2n— vil —v :
PDI.H(DI) =0 — (ﬂ) 1, )Uz (0=2)2 (92 2)2 (y~ (2 2))2( )

1 v72—1 z

=—p 24 _yin gy,
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Second, we smooth n crossings of a aJ, _, and keep switching n — 1 crossings of a b, _,
to obtain the link diagram D} from D. Then D} is further changed into a trivial link
DT by switching n crossings of each for a a;®, two b),_, and a aj,_,, and then switching

. g
n — 1 crossings of each for a b, , and a a5 . Then

—2n __ 1 -1 _
PDST H(DET) _ (71}71,21;72 — ) (,0271)2(v72n)2(,u2n72)2vf(2n72)U - v
S e

Also, there is only one b}, ; on the same component of D). We smooth n crossings
of the b3, ; to obtain the link diagram D{ from Dj. Then DY is further changed into a
trivial link D" by switching n crossings of each for a a3, a b}, , and a agn_h and then

switching n — 1 crossings of each for the remaining a b}, , and two a,, ;. Then

—2n __ 1 2n 1 =1 _ 2
Ppr H(DT) = (71)71/2” ) vzl v?n(Uon)Z(U2n72)2(vf(2n72))2 . (L “)

v2—1 v? -1 z
=—1—vmy 207
Third, we smooth n — 1 crossings of another a§n71 and keep switching n crossings of
a agnq and n — 1 crossings of a b3, to obtain the link diagram D} from D. Then D} is
further changed into a trivial link D by switching n crossings of each for a a;" and two
by,,_1, and then switching n — 1 crossings of each for a b3, _; and a a:fnfl. Then

1

v 2 — 1) (,UZn)Z(,U—2n)2(,UZn—2)2U—(2n—2) v

Pog - 1(DF) = (=0

=1 +/U*2+2n

z

Also, there are two by, ; in the above process on the same component of Dj. Respec-
tively smoothing the crossings of these two b3, ;. On the one hand, we smooth n — 1
crossings of a b3,_; to obtain the link diagram DY from Dj}. Then Dj is further changed

—a

into a trivial link D by switching n crossings of each for a a;,* and a b3, ;, and then

switching n — 1 crossings of each for the remaining a b3, ; and two agnfl. Then

Z;Qn(v—2n)2(U27L—2)2(U—(2n—2))2

—(2n—2) __ 1 -2 _ 1
v v
Ppr -H(DY) = (fv Ly e ) e —

-1 2

v —v _ _ _9

( ) _,UZ_UZ 41L+2v 2n'
z

On the other hand, we smooth n crossings of the other b3, _, and keep switching n — 1

crossings of a b}, _; to obtain the link diagram D} from Dj. Then Dj is further changed
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into a trivial link DI by switching n crossings of each for a a," and a b3, ;, and then
switching n — 1 crossings of each for the remaining two aj, ;. Then

—(2n—2) __ 1 2n _ 1
v v
PDQT-H(DQT):(fv Ly e )’UZU2_1

-1 2

v =0 _ _ —9

( ) :7171}2 4n+v2 2n+v 2”,.
z

UQn(,U—2n)2(U2n—2)2(v—(2n—2))2

Fourth, we smooth n crossings of the other b3, ; and keep switching n crossings of a
afw1 and then switching n — 1 crossings of each for a b3, _; and a ag,kl to obtain the link
diagram D) from D. Then D) is further changed into a trivial link DY, by switching n
crossings of each for a a;* and a b,_,, and then switching n — 1 crossings of each for a
b}, , and a dj, ,. Then
2n 1

Pyr. CH(DT) = 1}27;2 : V2 (™22 (2 2)2 (= (20=D)2 -

Fifth, we smooth n — 1 crossings of the third twist tangle aé’n,l and keep switching n
crossings of each for a b),_, and a a5, _, and then switching n — 1 crossings of each for a
b} _, and a a5, _, to obtain the link diagram Dj from D. Then Dy is further changed into
a trivial link DT, by switching n crossings of each for a a3, a by, ; and a ay, ;. Then

U*(?ﬂ*?) -1

=0 " —w
v=2—1 z

-1 _
]_—,DlT1 'H(D1T1) _ (71)’1z ) (v2n)2(U72n)3v2n721}7(2n72)U v —2n _ ,2—dn_

At last, we smooth n crossings of the remaining twist tangle a§n7] and keep switching
n crossings of each for a b3, ; and a a?,h1 and then switching n — 1 crossings of each for
a b, ; and two czgrh1 to obtain the link diagram Dy from D. Then Dy is further changed
into a trivial link DL, by switching n crossings of a a5 and then switching n — 1 crossings
of a b3, ;. Then

—2n
v -1

Ppy, - H(Djp) = (—” P

) UZn(v—Zn)Q(UZW,—Z)Z(,Uf(anZ))2’U71 — 2 _yin
z

Hence the lowest-degree term of z for H(D(2a5, 1, b3, 1,05, 203, 1, 205, 1,03, 1))
only contains the above twelve cases. According to the theorem 3.12; we have
min, H(Dzg2)
= —4— 41)_2 4 ,U2—61L o 3,02—4'” 4 ,U—2—21L 4 ,U2—21L o 4,0—4n + ll,U—Qn + 2v—2+2n‘
(19) There is only one triangle link diagram Dss; = D(3b),_,,3a5 _,,3b3,_1)ss1 ori-
ented with 0(37,303,37) in table 2. There are thirteen trivial link diagrams, which all
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together result in the lowest-degree term of z for H(Dss1). A trivial knot DI is obtained
from the diagram D35 by switching some crossings. In this process, we switch n crossings
of each for three b, , and a ai,_,, and switch n — 1 crossings of each for two b}, , and

a ay, ;. By using the lemmas 3.9 and 3.10, then
PDT . H(Dll) _ (UQn)S,U—Qn(,U2n—2)2u—(2n72) L1 = b2,

Note that five b3, ; and two agn,l in the above process are all on the same component
of D. Respectively smoothing the crossings of these seven twist tangles.

First, we smooth n — 1 crossings of a b3, _; to obtain the link diagram D’ from D.
Then Dj is further changed into a trivial link DI by switching n crossings of each for two
b3,_; and a a“;nfl, and then switching n — 1 crossings of each for two b3, ; and a agnfl.
Then
-2 _

-1

— - —(2n— v —v — —

(1)2”)21) 2n(v2n 2)21} (2n—-2) | —v 2+4n v 44-6n
v?2—1 z

Ppr - H(DY) = vz
Also, there are two by, ; in the above process on the same component of Df. Respec-
tively smoothing the crossings of these two b, ;. On the one hand, we smooth n — 1
crossings of a bJ,_; to obtain the link diagram DY from Dj. Then DY is further changed

into a trivial link DI by switching n crossings of each for a b3, ; and a a“;nf], and then

switching n — 1 crossings of each for two b3, ; and two aﬁn,l. Then

2n—2 _ 1 2 . ) o
PD{ . H(Dg) = (vz%) UZR,U727Z(v2n,72)2(v—(2n—1))z
1 N2
(u) =1 — gy 22
z

On the other hand, we smooth n crossings of the other b3, _, and keep switching n — 1
crossings of a b3,_; to obtain the link diagram D} from Dj. Then D} is further changed
into a trivial link DI by switching n crossings of each for a b3, ; and a aﬁm, and then
switching n — 1 crossings of each for the remaining two b3, ; and two agnfl. Then

_ 2
/UZnU72n(U2n72)3(v7(2n72))2‘ (U 1_ v)

z

2n—2 2n
- v -1 v"-1

Ppr - H(DY) =Vz————— V2
4 v?—1 v?—1
:,U—2+2n _ ,U74+4n _ ,U72+4n + U74+6n‘

Second, we smooth n crossings of another b3, _; and keep switching n — 1 crossings of

a by, ; to obtain the link diagram D} from D. Then D) is further changed into a trivial
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link DI by switching n crossings of each for two b3, ; and a a‘;",l, and then switching
n — 1 crossings of each for a b}, , and a aj, . Then
2n -1

Ppr - H(DT) = vz ‘;2 : (v?m)2y=20 (y20=2) 2= (20=2) . v Z* U _ 2 _ 2460

Also, there is only one b}, ; on the same component of Dj. We smooth n crossings
of the b3, _, to obtain the link diagram D} from Dj. Then Dy is further changed into a
trivial link DI by switching n crossings of each for a b3, ; and a a’;n,l, and then switching

n — 1 crossings of each for the remaining two b3, ; and two afﬂyfl‘ Then

2n

v 1 n, —2n n— —(2n— ’U717U :
Pog - H(DE) = (0 = P (20

z

:U72+2n _ 2U72+4n + ,U72+6n.

Third, we smooth n — 1 crossings of a a§n71 and keep switching n crossings of a bJ,_;
and n — 1 crossings of a b3, _; to obtain the link diagram D} from D. Then Dj is further
changed into a trivial link DI by switching n crossings of each for a b3, ; and a agnfl,
and then switching n — 1 crossings of each for two b3, ; and a a@n,l. Then

—(2n—2) __ 1 . -1 _
PD;‘ . H(D?) _ (_UAZU —— ) (v2n)2v—2n(v2n—2)3ﬂ—(2n—2)v - v
v—4+6n _ U—2+4n’

Fourth, we smooth n crossings of the third twist tangle b3, , and keep switching n
crossings of a b}, , and then switching n — 1 crossings of each for a b7, , and a a | to
obtain the link diagram D/ from D. Then D} is further changed into a trivial link DI by
switching n crossings of each for a b3,_; and a agnfl, and then switching n — 1 crossings

of a b, ;. Then

v — ]‘(,UZn)ZU—Zn(UZn—2)2U—(2n—2) ) v —w

—2+4n —2+6n
v2—1 z

PDg-H(Dg):vz = —v

Also, there are two by, ; in the above process on the same component of D). Respec-
tively smoothing the crossings of these two b3, ;. On the one hand, we smooth n — 1
crossings of a b}, _; to obtain the link diagram DY from Dj. Then DY is further changed
into a trivial link DI by switching n crossings of a agnfl, and then switching n—1 crossings
of each for a b, ; and a agnfl. Then

Ppy - H(DY) :vzv%i_leLn*Q — 1UQ"U_%(U%_Z)Z(U_(%_Q))Q (Uﬁ1 1))2

vZ—1 v2—1 z

-1 U?n _ ,U72+2n + U72+4n‘
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On the other hand, we smooth n crossings of the other b3, ; and keep switching n —1
crossings of a b}, ; to obtain the link diagram D} from D). Then D) is further changed
into a trivial link D% by switching n crossings of a a3, ,, and then switching n — 1

crossings of each for the remaining a b}, _, and a a3, _,. Then

v?—1
—2+2n __ 2U—Z+4n + U—2+6n

2n 2 -1 2
T vt =1 2n, ~2n(, 2n-2\3( ~(2n-2)\2 (VU U
Pog, - D) = (w21 ) e (20
=v
Fifth, we smooth n — 1 crossings of the fourth twist tangle b3, _; and keep switching n
crossings of each for two b3, ; and then switching n — 1 crossings of each for a bJ,_; and
a agnfl to obtain the link diagram Dj from D. Then Df is further changed into a trivial
link D7, by switching n crossings of a a5, , and then switching n — 1 crossings of each
for a b}, , and a ab,_,. Then
2n—2 _ 1

v (U2n)21172n(U2n72)2(U7(2n72))2’U71 —v 2n —244n_

PDITI-H(DlTl):Uz 1 S =V v

Sixth, we smooth n crossings of the other a;?n,l and keep switching n crossings of each
for two b3, ; and then switching n — 1 crossings of each for two b3, ; and a agnq to
obtain the link diagram Dj from D. Then Dj is further changed into a trivial link D%,

by switching n crossings of each for a b}, | and a aj, ;. Then

— Uﬁ?n_l n\3,,—2n n—2\2, —(2n— vil_v
Pog, - (D) = (02 ) et

_ 7v—2+4n + U—2+6n.

At last, we smooth n crossings of the remaining twist tangle bJ,_; and keep switching
n crossings of each for two b3, ; and a a5 _, and then switching n — 1 crossings of each for
two b),_, and a i, _, to obtain the link diagram D} from D. Then D} is further changed
into a trivial link DY, by switching n crossings of each for the remaining a b3, ; and a
a3 . Then
o

v (,UZn)S(v72n)2(v2n72)21j7(2n72)’U71 —v_ g2

v2—1 z

—2+6n

Ppr, - H(DL) = vz v

Hence the lowest-degree term of z for H(D(3b],_,,3a5, ,,3b3, ,)) only contains the

above thirteen cases. According to the theorem 3.12, we have

min, H(Dssy) = 2 — 3u™ 2740 460 4 gy=246n,
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Theorem 3.14. Let smin,H(D) be the second lowest degree term of z in H(D(2b3,,,4a5,,,
2b%,, a3, )ea). Then

smin,H (Dgg) = =3+ v~ 10" — 2075 4 9974 4 72 487,
4a$,,, 203,

Proof. There is only one lowest-degree term of z in H(D(205, s

2ns (L%L)Gél)' FiI‘St7
the link diagram Dgy = D(20%,,4a3,,, 23, a3, )es is changed into a trivial link diagram
DT of three components by switching the crossings of all oriented twist tangles except a
a3,. In this process, we switch n crossings of each for four a3, and four b3,. By using the
lemmas 3.7 and 3.8, then

U71*’0

2
) =(=2+v 2+ 0?72
z

Pog - H(DF) = ()

In addition, for the link diagram D, all twist tangles except an unused a$, are composed
of two different components. For each such twist tangle, smoothing its any crossing don’t
result in a lowest-degree term of z in H(D). By using theorem 3.12, we have

min.H(Dgy) = (=2 +v7% + 0272

In the following, the second lowest-degree of z in H(Dg4) are calculated. Let ¢; be a
crossing of D. Without loss of generality, we assume s(c;) = +1. Smoothing the crossing
¢; will produce a term vz. In the meantime, if the crossing ¢; is composed of two different
components of D, smoothing it will enable the original component number to decrease by
one. Hence the degree of z is two higher than the degree of z in min,H (D). Hence the
second lowest-degree term of z in H(D) can be produced by firstly smoothing a crossing
of a twist tangle on two different components and then switching some of the remaining
crossings of D.

There are eleven trivial link diagrams, which all together result in the second lowest-
degree term of z in H(D(2b5,,4a3,,,205,,a5,)). For the link diagram Dgy = D(2b%,,4a5,,,

205, a$, )ea, we note that four b3,

and four a$, are composed of two different components.
For each such twist tangle, smoothing its crossings only once will result in a second
lowest-order term of z in H(D).

First, we smooth n crossings of a b3, to obtain the link diagram D} from D. Then D
is further changed into a trivial link DY by switching n crossings of each twist tangle a3,.

By using the lemmas 3.7 and 3.8, then

_ v — v _ _
> (U 271)5 . =0 10n __ v Sn_
v?—1 z

Ppr - H(D) = vz
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Also, there is only one a3, on the same component of Dj. We smooth n crossings of
the a$, to obtain the link diagram D] from Dj. Then DY is further changed into a trivial

link DI by switching n crossings of each for two b3, and four a$,. Then

- /271,71 /727,/71 . 2
PD%" . H(Dé ) vz v 5 1 (,1}*121;72771> (/UZn)Z(,U—Qn)z; (U L)

v — z
— _,Ufb‘n + 2,0—/171, _ 1}72”"
Second, we smooth n crossings of another b3, and keep switching n crossings of a b5,
to obtain the link diagram D) from D. Then D) is further changed into a trivial link DI
by switching n crossings of each for a 05, and four a$,. Then

2n _ 1 ! -1 _ ]
1;2 — (UZn)Q(,U—Qn)Zl . v . v — U_4” —

—2n

Ppr - H(DY) = vz

Also, there is only one b3, on the same component of D). We smooth n crossings of
the b5, to obtain the link diagram DY from Dj. Then DY is further changed into a trivial

link DT by switching n crossings of each twist tangle ag,. Then

T v —1 ? 2n(, —2n\5 v —w ? —8n —6n —4n
Ppr-H(Dy) = vz v ()Y - =v =20 o

v2—1 z

Third, we smooth n crossings of the third twist tangle 05, and keep switching n
crossings of each for two b3, to obtain the link diagram Dj from D. Then Dj is further
changed into a trivial link DI by switching n crossings of each for a b$, and four a$,.

Then
v — 1(v2n)3(v—27z)4 . vl —w B

Ppr - H(DY) = VT .

Also, there is only one b3, on the same component of D}. We smooth n crossings of
the b3, to obtain the link diagram DY from Dj. Then DY is further changed into a trivial

link DI’ by switching n crossings of each twist tangle a5,. Then

T v — 1\ onvzg —amys (V0 : —6n —in —2n
Ppr-H(Dg) = o (v (v ") - =v " =207 o

Fourth, we smooth n crossings of the other b3, and keep switching n crossings of each
for three b3, to obtain the link diagram D) from D. Then Dj is further changed into a

trivial link DY by switching n crossings of each for four ag,. Then

v — 1(v2n)3(v—27z)4 . vl —v IS

Ty
PD;"H(D7)—'UZﬁ >
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Fifth, we smooth n crossings of a a$, and keep switching n crossings of each twist

tangle bg, to obtain the trivial link diagram DI from D. Then

—2n -1
Ty —1 v - 1 2n\4 v —v _ 6n 8n
PDg-H(Ds)—(—v 271)72_1)(1) ) = + oo
Sixth, we smooth n crossings of another a3, and keep switching n crossings of each

twist tangle b, and a ag, to obtain the trivial link diagram D from D. Then

—2n -1
TV _ v -1 myd, —2n U TV an | 6n
PD9T~H(D9)7(—U zﬁ)(v ) = + 0"
Seventh, we smooth n crossings of the third twist tangle a3, and keep switching n
crossings of each for four b3, and two a$, to obtain the trivial link diagram DY) from D.

Then

1 _
Py, - H(DT) = (71}7121’ ) (02 (2?2 v U e 4 opin,

At last, we smooth n crossings of the remaining twist tangle a3, and keep switching
n crossings of each for four b3, and three a$, to obtain the trivial link diagram Df from

D. Then

- v_2n -1 n —2n\: v_l —v n
Ppr, -H(Dj,) = (—U 1Zﬁ) () (™) S —1+0

Hence the second lowest-degree term of z in H(D(2b3,

5. 4as, . 265, as ) only contains

the above eleven cases, hence we have
smin, H(Dgy) = —3 + 0710 — 2976m 4 9y ™In 721 4 8n,
| |

Theorem 3.15. The OTP link diagrams of 366 link types shown in Table 1 (Appendiz
A) are all chiral.

Proof. By using theorem 3.2 and 3.5, we only need to proof that 77 OTP links are
chiral, which are indicated by ¢ * ’ in Table 1 (Appendix A). The lowest-degree term or
second lowest-degree term of HOMFLY polynomials of these 77 OTP links are given by
the theorems 3.13 and 3.14. Hence for the link D(3a3,,,6b%,)23, we have

TVLiTLZH(ng) — (6’06" 4 ,U—4+6n _ 4v—2+6n _ 402+ﬁn + 2}4-*—6n)z—4.
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By using the definition (3) of HOMFLY polynomial, we obtain
min, H(Djy) = min, H(Day3)(—v7!, 2)

— (61)7671, + ,U4fﬁn _ 41}27671 _ 4’[}7276" + 0747()%);:—4

If D3 is achiral, we have

min,H(D3y) = min,H(Dag).

But we have

min, H(Das) # min, H(Days)(—v71, 2).

Clearly, Doz must be chiral link. Similarly, we can show that the remaining 76 links are all
chiral by using the lowest-degree terms or second lowest-degree terms of their HOMFLY

polynomials. [}

4 Conclusion

In the present paper, we show that 366 OTP links are all chiral by calculating their
invariants such as component number, crossing number, writhe number and HOMFLY
polynomial. Among these links, there are 100 pair of systemical links have the same
values for the above invariants. Moreover, there are 178 OTP links with even number of
components, which include one link with six components, 25 links with four components,
and 152 links with two components. The chirality of these links are determined by their
component number. For the remaining 188 links with odd number of components, they
include 4 link with five components, 94 links with three components, and 90 links with
one component. Evidently, the links with two components have the most links than the
other ones. Moreover, these results show that for any ¢ (1 < i < 6), there exists at least
an oriented triangle link with ¢ components such that each edge consist of two twisted
strands in antiparallel orientation.

Furthermore, for these 366 links, the largest number of crossings is 18n and there
are 104 such links. This means that these links have at least a complete twist on each
edge. On the other hand, the smallest number of crossings is 18n — 9 and there is only
one link D(3b3,_4, 3a§n71, 3b3,_1)351. This means the link has at least half twist on each
edge. These results provide a possibility to adjust the length of DNA triangle links by

considering their twist number. Also, the writhe number of oriented triangle link diagrams
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are given in table 1, which, together with the crossing number, identify the chirality of
111 triangle links.

There are 77 oriented triangle links whose lowest-degree terms of HOMFLY polyno-
mials are given as a general formula in term of the twist number n in table 2. Also,
for each link type, there exists an infinite family of OTP links obtained by changing the
crossing number on each edge. Hence these polynomials also give a general formula for
the lowest-degree terms of the HOMFLY polynomials for each family of links. In special,
there is an OTP link D(2b3,,4a$,, 2b5,, a3, )ss Wwhose second lowest-degree term of HOM-
FLY polynomial is also given. These results show that these links are all chiral by using
the asymmetry of these polynomials over v. Here we note that the lowest-degree terms
of HOMFLY polynomials of some OTP links have the same polynomials. However, this
does not means that these links have the same HOMFLY polynomials, or belongs to the
same link type.

Thus, our results show that the chirality of triangle prism molecules with DNA double
edges can be determined by the 366 topological structures whether each building block is
symmetry. Also, they confirms that the synthesized DNA triangle prism with one or two
components are both chiral without considering the twist number on each edge [22,23].
Our work provide a theoretical approach to synthesizing, control and study the chiral

structures of DNA triangle prisms.
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Appendix A The crossing number, component num-
ber and writhe number of 366 OT-link

diagrams
D ¢(D) u(D) w(D) |D*®
D(9b3,,)1 18 6 18n
D(9a3,,)2 5 -18n
D(ag,,8b%,)3 5 14n
D(3b8,, a5, 565, )5 5 14n
D(3a3,,,6b3,, )23 * 5 6n
D(b3,,, 84S, )4 4 -l4n
D(3ag,,b5,,5a%,)6 4 -l4n
D(243,,, 76,7 4 10n
D(ag, |75, a3, )o 4 10n |D(ag,,665,,08,,65,)15
D(20§,,2a8,, 565, )11 4 10
D(a8,,, 555,05, 265, )15 4 10m
Dag,, 265, a5, 565, 17 4100 D@, 08,68, 05, 568, )10
D(365, a5, b3 a5, 305, )21 4 10m
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D(3ag,,3b%,, 303, )2s 4 -6n

D(3a$,,,b3,,2a$3,,,2b3,,, a3, )10 4 -6n

D(4a3,,5b%, )57 4 2n

D(3a3,,3b3,,a%,, 268, )61 4 o

D(ag,, 263, 0%, b, 202,263, )s7 4 o

D(2b%,,, 702, )s 3 -10n

D(2a3,,2b3,,,5a%, )12 3 -10n

D(b, 605,53, 45, )14 3 -10n \D(b5,, a5, b5, )10
D(bs,,5a3,,b%,,,2a3, )16 3 -10n

D(b3,,,2a5,,, b5, 505, )18 3 -10n \D(a3,, b3, ag,, by, a3, )20

D(3ag,, b8, a5, b3, , 3aS, 2o 3 -10n

D(a$,,6b3,,2a3, )25 * 3 6n

D(3bS,,3a8, 308 )ar * 3 6n

D(ag,01565,,, 205,155, )20 * 3 6n |D(a3,.568,.03,.03,.5,)s5
D(305,,aF, 305205, )31 * 8 60 D305, af, 205, a8, b, a8, )05
D(2b%,,,2a3,,,4b%, , a3, )33 * 3 6n

D(as,,, 2b5,,, a5, , 465, , a5, )37 * 3 6n | D(b5,,a5,,b5,,, as,, 4b5,, a5, )as
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-10n+5 D(bgn73a§n—l7a;7?7agn’a’gn—lﬂb;fva§n71)3l4
-100+5(D (b8, 305,15 ba,e s 85,5 Ahy 15 Qg s G5y 1)316

D(2a5,,b3,, 1,03,,4b3, 1,05, )283
D(2b%,,,b3,, 1, a%,,4b3, 1, a5 )285
D(2a3,,,3,, 1,05, 463, _1,b3,")2ss
D(a8,, b3, 63, 1,05,,,4b3, 1, a5,")289
D(b5,,, a8,y b3, 158, 463, _1,05,7)204
D(a2n,2a§n71,b2 bzn 73“5;—1’ 2y )299
Db, za;n 10085 2" '3a2n 1083,,)300
D(bS,,, 2a§n—1’a2n7b2n ’3”571717527. )301
D(a$,,,2a5, _ 1717(2!71»‘1277?73“%711“275)302
D(2b3,,,b3,, 1, a8,,,4b3,, 1, a)%b
D(”Zn'b2n7b2n—l’b2n’4b2n71i on )290
D(b3,, az,,,bm,pah, 4b3,, 15 a5, )208 *
D(b8,,, 205y, 1, b8, b, Ba%, 1, b, )2g7 *
D(agn’2a;n—l7"‘2n‘a2n ’3"‘511—1)0‘2" )298
D(b3,,, 205, 1, 08,,, a5, 305, 1, by, )a0s
D(b3,,, 2“2n71’ a8, by, 305, 1,5, )306

10n-6
-6n
-2n
-100+6|D(bS.,, 4al, 1, aS,,,2a5, 1, b3, )3
6n-6
14n-6
-2n
6n-6
-6n
2n

D(a$,,., 363, 2n- 102,503, 15 08,,,2b3, 1)3a2 18n-6
D('iazh,3a2n71,3b2n 1)344

D(b8,,, 205, 1,8, 05, 1,05, 33, _1)320 *
D(bZn’Za’gn—l’a2n?3a5n—1’b2n>a‘gn—l)329
D(a$,,,3b3, 1,05, .03, 1,05,,2b3, ;)338
D(a3,,,3b3,1,b3,"s 03,1565, 263, _1)339
D(b3,,,2a8,,,3a5 1,363, _1)a16 *
D('il)27,71,3(153,3!)2,L 1)348 *
D(a2n’2aén—l aZn’agﬂ—l’a2n’3b2ﬁ—l)§18
D(a2n’20‘2n—17b2n agn—l'bln’3b2n 1)319
D(b2nYZagn—l’a2n7a§n—l7b2n73b2n—1)321 2n D(bgnn2a§n—l’bc2!n7ag’n—l’agn73b‘2yn—l)323

x ¥

D(b3,, 2”‘2}71 3 A5 3”‘2}71 L%, ab, 1 )a2s -14n+6 D(bgn,z;u%kl, ag,, 2“%71 ,ag,)334
D(ag,,, 2ay,, 1, b8, 33,1, a5, @y, —1)330 -14n+6|D(a$,,, day, _;,b3,,2ah, 1, a%,)ss6
D(b3,,, 3[1}”7171);"&,[7;{“71 08,5263, _1)337 18n-6
D(b,,,3b3,_1, a5, b3, _1,a5,,2b3,_1)310 10n-6
D(a3,, 203,,3a5, 1,363, 1)ass 2n
D(3b3,,_1,3by,",8b3,, 1 )3a7 18n-6
D(3b3,,_1: b3y, 205,,", 3b3,, _1)350 10n-6
D(b,, 2“%,,—lvbgnv a'{%n—l’bgn! 363, _1)317 6n . .
D(agm2”‘2/11—1?17(2)‘7‘?0&17;717agn:3b;n,1)322 * -2n |D(a$,,,2ah, _1,a3,, a5, 1, 0%,,3b3,_1)324
D(a3,, 2a§n,17a‘2‘n, 3agn,1,agn, agn,l)gza -18n+6|D(a$,,, 40%"71, ag,,, 2“5"*1* ag,)332
D(as,,, 205, 1,85, 305, 1,05, a5,y )s27 * -100+6|D(ag,, 4ab,, _, b5, ,2a5, 1, b5, )sss
D(b3,,, 3”;71—17""2:?7 b;n—l’ 173,,,2173”,1)341 14n-6
D(3b5,,,3ay, 1,303, )34 6n
D(3b3,,_1, a5, bg,, ,3b27,,1)349 14n-6

D(“szmm O 2ah )as3 18n-7 _18n+7
D(ag,,3a5,_y,bys a5, 1, 31’217 1)357 * -2n+1
D(ag,,,b3,, 1,08,,2b3, 1,205, 1,03, 11a2n 1)364 * -2n-1

D(ag,,, 505, ;b3 2a5, ;)35 -14n+7
D(bg,,,3a5, 1,b5% ab, 1,363, 1)ass 2n+1

D(a2n’3“§n—1!a2n ’a211—173b2n 1)356 -6n+1
D(%nvbhwﬂvbznv%zn 1205, 1,03, 1,05, 1)ses 20-1 [D(b8,,,b3, _1,a%,,263, 1,2a5 1,6 1 a5 )sce
D(bg,,, 505, b3, 25, )35z * -10n+7
D(bg,,, 35, _1,a5,",a5, 1,303, 1)ass * -2n+1
D(b3,, b3, 1,08, 263, 1,205, 1, b3, 1, “’2{14)353 6n-1

D(agn’gbgn—l’agn—l’ 2b3,,_ 15 205, _1)360 18n-8 2n-2
2n
6n-2
-2n

D(2aj,, 1,03, 12 bS,,:2b3,, 1. 2a‘§n—] +b3n_1)361
D(bgyg b3 15y 15263, 1, 2‘12[’”71)359
D(2ay,_1,b3,_1,08,,2b3, 1,205, _1,b3,_1)s62 *

2
2
2
2
2
2
2
2
2
1
1
1
1
1
1
1
4
4
3
3
3
3
3
3
2
2
2
D(8,,2a5, 1, b8, 305, _1,b8,, a5, )2 2 6046 |D(b,,4a5, 1, b8, 205, _1,b3,)aa1
2
2
2
2
2
2
2
1
1
1
1
1
1
1
3
3
3
2
2
2
2
1
1
1
2
2
1
1
1

D(303,_,,3a5, 1,33, ;)51 * 18n-9 6n-3

Table 1: ¢ % ” are used to indicate these link diagrams whose the lowest-degree terms
of HOMFLY polynomials over z are given in table 2.
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