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Abstract

In this paper, we first determine the order of caterpillar trees (Gutman trees)
in terms of the Hosoya index, and then by using a connection between the Hosoya
index of caterpillar trees and the number of Kekulé structures of hexagonal chains,
polyomino chains, square-hexagonal chains and pentagonal chains, we present the
first ten hexagonal chains, polyomino chains, square-hexagonal chains and pentag-
onal chains with the minimal numbers of Kekulé structures, the first five hexagonal
chains, polyomino chains, square-hexagonal chains with the maximal numbers of
Kekulé structures among all of these polycyclic molecules with given number of
polygons, respectively.

1 Introduction

Kekulé structures have been used in organic chemistry since Kekulé proposed a hexagonal
structure for benzene. In the theory of benzenoid hydrocarbons [2], Kekulé structures
play a significant role, and the number of Kekulé structures in benzenoid hydrocarbons
is a most important quantity because the stability and many other properties of these
hydrocarbons have been found to correlate with the number of Kekulé structures, and is
often used for predicting physical properties and chemical behavior thereof. The Kekulé

structures and various Kekulé-structure-based properties of benzenoid molecules have
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been extensively studied in the past, and many papers have appeared on the problems of
the enumeration of Kekulé structures, for details see [1-3,5-7,12-14].

Kekulé structures of a molecule graph G = (V, E) is a set of pairwise disjoint edges of
G that cover all vertices. Denote by K (G) the number of Kekulé structures of a molecule
graph G. The Kekulé structures are also known as perfect matchings or 1-factors in graph
theory. For a general background on matching theory and terminology we refer the reader
to the classical monograph by Lovdsz and Plummer [11].

For a molecule graph G = (V, E), we denote by m(G,t) the number of ways in which
t mutually independent edges can be selected in G. Thus, m(G, 1) is equal to the number
of edges of G. If n = |V is even, then m(G, §) is the number K(G) of Kekulé structures

of G. The number of matchings of G is called the Hosoya index [8] and be denoted by

Z(G), ie., Z(G) = LZE:J m(G,t), where m(G,0) = 1.

In 1977, Gutma;:[[]4] discovered a curious relation between the sextet polynomial of a
hexagonal chain and the matching polynomial of a caterpillar tree (also named as Gutman
tree). This result implied that, for a hexagonal chain G, there exists a corresponding
caterpillar tree 7" such that the number of Kekulé structures of G is equal to the Hosoya
index of T'. For some related results, see [9,17]. More recently, Li and Yan in [10] proved
a similar result for polyomino chains. Xiao and Chen in [15] proved that there exists a
caterpillar tree T such that the number of Kekulé structures of square-hexagonal chains
is equal to the Hosoya index of T Xiao, Chen and Raigorodskii [16] showed that for a
pentagonal chain G with even number of pentagons, there exists a caterpillar tree T such
that the number of Kekulé structures of G is equal to the Hosoya index of 7". This result
can be generalized to any polygonal chain with even number of odd polygons.

Based on the relation above between the Hosoya index of a caterpillar tree and the
number of Kekulé structures of many polycyclic molecules, we will first order the cater-
pillar trees with given number of edges by their Hosoya indices, and then present the first
few hexagonal chains, polyomino chains, square-hexagonal chains and pentagonal chains
with the minimal numbers and the maximal numbers of Kekulé structures among all of

these polycyclic molecules with given number of polygons, respectively.
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2 Ordering caterpillar trees by the Hosoya index

In this section, we are concerned with the ordering of caterpillar trees in terms of the
Hosoya index, and characterize the extremal caterpillar trees with the first ten minimal
Hosoya indices and the first five maximal Hosoya indices among all caterpillar trees with
n edges.

A caterpillar tree C' with parameters ky, ko, - - - , k; is obtained by attaching k; pendent
vertices to the i-th vertex of P, for ¢ = 1,2,--- ,[. This caterpillar tree will be denoted
by Ci(ki, ko, -+ ,ki). It has ky + ko + -+ + k; + [ vertices and ky + ko + -+ Kk +1—1
edges. Specially, caterpillar trees C,,(0,0,---,0) and C;(n — 1) are the path P, and the

n+l n+l
star S,, on n vertices, and their Hosoya indices are % {(#) - (#) } and n,
respectively.

The following properties, derived directly from the definition of the Hosoya index,
allow us to enumerate the number of matchings of a graph G by recursively reducing it.
Here G — e denotes the result of deleting an edge e from G but keeping its end-vertices,
while G — u — v denotes the graph obtained from G by deleting vertices v and v and all

edges incident with them.

Lemma 1. Let G be a graph and e its edge, connecting the vertices uw and v. Then

Z(G)=2Z(G—¢€)+Z(G—u—v).
Lemma 2. Let G be a graph with components Gy, -+ ,G,. Then Z(G) = Z(Gh) - - - Z(Gp).

The following edge-lifting transformation can be easily obtained from Lemmas 1 and

Lemma 3. (Edge-lifting transformation) Let G1 and Gz be two simple and non-trivial
connected graphs. If G is the graph obtained from Gy and G2 by adding an edge between
a vertex u of G1 and a vertex vy of Ga, G' is the graph obtained by identifying uy of G1
to vy of Gy and adding a pendent edge to ug(vo), then Z(G) > Z(G').

Using Lemma 3 (i.e., the edge-lifting transformation) repeatedly on a tree with n
vertices, we can deduce that the path P, and the star S,, are the extremal trees with

the maximum Hosoya index and the minimum Hosoya index among all (caterpillar) trees
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with n vertices, respectively, i.e.,

n=2(5,) < Z(Cllsok - k) < Z(P) = 2 (1 Zﬁ’) - (1 ‘f’)

)
if Cy(k1, kq, - -+ , k) is different from P, and S, where ky + ko + -+ -+ k + 1 =n.

In the following, we will consider the ordering of caterpillar trees in terms of the Hosoya
index and characterize the extremal trees with smaller Hosoya indices over all caterpillar
trees with n edges.

(I) Firstly, we consider the ordering of all caterpillar trees of form Ca(i — 1,n — i)
in terms of the Hosoya index. Note that Cj(ki, ko, -+ k1) = Cr_1(ka + 1, k3, -+ , k) for
ky =0 and Cy(ky, ko, -, ki) = Cy(ky, kyoq, - -+, k1), we may assume that 2 <¢ < [2]. By
the definition of Hosoya index, we have

Z(Cyli—1,n—i))=1+n+ (-1 x(n—14)=—*+ix (n+1)+1

Obviously, g(i) = —i*+i x (n+1) + 1 is monotonically increasing for 2 < i < [2]. So,
it achieves the minimum value at ¢ = 2, and ¢(2) = 2n—1, ¢(3) =3n—5, g(4) = 4n—11,
g(b) =5n —19, g(6) =6n—29, ---,

n

9(2) < 9(3) < 9(4) < 9(5) < 9(6) < -+ < 9(| 5]) 2)

Z(Co(1,n —2)) < Z(Ca(2,n — 3)) < -+ < Z(Caf m —1n- [gb
and Cy(1,n — 2) is the caterpillar tree with the minimum Hosoya index among all cater-
pillar trees Cy(i — 1,n — i) with 2 <2 < [%].

From the edge-lifting transformation, we know that the caterpillar tree with the second
minimal Hosoya index over all the caterpillar trees with n edges must be the form of
Cy(i—1,n—1), where 2 <2 < | 2]. So, Cy(1,n—2) is the caterpillar tree with the second
minimal Hosoya index over all the caterpillar trees with n edges.

(IT) Secondly, we consider the ordering of all caterpillar trees of form C3(i — 1,5 —

1,n—i—j), where 2<i < [§],j>1and i+ j < [5]. By Lemmas 1 and 2, we have
Z(Cs(i-1j—Ln—i—j))=1+n+ijn+1—i—j)—j

Let f(z,y) = 1+n+ay(n+1—x—y)—y. Then Z(Cs(i—1,j—1,n—i—j)) = f(i,]).
%:y(n—&-l—QI—y) >Oandg—£:x(n+l—2y—x)—1>OSincc2§x§ |5]) and
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z+y < [3]. So, f(i,j) < f(i+1,j) and f(i,j) < f(i,j +1). Note that
1) =3n—4, f(2,2)=5n—13, f(2,3)="7n—26,
1

f2
B, 1) =4n -9, f(

3,2)=Tn—25, f(3, 3)—10n747
f(4,1) =5n—16, f(4,2

) =9n — 41, e
we have
f(27 1) < j(37 1) < f(47 1) < 1(27 2) < f(273) < (3)

and

Z(C3(1,0,n — 3)) <Z(C3(2,0,n —4)) < Z(C5(3,0,n — 5)) < Z(C5(1,1,n —4))
<Z(C5(1,2,n—5)) <
From the edge-lifting transformation, we know that the caterpillar tree with the third
minimal Hosoya index among all caterpillar trees with n edges must be the form of
Cy(i—1,n—i) or C3(i—1,j—1,n—i—j). And Z(Co(1,n—2)) = 2n—1 < Z(C»(2,n—3)) =
3n—6 < Z(C3(1,0,n — 3)) = 3n — 4, it is showed that Cy(2,n — 3) the caterpillar tree
with the third minimal Hosoya index among all caterpillar trees with n edges.

(IIT) Next, we consider all caterpillar trees of form Cy(x —1,y—1,z—1,n—x —y —z2),

where 2 < z < \_%j,yZl,zZlandx+y+z§ [51. By Lemmas 1 and 2, we have
Z(Cy(z—ly—l,z—1ln—az—y—2)=1+ay+ (zyz+a+z)n+1—z—y—2).

Let p(z,y,2) =14+ay+ (zyz+a+2)n+1—ac—y—2)=Z(Cylzx -1,y — 1,2 —
Ln—z—y=—2)) =@y 2).

() Ify=1and z =1, then Z(Cy(z — L,y —1,z—1n—az—y—2)) = p(z,y,2) =
o(z,1,1) = =22+ (2n—2)z+n = o(z). ¢'(z) = 0 implies z = 2;*. Since 2 <z < |25],
we have ¢(2,1,1) =5n — 12 < ¢(z,1,1) for 3 <z < |25 ].

(i) Ify > 20r z > 2, then y+2z > 3. p(z,y,2) = Z(Cy(z—1,y—1,2—1,n—ax—y—=2)) >
Z(C3(z—Ly+z—1ln—xz—y—2)) = flz,y+2z)> f(2,3) =Tn — 26.

From (i)-(ii), we know that o(z,y, 2) > ¢(2,1,1) for (z,y,2) # (2,1,1), i.e., Z(Cy(z —
1y—1,z—1,n—x—y—=z)) > Z(C4(1,0,0,n—4)) for (z,y,z) # (2,1,1). So, C4(1,0,0,n—4)
is the caterpillar tree with the minimum Hosoya index among all caterpillar trees of form
Cilz—ly—1l,z—1l,n—x—y—2).

Moreover, by the edge-lifting transformation, Z(Cj(k1, ko, -+ , k1)) > Z(Ca(ks, k2, k3,
ky+ -+ k +n—4)) for I > 5. So, we can obtain the following result from Equations

(1) and (3).
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Theorem 4. Let G be a caterpillar tree with n > 9 edges, and it does not belong to
{Ci(n),C2(1,n — 2),Ca(2,n — 3),C3(1,0,n — 3),Ca(3,n — 4),C3(2,0,n — 4),Cy(4,n —
5),C53(3,0,n —5),C5(1,1,n — 4),C4(1,0,0,n — 4)}. Then Z(Ci(n)) < Z(Cz(1,n —1)) <
Z(C3(2,n—3)) < Z(C5(1,0,n—3)) < Z(C2(3,n—4)) < Z(C3(2,0,n—4)) < Z(Cy(4,n —
5)) < Z(C5(3,0,n —5)) < Z(C5(1,1,n —4)) < Z(Cy(1,0,0,n — 4)) < Z(G).

Theorem 4 characterizes the caterpillar trees with the first ten minimal Hosoya index
among all caterpillar trees with n edges.

Next, we will characterize the caterpillar trees with larger Hosoya index over all cater-
pillar trees with n edges. From Equation (1), the path P, 1 with n edges has the maximum
Hosoya index among all caterpillar trees with n edges, this number Z(P,.1) is equal to
the (n + 2)-th Fibonacci number.

The Fibonacci sequence is the sequence of integers Fi, Fy, Fy, - - -, defined by means of
the recurrence relation

Fopo=Fa+F,

and by means of the initial conditions F} = Fy = 1.

Lemma 5. For the Fibonacci sequence F,,, we have
(i) i+ Fo+ -+ F,=Fyo— Fy;
(i) Fou X Fryopy1 = Fpr+ Fus + Fao+ -+ Fuoag-1-15
(iii) Forpr X Fyoop = Fu g + Fyus + Frg 4+ + F_ag-1)—1 + Faear.
Proof. (i) It can be easily proved and can be found in pertinent books.
We prove (ii)-(iii) by the inductive method.
Fort =1, Fo x F, 1=F, yand F3 X F,, 9 =2F, o =F, 1+ F,_4.
Fort=2, FyxF, 3=3F,_1=F,_ 1+ F, sand F5x F,,_4=5F,_4y=F,_1+F, 5+
F,_s.
Now, we assume that it is true for ¢. Then
Forpo X Fror1 =(Fargr + Fou) X Fo1
=Forp1 X Flno1y—at + For X Fly2)-at11
=Fh o+ Foe+ Fo10+ -+ Flu-1)-ag-1)-1 + Fln-1)-2
+ s+ For+ Foonn 4 4 Flamo)—ag—1)—1
(by the inductive assumption)

=Fya+F s+ Fug+ 4+ Fosg-1)-1 + Faa
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and

Forys X Foopo =(Fap1 + Fapo) X Fyor o
=511 X Fln_gy—or + Foryo X Flu_1y—21
=F, 3+ F s+ Fon+ -+ Fluoo)—ag-1)-1 + Fln—2)-a
+F o+ Fos+ Fuio+ -+ Flam1)—ag-1)—1 + Flu—1)—a0-1
(by the inductive assumption)

=F o+ s+ Pt -+ Fugg—n-1+ Fos1 + Facaeyy-
The proof is complete by the mathematical induction. |

In order to find the caterpillar trees with larger Hosoya indices, we should focus on
the caterpillar trees with less leaves.

(I) We consider the ordering of all caterpillar trees with n > 14 edges and exactly
three leaves in terms of the Hosoya index. Let ky = -+ =k;_1 = kjy1=--- =k, =0 and
ki = 1, where 2 <4 < [3]. Cn(ky, ko, ki) = Co(0,--+,0,1,0,---,0) is a caterpillar

tree with n edges and exactly three leaves. By Lemmas 1 and 2, we have

and

h(27‘ + 2) - h(QT) = Fn—4r—2 + Fn—4r—3 = Fn—41'—1~

Thus,
h(2i) = Fopr + For + Faos + - 4 Frsivs.
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h(3) :Fn+2 - EL*?) = Fn+1 + anl + Fn—4
h(5) =Fpi2 — Fps— Fy 7= Fyy1 + Fo1 4+ Fys + Fs

W7)=Fyyo—Fos—Foq—Fpn=Foa+F, 0+ F s+ F, 9+ F,_ 1

and
h(?’f’ + 1) - h(2’f’ - 1) = Lp—ar — Fn—4’r‘—l = —Ln—dr+1-
Thus,
h2i+1)=Foa+Foa+Fos+ -+ Fgiys + Fuosie
So,
n+1
h(2) < h(4) < h(6) < h(8) <--- < h(2| 2 1),
-1
h(3) > h(5) > h(T) > --- > h(2| =] +1).

4
Since h(2| 21| + 1) > h(2[ %)), we have

h(3) > h(5) > h(T) > -+ > h(6) > h(4) > h(2)

and we can obtain the ordering of all caterpillar trees with n edges and exactly three
leaves

Z(Cy(0,0,1,0,---,0)) > Z(Cn(0,0,0,0,1,0,---,0)) > Z(C,(0,0,0,0,0,0,1,0,---,0)) >
-+ > Z(Cy(0,0,0,0,0,1,0,---,0)) > Z(Cy(0,0,0,0,1,0,---,0)) > Z(Cpn(0,1,0,---,0)). (4)

So, C(0,0,1,0,---,0) is the caterpillar tree with the maximum Hosoya index among
all caterpillar trees with n edges and exactly three leaves.

Note that the caterpillar tree with the second maximal Hosoya index among all the
caterpillar trees with n edges must contain exactly three leaves from the edge-lifting
transformation, C,, (0,0, 1,0, - - ,0) is the caterpillar tree with the second maximal Hosoya
index among all caterpillar trees with n edges.

(II) We consider the ordering of caterpillar trees with n edges and exactly four leaves
in terms of the Hosoya index. In the following, we will show that Z(G) < h(9) for any
caterpillar tree G with n > 17 edges and at least four leaves.

Let G = Ch_1(k1, ko, -+ ,kn—1) be a caterpillar tree with n > 17 edges and exactly

four leaves, where ky +--- + kg = ki +k; =2,2<i <[5 and j > i.
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(i) If j > 8, then by the edge-lifting transformation,
where k7, = 1.

(i) If i = j < 7, then by the edge-lifting transformation,
Z(G) < Z(Cu(0,--+,0,k},0,---,0)) = h(i), wherek,=1
and Z(G) < Z(Cn(0,---,0,k},4,0,---,0)) = h(i+1), where ki ;=1

So, Z(G) < min{h(i), h(i+ 1)} < h(8) < h(9) since i or i + 1 is even.

(iii) If 7 # j < 7,4 is even or j is odd, then by the edge-lifting transformation,
Z(G) < Z(Ch(0,- -+ ,0,k;,0,---,0)) = h(i) < h(8) < h(9)

or
Z(G) < Z(Cn(0,--+ ,0,K},1,0,---,0)) = h(j + 1) < h(8) < h(9).

(iv) If i # j < 7,4 is odd and j is even, then (i,7) € {(3,4), (3,6), (5,6)}.

If i = 3 and j = 4, then by Lemmas 1 and 2, Z(G) = Z(C,-1(0,0,1,1,0,--- ,0)) =
Z(P)Z(Py—3) + Z(P2)Z(Py—5) = F5 X Frg + F3 X F,,_y = 5F,_9 + 2F,_4. It can be
showed easily by the Fibonacci recurrence relation that 5F, o + 2F, 4 < F,.1 + F_1 +
Fo s+ Fuo+ Fo13+ Fr_16 = h(9). So, Z(G) < h(9).

Ifi = 3and j = 6, then by Lemmas 1 and 2, Z(G) = Z(C,-1(0,0,1,0,0,1,0,--- ,0)) =
Z(Ch_2(0,0,1,0,---,0)) + Z(C5(0,0,1,0,0)) X Z(Pyz) = (Fp_y + Fu_s+ F_g) + (Fs +
Fy+ Fi) X F_¢ = F,_1 + F,_3 + 12F,_¢. By the Fibonacci recurrence relation, we can
show that F,_1 + F,,_3 + 12F, ¢ < Fpy1+ Fo1 + Frs + Foo + Fuo13 + Fm16 = h(9).
So, Z(G) < h(9).

If i = 5 and j = 6, then by Lemmas 1 and 2, Z(G) = Z(Ps)Z(Py—5)+Z(Py)Z(Po—7) =
Fr X By 4+ Fs X F,_¢ = 13F,,_4 + 5F,_¢. From the Fibonacci recurrence relation, it is
easily to prove that 13F,_4+5F,_¢ < Fpi1+ Fyo1 + Fus+ Froo+ Fro13+ Fm16 = h(9).
So, Z(G) < h(9).

From (i)-(iv), we know that Z(G) < h(9) for any caterpillar tree G with n > 17 edges
and exactly four leaves.

Moreover, for a caterpillar tree G with n > 17 edges and at least five leaves, by the
edge-lifting transformation, there is a caterpillar tree G’ with n edges and exactly four

leaves such that Z(G) < Z(G").
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So, we can obtain the following result from Equation (4).

Theorem 6. Let G be a caterpillar tree with n > 17 edges, different from Cy41(0,- -+ ,0),
C»(0,0,1,0,---,0), C,(0,0,0,0,1,0,---,0), C,(0,0,0,0,0,0,1,0,---,0) and
C»(0,0,0,0,0,0,0,0,1,0,---,0). Then

Z(Crir (0, ,0)) > Z(C(0,0,1,0,- -+ ,0)) > Z(C,(0,0,0,0,1,0,--- ,0))
>7(C,(0,0,0,0,0,0,1,0,--- ,0)) > Z(C,(0,0,0,0,0,0,0,0,1,0,--- ,0)) > Z(G)

Theorem 6 characterizes the caterpillar trees with the first five Hosoya indices among

all caterpillar trees with n > 17 edges.

3 Applications

In this section, by using Theorems 4 and 6 and a connection between the Hosoya index
of caterpillar trees and the number of Kekulé structures of hexagonal chains, polyomino
chains, square-hexagonal chains and pentagonal chains, we will present the first ten hexag-
onal chains, polyomino chains, square-hexagonal chains and pentagonal chains with the
minimal numbers of Kekulé structures, the first five hexagonal chains, polyomino chains,
square-hexagonal chains with the maximal numbers of Kekulé structures among all of

these polycyclic molecules with given number of polygons, respectively.

3.1 Ordering unbranched catacondensed benzenoid hydrocar-
bons by the number of Kekulé structures

A hexagonal chain or unbranched catacondensed benzenoid hydrocarbon is a benzenoid
system in which no hexagon has more than two neighbors.

As in [4,9], the Kekulé structure count of a hexagonal chain was shown to be equal to
the Hosoya index of the corresponding caterpillar tree.

For a hexagonal chain G with n hexagons ¢y, ¢, - - - , ¢,,, where the hexagons are num-
bered successively. That is, the hexagon ¢; (1 < ¢ < n) is neighbouring to the hexagons
¢i—1 and ¢;11. Then it is easy to see that a hexagon in G with exactly two neighbours
is concatenated in one of the two modes: (i) a linear mode-a hexagon adjacent to two
hexagons in which the common edges are parallel, called linearly annelated (L-mode);

(ii) an angular mode-a hexagon adjacent to two hexagons in which the common edges
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are not parallel, called angularly annelated (A-mode). With a hexagonal chain G hav-
ing n hexagons, we associate a n-tuple (51,5, ,5,) of symbols L and A, called the
{L,A}-sequence of the hexagonal chain G as follows. We define S; = S, = L and for
1 <i < mn,S; = L if the i-th hexagon of G is linearly annelated and S; = A if the i-th
hexagon of G is angularly annelated. We often use the {L,A}-sequence of a hexagonal
chain G instead of the graph G.

The general form of the {L,A }-sequence of a hexagonal chain with n hexagon in which
there are t — 1 angularly annelated hexagons is

LMALR2 AL A ... LR ALM
where k; is the number of L-mode hexagons lying between the (i —1)-th and i-th angularly
annelated hexagon, ¢ = 2,--- |t — 1, whereas k; and k; are, respectively, the number of
the L-mode hexagons before the first and after the last A-mode hexagon. Therefore,
ki, ke > 1, kg, -+ ki1 > 0 and
Fy kot +k+t—1)=n

The corresponding caterpillar tree is Cy(ky, ko, - -+ , kt).

A result obtained in [4,9] is the following:

Lemma 7. [{,9] If G is a hezagonal chain whose {L,A }-sequence is L¥ AL¥2 A ... [¥t-1 ALk,
then the number K(G) of its Kekulé structures is equal to the Hosoya indez of the caterpillar
tree Cy(k1, ko, -+, k).

By Lemma 7, Theorems 4 and 6, we can characterize the first ten hexagonal chains

with the minimal numbers of Kekulé structures and the first five hexagonal chains with the
maximal numbers of Kekulé structures among all of hexagonal chains with given number
of hexagons, respectively.
Theorem 8. Let G be a hexagonal chain with n > 9 hexzagons, and its {L,A }-sequence is
different from L™, LAL" 2 L2AL" 3, LA?L"3 [3AL"4 L2A2L"=4 L*AL" > L3A2L"5,
LALAL"* LASL™*. Then K(L,) < K(LAL"?) < K(L*AL"%) < K(LA*L"3%)
K(LPAL™) < K(L*PA’L") < K(L*AL"®) < K(L*A’L"7°) < K(LALAL"™*)
K(LA* L") < K(G).

<
<

Theorem 9. Let G be a hexagonal chain with n > 17 hexagons, and its {L,A }-sequence
is different from LA" 2L, LALA"*L, LALA" 5L, LASLA" 8L, LATLA"'YL. Then

K(LA2L) > K(LALA" L) > K(LALA"°L) > K(LA®LA"8L) >
K(LATLAL) > K(G).
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3.2 Ordering polyomino chains by the number of Kekulé struc-
tures

A polyomino system is a finite 2-connected plane graph such that each interior face is

surrounded by a regular square of length one. A polyomino chain is a polyomino system

in which no square has more than two neighbors.

As in [10], the Kekulé structure count of a polyomino chain was shown to be equal to
the Hosoya index of the corresponding caterpillar tree.

A squares of a polyomino chain with n squares may be annelated in only three ways:
Each chain possesses exactly two terminal squares whereas all other squares are annelated
either linearly (L) or angularly (A). With a polyomino chain G having n squares, we can
also associate a n-tuple (51,52, -+, S,) of symbols L and A, called the {L,A}-sequence
of the polyomino chain G as follows. We define S; = S, = L and for 1 <i <mn, S; = L if
the i-th square of G is linearly annelated and S; = A if the i-th square of G is angularly
annelated.

The general form of the {L,A}-sequence of a polyomino chain G with n squares in

which there are ¢ 4+ 1 linearly annelated squares is
LAMLARLARL . AR L

where k; is the number of A-mode squares lying between the i-th and ¢ + 1-th linearly

annelated square, k; > 0,¢=1,2,--- ;¢ and
k1+k2++k‘t+t+1:7’l

The corresponding caterpillar tree Cy(k1+1, ko, - - - , kt—1, k¢) from the construction method
in [10], and the result obtained in [10] is the following:

Lemma 10. [10] If G is a polyomino chain whose {L,A }-sequence is LAFLLA*2 ... LAR [
then the number K(G) of its Kekulé structures is equal to the Hosoya index of the cater-
pillar tree Cy(ky + 1, ko, -+ ki1, ki).

By Lemma 10, Theorems 4 and 6, we can characterize the first ten polyomino chains
with the minimal numbers of Kekulé structures and the first five polyomino chains with
the maximal numbers of Kekulé structures among all of polyomino chains with given
number of squares, respectively.

Theorem 11. Let G be a polyomino chain with n > 9 squares, and its {L,A }-sequence
is different from LA" 2L, LA™ 3L, LALA" L, L*A" L, LA*LA" L, LAL?A"°L,
LALASL, LA2L2AYSL, L2PALA"SL, L*A"5L. Then
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K(LA"2L) < K(L2A"L) < K(LALA"L) < K(L3A"*L) < K(LA2LA"L) <
K(LAL*A"5L) < K(LASLA"SL) < K(LA*L2A"SL) < K(L*ALA"5L)
< K(L*A"5L) < K(G).

Theorem 12. Let G be a polyomino chain with n > 17 squares, and its {L,A }-sequence
is different from L", L3AL"* LPAL" S LTAL" 8 LYAL" . Then
K(L™) > K(L2PAL") > K(LPAL™ %) > K(LTAL"8) > K(L°AL"1%) > K(G).

3.3 Ordering square-hexagonal chains by the number of Kekulé
structures

By a square-hexagonal chain with n cells (where each cell can be either a square or a
hexagon), we mean a finite graph obtained by concatenating n cells in such a way that
any two adjacent cells have exactly one edge in common, and each cell is adjacent to
exactly two other cells, except the first and last cells which are adjacent to exactly one
other cell each. It is clear that different square-hexagonal chains will result, not only
according to the manner in which the cells are concatenated, but also the cellj”s type.
Specially, we have hexagonal chains if all the cells are hexagons, polyomino chains if all
the cells are squares, and phenylene chains if hexagons and squares are concatenated
alternately.

As in [15], the Kekulé structure count of a square-hexagonal chain was shown to be
equal to the Hosoya index of the corresponding caterpillar tree.

For a square-hexagonal chain G with n cells ¢y, ¢o, - - - , ¢, where the cells are numbered
successively. Then a cell in G with exactly two neighbours is concatenated in one of the
four modes: a,b,c,d (see [15]). A function f from the cells to the symbols L and A is
defined as follows:

i =1,2;
flei)=4 L, if¢> 3 and the concatenating mode of ¢;_; is 'a’ or 'd’;
A, otherwise.
Thus a unique {L,A}-sequence f(c1)f(c2)--- f(c,) is associated with G.

The general form of the {L,A}-sequence of a square-hexagonal chain G with n cells is
LllAal Ll2Aa2 . thAag

where [y > 2,[; >1fori=2,--- ,t;a; >1fori=1,--- ,t—1,a;, >0 and

h+a+lh+a+---+l+a=n
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From the construction method in [15], the corresponding caterpillar tree is

Cm(klr k27 e 7km)
where m =L+ -+, kyy = a1, -+, kyypoyt, , = @—1, by = a + 1 and k; = 0 for

i #,l+ 1o, li+la+ - + 1. And the result obtained in [15] is the following:
Lemma 13. [15] If G is a square-hexzagonal chain whose {L,A }-sequence is
LllAalLl2Aa2 . thAat

then the number K(G) of its Kekulé structures is equal to the Hosoya index of the cater-
pillar tree Cpy(k1, ko, -+ k), where m =1y + -+ 4+ 1y, ki, = a1, =+, kiypogt,y = @1,
km=a;+1and k; =0 fori £,y + 1o, I+ lo+ -+ 1.

By Lemma 13, Theorems 4 and 6, we can characterize the first ten square-hexagonal
chains with the minimal numbers of Kekulé structures and the first five square-hexagonal
chains with the maximal numbers of Kekulé structures among all of hexagonal chains

with given number of hexagons, respectively.

Theorem 14. Let G be a square-hexagonal chain withn > 9 hexagons, and its {L,A }-sequ-
ence is different from L2A"2 L3A"3 L[2PALA"* LAA"4 [2A2LA"5 L2AL?A",
L2ABLAM G [2A2L2A"C [BALA"® L5A"~5. Then

K(L*A™?) < K(L3A™3) < K(L*ALA™™) < K(L'A™) < K(L?A’LA™) <
K(LPAL?A"®) < K(L*ASLA™ %) < K(L2A2L2A™S) < K(L3ALAY) < K(L2A"™°) <
K(G).

Theorem 15. Let G be a square-hexagonal chain withn > 17 hezagons, and its {L,A }-se-
quence is different from L™, L3AL"* LPAL" S LTAL"=8 LYAL" 0. Then
K(L™) > K(L3AL" ) > K(LPAL™ %) > K(LTAL"8) > K(L°AL"1%) > K(G).

3.4 Ordering pentagonal chains by the number of Kekulé struc-
tures

A pentagonal chain with n cells (regular pentagons) is a finite graph obtained by concate-
nating n cells in such a way that any two adjacent cells have exactly one edge in common,
each cell is adjacent to exactly two other cells, except the first and last cells which are
adjacent to exactly one other cell each, and each vertex is incident to at most three cells.

As in [16], the Kekulé structure count of a pentagonal chain was shown to be equal to

the Hosoya index of the corresponding caterpillar tree.
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For a pentagonal chain G, with 2n cells ¢, ¢, -+ -, ca,, where the cells are numbered
successively, Ga, can be formed inductively. Starting from the first two cells ¢icp, in each
step we attach two new cells to the previous one. More clearly, let Go; (i = 1,--- ,n) be
the part of Gy, with the first 2i pentagons, then Go; is obtained from Gy;_» by attaching
to it the (2¢ — 1)-th pentagon cy—; and the 2i-th pentagon c¢y;. There are seven ways to
attach cells cg;_109; to an edge of the end pentagon in Ga;_o: a,b,a,d, e, f, g (see [16]). So,
using this construction method, each pentagonal chain G5, can be obtained by attaching
n — 1 times new two cells to the previous one on the basis of ¢;co.

Let a; denote the (i — 1)-th time attaching type for ¢ > 2 and a; denote the attaching
way of the first two cells ¢ico. A function f from the attaching types to the symbols L

and A is defined as follows:

L, i=1,2;
. L, ifi > 3 and the concatenation type of co; 1, Coj—2, Cai_3, Coi_4
j(al) = is /a/’/ C/,/d/ or /f/§

A, otherwise.
Thus a unique {L,A}-sequence f(a1)f(a2)--- f(ay) is associated with Ga,.
The general form of the {L,A}-sequence of a pentagonal chain Gy, with 2n cells is
LI garflz g0z ... Tl gar
where [y, > 2, ; >1fori=2,--- ;t;a; >1fori=1,--- t—1, a; >0 and
h+a+lb+ay+--+1lL+a =n.

From the construction method in [16], the corresponding caterpillar tree is
Cm(kla k27 e 7km)

where m = Iy + -+ 1, kyy = ar, -+, kiyrottyy = -1, ky = ax + 1 and k; = 0 for

i £ L+, L+l + -+ 1. And the result obtained in [16] is the following:

Lemma 16. [15] If G is a pentagonal chain whose {L,A}-sequence is L' A L2 A% . ..
L' A% then the number K (G) of its Kekulé structures is equal to the Hosoya index of the
caterpillar tree Cy,(ky, ko, -+ k), wherem = ly+- -+, ki, = ay, -+, kgt , = Q1

km=ar+1and k; =0 fori# L0+, L+ 1la+ -+ 1.

By Lemma 16, Theorems 4 and 6, we can characterize the first ten pentagonal chains
with the minimal numbers of Kekulé structures and the first five pentagonal chains with
the maximal numbers of Kekulé structures among all of pentagonal chains with given

number of pentagons, respectively.
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Theorem 17. Let G be a pentagonal chain with 2n > 18 hezagons, and its {L, A }-sequence
is different from L?A"2 L3A"3 [2PALA"* L A" L2A2LA" S L2AL?A",
L2PASLAY S [2A2L2A"C [BALA"® LPA"~5. Then

K(L?A"?) < K(L3A"3) < K(L?ALA"™) < K(L'A™*) < K(L?A’LA™) <
K(L2PAL2PA™ ) < K(LPABLA™ ) < K(L2PA2L2A %) < K(LPALA™ ) < K(LPA" ) <
K(G).

Theorem 18. Let G be a pentagonal chain with 2n > 34 hezagons, and its {L,A }-sequence
is different from L", L3AL"* LPAL" S LTAL" 8 LYAL" . Then
K(L™) > K(L2PAL"™) > K(LPAL" %) > K(LTAL""8) > K(L°AL"1%) > K(G).
The results above can summarized as the following tables.

Table 1. Extremal graphs with the first ten minimal values.

c-trees (n) h-chains (n) | po-chains (n) | s-h-chains (n) | pe-chains (2n)
Ol ('ﬂ) n LAn—QL LQAn—Z LZAn—2
Cy(1,n — 2) LAL™? L2AP3L L3Am3 L3An3
Cy(2,n — 3) LPAL™3 | LALA™L | L?ALA™ | [2ALA™
Cy(1,0,n—3) | LA’L™3 | L3A™ 1L L4 An—+ L4 An—
Co(3,n — 4) LBAL™ | LA2ZLA"SL | L2A2LA™S | [2A2[An—S
C5(2,0,n —4) | L2A2Ln' | LALPA™SL | L2PAL?A™S | [2AL2A"
Cy(4,n — 5) LYAL™S | LASLA™SL | [2ASLA™S | [2ASLA"6
C3(3,0,n—5) | L3APL™S | LA2L2A™SL | L2A2[2An6 | [2A2[2An~6
Cy(1,1,n —4) | LALAL™* | L2ALA™SL | [FALA™S | [3ALA™
Cu(1,0,0,n —4) | LAPL™* | L*A™5L L5 A5 L5 An—

Table 2. Extremal graphs with the first five maximal values.

c-trees (n) | h-chains (n) | po-chains (n) | s-h-chains (n) | pe-chains (2n)
T LA 2], I I I

T LALA"L AL L3ALM L3AL

T, LAPLA™SL | [PAL™S | [SAL" LPAL"

T, LASLA™8L | LTAL"8 LTAL"8 LTAL8

T5 LATLA? 101, | [9A[10 I9AL10 IO ALP10

where (1) c-trees (n): caterpillar trees with n edges; (2) h-chains (n): hexagonal chains
with n hexagons; (3) po-chains (n): polyomino chains with n squares; (4) s-h-chains (n):
square-hexagonal chains with n cells; (5) pe-chains (2n): pentagonal chains with 2n
pentagons. 177 = Cp14(0,- -+ ,0), To = C,(0,0,1,0,---,0), T3 = C,(0,0,0,0,1,0,--- ,0),
Ty = 0,,(0,0,0,0,0,0,1,0,---,0) and T; = C,,(0,0,0,0,0,0,0,0,1,0,--- ,0).



-179-

References

[1]

2]

(10]

(11]
(12]

(13]

(14]

(15]

E. Clar, The Aromatic Sextet, Wiley, London, 1972.

S. J. Cyvin, I. Gutman, Kekulé Structures in Benzenoid Hydrocarbons, Springer,
Berlin, 1988.

J. Durdevi¢, S. Radenkovié¢, I. Gutman, The Hall rule in fluoranthene-type benzenoid
hydrocarbons, J. Serb. Chem. Soc. 73 (2008) 989-995.

I. Gutman, Topological properties of benzenoid systems, Theor. Chim. Acta 45
(1977) 307-315.

I. Gutman, S. J. Cyvin, Introduction to the Theory of Benzenoid Hydrocarbons,
Springer, Berlin, 1989.

I. Gutman, S. Radenkovié¢, Dependence of Dewar resonance energy of benzenoid
molecules on Kekulé and structure count, J. Serb. Chem. Soc. 71 (2006) 1039-1047.

S. Gojak, I. Gutman, S. Radenkovié, A. Vodopivec, Relating resonance energy with
Zhang-Zhang polynomial, J. Serb. Chem. Soc. 72 (2007) 665-671.

H. Hosoya, Topological index. A newly proposed quantity characterizing the topolog-
ical nature of structural isomers of saturated hydrocarbons, Bull. Chem. Soc. Jpn.
44 (1971) 2332-2339.

H. Hosoya, I. Gutman, Kekulé structures of hexagonal chains-some unusual connec-
tions, J. Math. Chem. 44 (2008) 559-568.

S. L. Li, W. G. Yan, Kekulé structures of polyomino chains and the Hosoya index of
caterpillar trees, Discr. Math. 312 (2012) 2397-2400.

L. Lovész, M. D. Plummer, Matching Theory, North-Holland, Amsterdam, 1986.
L. Pauling, The Nature of the Chemical Bond, Cornell Univ. Press, Ithaca, 1960.

S. Radenkovi¢, I. Gutman, Stability order of isomeric benzenoid hydrocarbons and
Kekulé structure count, J. Serb. Chem. Soc. 74 (2009) 155-158.

M. Randi¢, Aromaticity of polycyclic conjugated hydrocarbons, Chem. Rev. 103
(2003) 3449-3606.

C. Xiao, H. Chen, Kekul’e structures of square-hexagonal chains and the Hosoya
index of caterpillar trees, Discr. Math. 339 (2016) 506-510.



-180-

[16] C. Xiao, H. Chen, A. M. Raigorodskiiet, A connection between the Kekulé structures
of pentagonal chains and the Hosoya index of caterpillar trees, Discr. Appl. Math.
232 (2017) 230-234.

[17] F. J. Zhang, R. S. Chen, S. J. Cyvin, A complete solution of Hosoya’s mystery, Acta
Math. Appl. 12 (1996) 59-63.



