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Abstract
A new method to find the complete set of stereocisomers of chindcules is presented
herein. This method consists in the use of binary alph@pg} ihstead of the binary cod®,(
S), which was originally coined by Cahn-Ingold-Prelog for characterizinget@hedral

stereogenic centers. With this change, each one of the stere@isofre given molecule
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containingn stereogenic centers can be written askat binary string and the full set of
stereosiomers can be represented asty-nmatrix (wherem is the maximum number of
stereoisomers possible < 2"). In turn, then-bit binary strings can be easily developed by a
combinatorial technique starting from an all-zeros st(ijguntil ending in an all-ones string

(f); in the middle there are subsets of strings witie two..., n-1 substituted 0’s by 1's,
which are labeled aai, b, c« ..., etc. Moreover, the numbers of strings in each subset are
coincident with those ones inlevel of Pascal's Triangle and used as coefficients of a
mathematical expression that describes to the total numberrebistaners of a molecule

containingn stereogenic centers.

Finally, the full set of stereoisomers represented by the labetdioned above, was
arranged in a polygonal stereoisogram, in such way that any pair ofoemenst occupies
antipodal positions and the diastereomers the remaining ones.

1. Introduction

The substituents around a tetrahedral atom can be arranged inospade two different
ways. If those substituents are different each other, then bottgamants can be defined or

characterized with the aid of Cahn-Ingold-Prelog (CIP) sequenes asR (Rectus = right)
andS (Sinister = left) (Figure 1) [1-3].
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Figure 1 Chiral descriptorsR and S, as used in Stereochemistry to characterize tlgiasprientations of
substituents aroundEetrahedral Stereogenic CentfR = rectus (right) = clockwise arfsl= sinister
(left) = counter-clockwise orientations). The sitiignts are prioritized as 1 > 2 > 3 > 4 according
CIP sequence rules and the viewer must be locatedsed to the minor priority substituent, 4 [3].
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Due to eaclTetrahedral Stereogenic Center (TSg®nerates two possible orientations, this
means, two stereoisomers, a molecule witletrahedral stereogenic centers possesses a
maximum number of" stereoisomefs For example, there are four (2 4) stereoisomers in
2,3-dihydroxibutanoic acid, named asR(23R)-, (2S5 39-, (2R, 39- and (& 3R)-2,3-
dihydroxibutanoic acids. Fischer's projections for these stereoisoamerschematized in
Figure 2 and their stereoisomeric relationships are indicatediby tie arrows coined by
Fujita [4-5]:

Enantiomeric relationships are indicated with red arrows (twotd lines) while the
diastereomeric ones are with blue arrows (vertical and intetiMines). Thus, the graphic
symbols at the center of those double head arrows are concerned MREpermutations (a

mirror plane reflection) and partiRSpermutations, respectively.

(2R, 3R) (28, 35)
COOH COOH
H——OH HO——H
HiOH « O Hoj':H
CH3 CHs
COOH COOH
H—T-OH g » HO——H
HO——H H——OH
CH3 CH,
(2R, 3S) (28, 3R)

Figure 2 Stereoisogram showing the four possible stereassmf 2,3-dihydroxibutanoic acid, which obey the
rule of 2 = 2 = 4 (wheren = number of tetrahedral stereogenic centdi&SC3. Enantiomeric and
diastereomeric relationships are indicated respagtiwith red and blue arrows (See in the body tex
the meaning of this kind of symbols).

The difficulty of finding the complete set of stereocisomers irsgeawith increasing the
number of stereogenic centers; for example, there are 512 steneos for amphidinolide-H,

T The number of stereoisomers imasoeompound is less thar, Zisually 2-1.
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a molecule which possesses 9 stereogenic centers and exhibits activity in the picomolar

range against human epidermoid cancer cells [6].

This fact led us to develop a systematic approach to simplify this task, giving rise to a
elegant combinatorial process whose results can be correlétedPascal’'s Triangle. This
finding could be included in the emerging area of Mathematical Stereochemistry, beirig one o
its aims to reduce or overcome the imprecisions in stereochgiffistAlthough this method

is valid for any value of, it is illustrated here in the rangerf 1 to 4.

2. Matrix representation of stereoisomers of moledas containing

n =1 - 4 tetrahedral stereogenic centers

In the systematic nomenclature, the stereochemistry ofrahéetral stereogenic center is
indicated by means of a locator number accompanied with the uppéatiasietterR or S,
corresponding to its chirality (See Figure 1). In order to orgamzemathematize the full set

of stereoisomers of a given compound, in this proposal:

2.1. The binary codeR(, S is switched to binary number syste@q {); this means, assigning
the valuefR = 0 andS= 1 and separating them from their chiral carbon’s locators.

2.2. With this change, the stereochemistry of a molecule contairsteyeogenic centers can
be written as a&-bit binary string and its full set of stereoisomers as &ixneomposed byn
rows andn-columns (wheram is the maximum number of stereocisomers possible;, 2)
(Table 1).

2.3. The initial ¢) and final f) rows of that matrix are all-zero and all-ones strings,
respectively. Then, if 0’s amnono-, di-, tri-..., (n-1pubstituted by 1's in a combinatorial
way from right-to-left, middle rows can be easily developed takiitg account their
increasing decimal value (This process is named "Haledbeung" in reference [8]). For
example, the full set of strings of 2,3,4-trihydroxipentanoic atil §; 2 = 8) is (Table 2):

(000);(001)<(010)<(100);(011)<(101)<(110)and(l11).

2.4. Those strings are label following the increasing degree of tstlbstiaswu, a, b, o ...,
In fact, they could be considered as a new kin8tefeoisomer DescriptoSD.
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2.5. Note in the previous and in the following exées that the numbers of strings in each
subset occur in a symmetrical way (Tables 2 andt3; means, one unsubstituted string,
three monosusbstituted, three disubstituted andfaltsubstituted string: 4, 3a, 3bj, 1f.
These coefficients are coincident with the oneth@Brd-level of Pascal's Triangle and they
can be used as coefficients of symmetrical mathiealaxpressions that describe to the total
number of stereoisomers of a molecule containistereogenic centers (See section 4).
Table 1 Matrix representation of stereoisomers of fouralhiydroxy carboxylic acids: a) 2-hydroxipropanoic
b) 2,3-dihydroxibutanoic; c) 2,3,4-trihydroxipentan and d) 2,3,4,5-tetrahydroxihexanoic. Lab€ls

above the columns indicate the chiral carbons teepeesented by means of the binary alphabet [8, 1]
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Taking into account the mentioned above, the full set of stereocisomersheof
hydroxicarboxylic acids containing 1-4 stereogenic centers are arrangedtrices in Table
1. a) 2-hydroxipropanoic; b) 2,3-dihydroxibutanoic); c) 2,3,4-trihydroxipentanoct &)
2,3,4,5-tetrahydroxihexanoic.

Table 2 Binary strings length-three, subset classificaiepending on the substitution degree of 0’s byahd
labels forStereoisomer DescriptoSD’s) of 2,3,4-trihydroxipentanoic acid. Note in eaatbset, the
arrangement of strings from their minor to majocidel values (“Hales numbering process" [8]).

Binary strings length-3 in alphabetsR/Sand 0/1 | Subset classification Labels foED’s
(RRR=( 0 0) un-substituted u
(RR$=(0 01) a
(RSR=(01 0) monaosubstituted a
(SRR=(10 0) as
(RS$=(011) by
(SR$=(101) di-substituted b
(SSR=(1 10 bs
(SSp=(111) full-substituted f

3. Outstanding features oim-by-n matrix that represents a full set

of stereoisomers of a molecule containing stereogenic centers

The rectangular matrices formed witlbit binary strings coming from combinatory
replacement of 0’s by 1's possess interesting mathematicatefediSee Tables 3-6). For

example:

3.1. At any column, the count of 1's is equal ¥22r 2" (Equation 1). This is because each

stereogenic center contributes only in a half of the rows with its value of 1.
e €= 272 = 2! (wheree are the matrix elements pth column) Q)
3.2. At any row, the count of 1's takes a value ranged from @'t@Equation 2).

0=3%_, e, <n (whereek are the matrix elements bth row) )
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3.3. If the substitution of O’s by 1's are carried out following #$ahumbering process" [8];

this means, taking into account their increasing decimal value, then:

a) The strings corresponding to enantiomer couples are locatedesyoafly nested (See
Tables 3-6 and Figure 3) and they can be recognized becauseehentby-elementvalues
are inverted, 0/1; this is a bitwise operation knownNGT'. For example (Equation 3):

NOT(0, 1) = (1, 0) 3)

0 1 Original enantiomer (a)

bitwise NOT-operation

1 0 1's complement enantiomer (a,)

b) According to the above, a couple of enantiomers complemehtather, meaning that
their sum is an all 1's string. In our example:

aata=(0 1)+ (1 0)=(0+1) 1+0)=(1 1) 4
c¢) In general, the count of 1's of any couple of enantiomers is equdt to "

eg + NOT (eg)= (1 - 1)=n 5)

d) Thus, for the example mentioned in equation 4 ):

ata=(11)=2 (6)

Moreover, the sums of count of 1's in rows and columns take the sdnes ¥4, 4, 12, 32)

and constitute another set of numbers given-B§-h[9]:
;cn=1ekj = Z;cl=1eik = nx z(n—l) (7)

In practice, this fact should be used as a tool to verify ifrthé strings were correctly

developed.
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u U =—— U - U =
f a, a -~ a,
%0
a, - a,
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Figure 3 Enantiomeric couples of molecules a-d. The labets, by, c..., f are assigned to strings coming from
the combinatorial replacement of 0's by 1's, beingndf respectively, an all 0’s and all 1's strings
(Tables 3-6).
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Table 3 Mathematical array (middle of second column) usied describe the stereoisomers of 2-
hydroxipropanoic acid (molecule a); labels usedi¢sign the substitution degree of numbers 0 by 1
(fourth column) and the equation generated for milgisg its total number of stereoisomefyS(right

bottom).

1 NTSCs Count of 1'sin SD’s

COOH rows

(C2)
2
H OH
0 0 u

3 1

CHg 1 f

Count of 1'sin 1 1 TNS, = 1u +

columns 1f =2

Table 4 Mathematical array (middle of second column) used describe the stereoisomers of 2,3-
dihydroxibutanoic acid (molecule b); labels usediésign the substitution degree of numbers 0 by 1
(fourth column) and the equation generated for milgisg its total number of stereoisomef$yS(right

bottom).
1 NTSCs Count of 1's in SD’s
COOH rows
5 (C2 Cs)
H OH
0 0 0 u
H—23—on
0 1 1 a1
4
CHs 1 0 1 a
1 1 2 f
Count of 1's in columns 2 2 4 TNS, = 1u +
2ai+1f =4
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Table 5 Mathematical array (middle of second column) ugeddescribe the stereoisomers of 2,3,4-
trihydroxipentanoic acid (molecule c); labels usediesign the substitution degree of numbers 0 by 1
(fourth column) and the equation generated for mlaisg its total number of sterecisomeF$yS(right

bottom).
1 NTSCs Count of 1's in SD’s
COOH rows
(C2 Cs Ca)
2
H OH
0 0 0 0 u
3
H OH 0 0 1 1 a
4
H OH 0 1 0 1 a
s 1 0 0 1 as
CHgy
0 1 1 2 by
1 0 1 2 b2
1 1 0 2 bs
1 1 1 3 f
Count of 1's in columns 4 4 4 12 TNS. = 1u +
3ai + 3bj+ 1f
=8

4. On the use of Pascal’s Triangle for developing mathematical

expression to describe a full set of stereoisomers

In order to describe the mathematical properties of mataEeompounds a-d (sections 2 and
3; Table 1), they have converted below in Tables 3-6. Note that "Halebering process"
allows to group their strings in subsets whose quantity of elemenesponds with those
numbers in then+1)-row of Pascal's Triangle (Figure 4). Consequently, by using these
numbers is possible to write an expression for the "Total Nuwfh8tereoisomers", m (m =
TNS = 2, which containsn+1 summands (Figure 4). For example, for molecldes

possessing = 1, 2, 3 and 4 stereogenic centers:
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Table 6 Mathematical array (middle of second column) udeddescribe the stereoisomers of 2,3,4,5-
tetrahydroxihexanoic acid (molecule d); labels ugedesign the substitution degree of numbers 0 by
(fourth column) and the equation generated for rilaisg its total number of sterecisomeTf$yS(right

bottom).
1 NTSCs Count of 1'sin SD’s
COOH rows
5 (C2 Cs Ca Cs)
H OH
0 0 0 0 0 u
H—2 OH
0 0 0 1 1 ar
4
H OH 0 0 1 0 1 a
5
H OH 0 1 0 0 1 as
1 0 0 0 1 a
®Ch,
0 0 1 1 2 by
0 1 0 1 2 b,
0 1 1 0 2 bs
1 0 0 1 2 b4
1 0 1 0 2 bs
1 1 0 0 2 bs
0 1 1 1 3 c
1 0 1 1 3 C2
1 1 0 1 3 C3
1 1 1 0 3 Cs
1 1 1 1 4 f
Count of 1's in columns 8 8 8 8 32 TNS; = 1u +
4a; + 6bj+ 4cy
+1f =16
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Pascal triangle levels
(NTSC)*
= 2")T

Total number of sterecisomers
(TNS

Coefficients and labels for stereoisomer's ID

Figure 4 Pascal’s triangle (up ta = 4) as a tool for developing mathematical expoessfor the "Total
Number of Stereoisomer§INS orm" of a given compound. Note that numbers at thitriiagonal
are the powers of two; thus, rif= 4 then TNS = 16 stereoisomerg)(2 1u + 4a + 6bj + 4c + 1f.
The labelsy, a, by, o and f indicate the substitution degree of 0’s by 1's #relcoefficients are taken
from 4th level. *NTSC = Number of Tetrahedral Stereogenic Centemifrers in left diagonal, n).

TNS = (u) + (f) =1u +1f (8)
TNS = (U) + (aa + &) + () = 1u + 2a + 1f 9)
TNS = (u) + (a1 + a2 +as) + (br + bz + bs) + (f) =1u + 3a + 3y + 1If (10)

TNS=(U)+(@+taxtas+as) + (ba+b2+bs+ba+bs+be)+(C1+c2+cs+ca) + ()
=1u +4a + 6bj + 4ck + 1If (12)
These expressions appear at the right bottom of tables 3-6.

Note that both, the subsetsmebit strings built earlier and the coefficients into express&ns
11 can be computed by hand or using different programming languages. Inhectaw 1

and b = 1 the classic binomial sum (equation (12)) affords "Bield@oefficients" (equation
13):

(a+b)" = Ti_o(p)am*bk (12)
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n!
A+1"=2"= ¥%o(Q) = v (13)

For example, the coefficients for= 4 are:

@66 6 :(0!(:10)!) (11(:11)!) (z!(:iz)r) (31(:13)!) (4!(:14)1)

-Gw) G6) GR) Go) Ga) =144 a4

5. A new polygonal stereoisograms for stereoisomersf chiral

molecules carryingn = 1 to 4 stereogenic centers

5.1 Enantiomeric relationship

Because the representation of enantiomeric couples in Figusl8renpractical for n > 2
[10], we propose a new geometric representation for it: It isdbasehe definition of
geometric progressioas it is the sequence of numbers generated by powers of'tw@, 2,
8, 16, etc. (wher@ is a natural number). Thus, if the enantiomeric couples acedlas
points on opposite sides of a circumference, they generate resfyect line and 4-, 8- and
16-sided polygons for n = 1, 2, 3 and 4 (Figure 5). Obviously, the definitiorpolygon is
not accomplished in the case of = 1 because there are only two points € 2
stereoisomers). From another point of view, the circumferenaediaided into halves,

quarters, eights and sixteenths; this means the ratio of this new progression is %.

Once the line and polygons are sketched inside the circumferetige couple of
enantiomers are joined by means of two headed straight arrows prdjyo5egita in 2006
[10]. Note that the symbol at the centre of red arrows (Figuredlly works as achirality
inversion centérproducing the bitwiseNOT" or "complement operation" (eq. 3-4) orfall’

R/S permutatidhas it was claimed by Fujita.
5.2 Diastereomeric relationship

The recognition of enantiomers is commonly made visually throughmgatational model,
by comparing 2D projections or, at best, with the aid of 3D-models. Afterphysical or

computational comparison, the stereoisomeric relationship is determase follows:
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"Enantiomers are mirror plane images that cannot be superimposed"IflaHdition:

"Diastereomers are stereoisomers that are not mirror plane images".

However, these definitions sometimes carry ambiguities and other problesnsted
with the management of different types of 2D structural formulash sas Fischer’s,
Newman's and sawhorse projections. Thus, taking advantage af-bitebinary string
approach presented above, it is possible to give a mathematicafiolefof sterecisomers as

follows:

Enantiomers are a couple of n-bit binary strings that complemeath other to afford an
all 1's-bit string. By the way, it is possible to find easily the 1's complement of stting by
means of the binary code inverter caltedwise NOT-operation" (Equations 3-5). Thus, the
sum of 1's of both enantiomers is equaht@quations 5 and 15):

Yk=1lew + NOT(eg)] =n (15)

Consequentlydiastereomers are couples of stereoisomers whose n-bit bis@itygs do not
complement each other

Yhoile + en] = n (whereek and & are elements afth andl-th rows) (16)

Because the couples of enantiomers are located in antipodédesedf a polygonal
stereoisogram, then any couples of stereoisomers that are nat bykstraight lines are
called diastereomers. Therefore, in our example possessing threegenic centers, the
stereoisomer has six diastereomeisae, as, bz, b2 andb: (Figure 5, bottom); this means that

in general, any stereoisomer possess2sliastereomers.
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TNS (1) = 1(u) + 1) =2 TNS (52, = 1(u) + 2(a) + 1() = 4

Figure 5 Geometric stereoisograms for molecuded represented with a circle (Top left), a circle gdygon
(Top right) and only polygons (Middle row). Colodrestraight double-headed arrows connect
enantiomeric couples, whereas at the bottom, sestsometu” of moleculed, its antipode'f* was
removed to evidence the diastereomeric relationsliip a;, a,, as, bs, b, andb;. The empty circle
indicates that there is not chirality inversion teerbetween them.
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6. On the application of the MPS method to cyclic wlecules(Note

added during the revision process)

Matrix Representation of Stereoisomers is a method valid foiccyeblecules too; for
example, {)-menthol orlevomenthol, (IUPAC name: & 2S 5R)-5-methyl-2-(propan-2-
yl)cyclohexanol), is a natural anaesthetic fragrant terpenoieémurés the peppermint oil that
possesses three stereogenic centers and h&rc@ ftereosiomers. Taking the triad of chiral
descriptors R, S R) and switching them by their corresponding binary numbers, the mono-

substituted 3-bit binary string labeleg= (0 1 0) is obtained (see table 2).

The structure of the full set of menthol's stereocisomersy thieial names, chiral

descriptors and binary strings are given in figure 6 [12].

i‘OH i “OH OH <~ "OH
/:\ /:\

(+)-necisomenthol  (-)-neoisomenthol (-)-neomenthol (+)-neomenthol
(IR, 2R, 5R) (s, 25, 58) (1R, 2R, 5S) (1S, 2S, 5R)
(0 0 0) @11 (001 (110
u f a, bs
@OH EE"'OH Sé"'OH O\OH
(-)-menthol (+)-menthol (+)-isomenthol (-)-isomenthol
(1R, 2S, 5R) (1S, 2R, 59) (1S, 2R, 5R) (1R, 2S, 59)
(010 (101 (1 0 0) (011
a b, a; b,

Figure 6 Structural formulas, trivial names and 3-bit binaptation for stereoisomers of 5-methyl-2-(propan-
2-yl)cyclohexanol. The stereoisomers are arrangediple of enantiomers:f, a-bs, a-b, andas-b;
(See stereoisograiNS.®) at middle row of figure 5).
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7. Conclusion

By using the binary alphabet [0, 1] instead of chiral descripRyr§|[ the stereochemistry of

a given compound possessingstereogenic centers and the full set of their stereocisomers
could be represented respectively, as-ldt binary string and am-by-n matrix composed
only by 0's and 1's. Because "Hales numbering process" was used to déslepnatrices,
they acquired mathematical properties that can be used bottoakta verify if the set of
stereoisomers was complete and to propose a new mathendaficétion for enantiomers
and diastereomers. In fact, it was found that enantiomers desl iet® the matrix and related

each other by the bitwide¢OT-operation.

Moreover, and in relation withn¢1)-row of Pascal's Triangle, the coefficients for an
algebraic expression for Total Number of Stereoisomers could bimedbtahen the strings
were group depending on their substitution degree of 0’s by 1's. Finally,po&wgonal
stereoisograms were proposed to illustrate graphically, theostengerical relationships of

chiral hydroxy acids containing 1-4 stereogenic centers.
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