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Abstract

For a symmetric bivariable function f(x,y), let the connectivity function of
a connected graph G be My (G) = X ,,cp(q) f(d(u),d(v)), where d(u) is the de-
gree of vertex u. As an application of majorization theory, we present a uniform
method to some extremal results together with its corresponding extremal graphs
for vertex-degree-based invariants among the class of trees, unicyclic graphs and bi-
cyclic graphs with fixed number of independence number and/or matching number,
respectively. As a consequence, several known results in chemical graph theory has
been obtained.

1 Introduction

In this paper, we only consider simple connected undirected graph, and G = (V, E) is
a connected graph with n vertices and m edges. If m = n + ¢ — 1, then G is called a
c-cyclic graph. Especially, when ¢ = 0, 1 or 2, then G is called a tree, unicyclic graph or
bicyclic graph, respectively. As usual, denote d(u) the degree of u. A vertex of degree one
is called a pendent vertex of G, and the number of pendent vertices of G will be referred

as p(G). In contrast with pendent vertex, a vertex of degree being at least two is called

*Corresponding author (1iumuhuo@163.com)



-326-

a non-pendent vertex. Furthermore, a vertex with degree k will be referred as a k-vertex.
Suppose the degree of vertex v; equals d; for i = 1,2,...,n, then 7(G) = (dy,da, ..., d,) is
called the degree sequence of G. In the following discussions we enumerate the degrees in
non-increasing order, i.e., dy > dy > -+ > d,,. Consequently, d(v1) > d(vg) > -+ > d(v,)
holds, where V(G) = {vi,vs,...,v,}. Let I'(m) be the class of connected graphs with

degree sequence m. When G is a c-cyclic graph with degree sequence 7, then
> di=2(n+c—1). (1)
i=1

A subset S of V(G) is said to be an independent set of G if each pair of vertices of S
are not adjacent. The number of vertices in a maximum independent set of G is called the
independence number of G and denoted by «(G). If G is a connected graph with n > 3
vertices, then it is easy to see that the class of pendent vertices form an independent

vertex set of G. Thus, we have

p(G) < a(G). (2)

A matching in a graph G is a set of pairwise nonadjacent edges. The maximum size of
a matching set of G is called the matching number of G and denoted by B(G) hereafter.
For any connected graph G, since each edge of any matching has at least one end vertex

being a non-pendent vertex, we have
p(G) <n—pB(G). 3)

Among all the vertex-degree-based graph invariants, the first Zagreb index M;(G) and
second Zagreb index My(G) [2] are two famous topological indices, where
M(G)= Y (dw)®, and My(G)= Y d(u)d(v).
veV(Q) weE(G)
In what follows, v denotes a real number. As a generalization of M;(G), Li and Zheng
[4] introduced the notation of general Randi¢ index R,(G) (sometimes also referred as

“zeroth-order general Randi¢ index”), where

veV(G)

Furthermore, R_1(G) is called the inverse degree of graph G and denoted by ID(G)
(See [12]).
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Since _,.ep(q) (@) +d(v) =3 cve (d(v))?, as another extension to M;(G), the
general sum-connectiity indez [14] x,(G) of G is constructed as

G(G) = Y (dw) +dw).

wveE(G)

The reformulated Zagreb index Zo(G) of G [9] is a slight modification to x2(G), where

Zo(G) = Y (d(u)+d(v) —2)".

weFB(G)

As an extension of Z5(G), we define Z,(G) as follows:

LG = D (dw) +dv) —2)".
weE(G)
In order to study on vertex-degree-based invariants of a graph, Wang [10] recently
proposed the concept of escalating function as follows: A symmetric bivariate function

f(z,y) defined on positive real numbers is called escalating if

(@1, z9) + f(yi,y2) = flza,y1) + f(21,92) 4)

holds for any z; > y; > 0 and z3 > y» > 0, and the inequality in (4) is strict if z; > y; and
Zg > Y. Furthermore, an escalating function f(x,y) is called good escalating if f(x,vy)

satisfies

f(z,y)
ox

Pflz,y)
>0, 902 >0,
and
fler+ 1) + flor + Ly — 1) > fo, 1) + f(21, 1)

holds for any x1 > y; and 25 > 1. To extend these above definitions of vertex-degree-based
invariants, Wang [10] defined connectivity function of a connected graph G associated with

a symmetric bivariate function f(z,y) as

MiG)= Y f(dw),d(v)). ()

weE(G)
In this paper, we will employ the majorization theorem as a tool to give a uniform
method for some extremal results together with its corresponding extremal graphs of
vertex-degree-based invariants among the class of trees, unicyclic graphs and bicyclic

graphs with fixed number of independence number and/or matching number, respectively.



-328-

2 Some useful preliminaries

As stated in [6,13], the majorization theorem is an important and effective tool to deal
with extremal problem of graph spectrum and topological index theory. In this section,
we shall introduce some majorization theorems for vertex-degree-based invariants. Firstly,

we introduce the definition of majorization.

Definition 2.1 (See [6,8]) Let 7 = (a1, a2,...,a,) and @' = (af,dh, ..., a,) be two dif-
ferent non-increasing sequences of nonnegative real numbers, we write 7 <« if and only
it Y a; = S0 dl and Yo a; < S0 d) for all j = 1,2,...,n. Furthermore, we
write 7 < 7’ if and only if 7 <7’ and 7 # 7’. The ordering 7 < 7’ is sometimes called

majorization.

A real valued function f(z) defined on a convex set D is said to be strictly convex if

fz+ (1= Ny) <Af(z)+ (1 =N f(y)
holds for all 0 < A <1 and all z,y € D. The following majorization theorem for a strictly

convex function had been discovered long time ago [3].

Theorem 2.1 [3] Let # = (ay, as,...,a,) and 7 = (b1, ba, ..., b,) be two non-increasing

sequences of nonnegative real numbers. If m <" and ¢ is a strictly convex function, then
Do plai) < 350 o(bi).

Note that ¢(x) = 2" is a strictly convex function for either » > 1 or r < 0, and
p(x) = —2a" is a strictly convex function for 0 < r < 1. Thus, Theorem 2.1 implies the

following corollary.

Corollary 2.1 Let m = (a1, aq,...,a,) and © = (by,ba,...,b,) be two non-increasing
sequences of nonnegative real numbers. If m < n', then Y . al <> b holds for either

r>1orr<0,and Y, af >> " b holds for 0 <r < 1.

i=1
For a given degree sequence 7 and a good escalating function f(z,y), if G has the

maximum connectivity function in I'(7), then G is called an extremal graph of T'(r).

Theorem 2.2 Let m and 7’ be two different non-increasing degree sequences with = <\ '.
() [5] If G € I'(w) and G’ € T'(n’), then R,(G) < R,(G') holds for either v < 0 or~y > 1,
and R,(G) > R,(G") holds for 0 <~y < 1.

(it) [7) Let G and G’ be an extremal c-cyclic graph of T'(w) and T'(7'), respectively. If
f(z,y) is a good escalating function, then M;(G) < M;(G') holds for ¢ € {0,1,2}.
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Theorem 2.3 [7] The second Zagreb index My(G) is good escalating, Z.(G) and x,(G)

are also good escalating for v > 1.

3 Extremal results with given independence number

Denote by R(G) the reduced graph obtained from G by recursively deleting pendent
vertices of the resultant graph until no pendent vertices remain. If G is a c-cyclic graph
with ¢ > 1, it is easy to see that R(G) is unique and R(G) is also a c-cyclic graph.
Hereafter, let m; = (2¢ + p, 20 7=D 10 7y = (2c + p — 2,33 2002=3) 1®)) and 73 =
(24 p — 4, 4,30), 201 1)),

Lemma 3.1 Let G be a c-cyclic graph with n vertices, p pendent vertices and degree

sequence w. If T # m, then m < m. Furthermore, (2¢ + p,20=7=1 1®)) 4 (2¢ + p +
1, 2("*?*2)7 1(P+1))_

Proof. By Definition 2.1, it is easy to check that (2c 4 p,2*P=D 1®) q (2¢ + p +
1,2(=P=2) 1@+1)) Now, we turn to prove m<im;. To do this, let 7, = (d},d}, . . ., dp_ps 1)

and ™ = (dy,da, . .., dp_p, 1<P))7 where dy > dy > -+ > d,,—, > 2. Then,

di=2n+c—1)—p—do—dz— —dpp<2(n+c—1)—p—-2(n—p—1)=2c+p.

Ifdi = 2c+p, then dy = d3 = --- = d,,_, = 2, and hence 7 = 7, a contradiction. Thus,
dy < 2c+ p. Since d; > 2 holds for 2 < j <n —p,

J J
Zdi:2(n+cfl)fpfdj+1f~-~fdn,p§2(n+cfl)fp72(nfpfj):Zd;
i=1 i=1
holds for 2 < j <n — p. Thus, 7 < 7. |

As usual, let P,, C, and K, be the path, cycle and complete graph with n vertices,

respectively. An s-rose graph is a graph with exactly s cycles that all meet in one vertex.

Lemma 3.2 Let G be a c-cyclic graph with n wvertices, p pendent vertices and degree
sequence T such that every vertex of R(G) is adjacent to at least one pendent vertex.

(i) If m £ m and ¢ > 1, then w < mo. (it) If m # w3 and ¢ > 2, then m < 3.

Proof. Let n(G) = (dy,da, ..., dn_p, 1), where d; > dy > --- > d,_, > 2. Sincec > 1, G
contains at least one cycle such that every vertex of this cycle is adjacent to at least one

pendent vertex. Thus, we have d; > dy > d3 > 3 and hence 7 <1 by (1). So, (i) holds.
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Now, we turn to prove (iz). Since ¢ > 2, we may suppose that Cy and C; are two
cycles of G. Thus, each vertex of Cy and C} is adjacent to at least one pendent vertex,
and hence the degree of every vertex on Cs or C; is at least three. Furthermore, since G
is connected, there is at least one vertex with degree being at least four. In this case, we
may suppose that 7 = (dy,da, ..., dn_p, 1), where d; > dy > --- > d), > 4 > dpy1 =
dpyo = =dg=3>dgy1 = dgy2 = -+ = dp—p = 2. By the former argument, £ > 1 and
q=>4

If k£ = 1, then R(G) is a c-rose graph (since every vertex of R(G) is adjacent to at
least one pendent vertex). Thus, 7 = (d;,3@ Y, 2002=0 1®)) and ¢ > s+t —1>5. In

this case,

di=2n+c—=1)—p—-3(¢g—1)—2(n—p—q)=2c+p—q+1<2c+p—14
and di+dy=2n+c—1)—p—-3(¢g—2)—2(n—p—q)=2c+4+p—q<2c+p.

Now, it is easy to check that m < 73, as d3 > dy > 3. Otherwise, £ > 2. In this
case, (B) = (dy, dy, . . ., dy, 3049 2=p=0) 1)) Since ¢ >4, k > 2 and 7 # 73, we have

<73, |

Lemma 3.3 Let G be a c-cyclic graph with n vertices and degree sequence m = (dy, da, . . .,

dy—p, 1(P)) such that d3 > 3. If m # 79 and ¢ > 2, then m < mo.

Proof. We may suppose that dy > dy > -+ > dy >3 > dgy1 = dgyo = -+ = dp—p = 2.

Since d3 > 3, we have ¢ > 3 and hence
T<(2e+14p—q,30V 207770 1)) g,
This completes the proof of this result. |

Let v be a vertex of a graph G. Suppose Ps = ujuy---us, where u; € V(G) for
1 < i < s. If we obtain G’ by identifying the vertex v with u;, then we say that G’ is
obtained from G by attaching the path Ps to v of G. As shown in Figure 1, let F} and Fy
be two c-cyclic graphs, where ¢ > 1. Hereafter, let Si(c; a,b) (vesp., Sa(c; a, b)) define the
c-cyclic graph obtained by attaching a paths of lengths two and b paths of lengths one,
respectively, to the vertex v of Fy (resp., F3). If ¢ = 0, then we agree with a + b > 2 and
we define S1(0; a,b) as the tree obtained by attaching a paths of lengths two and b paths

of lengths one, respectively, to one common vertex.
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Figure 1. The c-cyclic graphs F} and Fs.

In what follows, let my = (2¢ 4+ a + b, 229 1@y and 75 = (c+ 1+ a + b,c +
2,30 2(a) qlatbtet)y Tt is easy to see that Si(c;a,b) € T'(my) and Sy(c;a,b) € T'(7s).

Lemma 3.4 Let G be a c-cyclic graph such that G € T'(wy), where ¢ > 0 and 2¢c+a+b > 2.

If exactly 2¢ vertices of degrees two are not adjacent to any pendent vertex in G, then

G =~ Si(ca,b).

Proof. We may suppose that ¢ > 1, as the case of ¢ = 0 can be proved similarly. Since
G is a c-cyclic graph with dy = 2, R(G) is just a c-rose graph. Thus, each vertex of
V(R(G))\ {v1} is not adjacent to any pendent vertex. Since exactly 2¢ vertices of degrees
two of G are not adjacent to any pendent vertex, we can conclude that each cycle of G is
a triangle, and hence each vertex of V(G)\V(R(G)) is adjacent to at least one pendent
vertex.

Let u be a 2-vertex of G such that u € V(R(G)). Since u is adjacent to at least
one pendent vertex, we can conclude that u is adjacent to exactly one pendent vertex
(Otherwise, G is disconnected, a contradiction). If u is adjacent to another 2-vertex (say
v), then v is adjacent to a pendent vertex and u, which implies that G is disconnected, a
contradiction. Thus, u is adjacent to one pendent vertex and the maximum degree vertex.

Now, we can conclude that G = S;(c; a,b). |

Lemma 3.5 Let G be a c-cyclic graph such that G € T'(ws), where ¢ > 1 and a+b > 1.
If every non-pendent vertex of G is adjacent to at least one pendent vertex, then G =

Sa(c; a,b).

Proof. Since every non-pendent vertex of G is adjacent to at least one pendent vertex and
G € I'(m5), then the degree of each vertex of V(R(G)) is at least three. By the definition
of 5, R(G) is a c-cyclic graph with at most ¢+ 2 vertices and the third maximum degree

vertex of R(G) is a 2-vertex. Thus, R(G) = R(F).
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Since every non-pendent vertex of G is adjacent to at least one pendent vertex, similar
with the proof of Lemma 3.4, we can conclude that every 2-vertex of G is adjacent
to one pendent vertex and the maximum degree vertex. Now, we can conclude that

G = Sy(c;a,b). |

Let Bj(a,b) be the bicyclic graph obtained from S;(1;a,b) by adding one edge be-
tween two 2-vertices in V(S1(1;a,b))\V(C3), where a > 2 and let By(a,b) be the bi-
cyclic graph obtained from S;(1;a,b) by adding one edge between one 2-vertex of V(Cs)
and one 2-vertex of V(Si(1;a,b))\V(C3), where a > 1. In what follows, let mg =
(a+ b+ 2,3 2@ 106+ and let K4 — e be a bicyclic graph obtained by deleting one
edge from Kjy.

Lemma 3.6 Let B be a bicyclic graph such that B € T'(mg), where a+b > 1. If all the
non-pendent vertices being not adjacent to any pendent vertex induce either Ky or Ks,

then either B = By(a,b) or B = Bsy(a,b).

Proof. Suppose that Cs and C} are two cycles of B with ¢ > s > 3, and suppose that
w6 = (dy,da,...,d,). Since except for at most three non-pendent vertices, each of the
other non-pendent vertices of B is adjacent to at least one pendent vertex, there are at
least |V(Cs U Cy)| — 3 vertices with degree being at least three. Note that dy = 3 and
dy=2. Thus, 4 < |[V(Cs) UV(Cy)| <6 and 1 < |V(Cs) NV (Cy)| < 3.

We firstly consider the case of |V(Cs) N V(C;)| = 1. Note that all the non-pendent
vertices being not adjacent to any pendent vertex induce either K, or K3. Combining this
with dy = 3 and dy = 2, we have |[V(C,)UV(C})| =5 and s = t = 3. By the hypothesis, vy
and vz are two adjacent 3-vertices in the same triangle of B, and vy and v3 are adjacent to
exactly one pendent vertex, respectively. Furthermore, the other two adjacent 2-vertices
in the same triangle of B are not adjacent to any pendent vertex. Let u be a 2-vertex of
B such that u € V(R(B)). Then, u is adjacent to at least one pendent vertex. Since B
is connected, u is adjacent to one pendent vertex and the maximum degree vertex. Now,
we can conclude that B = By(a,b) with a > 2.

We secondly consider the case of |V(Cs) N V(Cy)| = 2. In this case, we have (s,t) €
{(3,3),(3,4),(3,5),(4,4)}. Note that all the non-pendent vertices being not adjacent to
any pendent vertex induce either K3 or K3. Combining this with dy = 3 and dy = 2, we
have R(B) = K, — e. Now, since dy = 3 and dy = 2, one 3-vertex and one 2-vertex of

K4 — e cannot be adjacent to any pendent vertex. Since B is connected, each of the other
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2-vertices not in K4 — e is adjacent with exactly one pendent vertex and the maximum
degree vertex. Now, by the definition of B and g, we have B = Bs(a,b) with a > 1.

We thirdly consider the case of |V (Cs)NV(C;)| = 3. In this case, (s,t) € {(4,4), (4,5)}.
Note that all the non-pendent vertices being not adjacent to any pendent vertex induce
either K5 or K3. Thus, we have dy, > 3, a contradiction. |

For convenience, we rewrite S;(0;n—1—a,2a+1—n) as T(n,a), Si(l;n—a—2,2a+
1—n)as Ui(n,a), S2(l;n —a —3,2a+1—n) as Us(n,a), Bi(n —a—2,2a+1—n) as
Zy(n,a), Bo(n —a—2,2a+1—n) as Zo(n,a), S1(2;n —a — 3,200+ 1 —n) as Zs(n, o),
and rewrite So(2;n — a—4,2a + 1 —n) as Zy(n, a).

Theorem 3.1 Let T be a tree with n (> 3) vertices and independence number «. If
T % T(n,a), then (1) R,(T) < R,(T(n,a)) holds for either v < 0 or v > 1, and
R,(T) > R(T(n,a)) holds for 0 <y < 1, and (it) My(T) < My(T(n,)) holds for any
good escalating function f(x,y).
Proof. Since T is a bipartite graph, we have o > [§]. We suppose that 7" contains p
pendent vertices and suppose the degree sequence of T is 7. By (2) and since n > 3, we
have 2 < p < a. Let ' = (a,2=2=1 1(),

Suppose that T € T'(n’). Since p = a, the class of pendent vertices of T form a
maximum independent vertex set of 7', and hence every non-pendent vertex must be

adjacent to at least one pendent vertex. By Lemma 3.4, we have T = T'(n, «), and hence

r(r') = {T(n, ) }. (6)

By (6), we have m # 7.
If p=aand m # 7', then 7 <7’ by Lemma 3.1.
Otherwise, p < a—1. In this case, Lemma 3.1 implies that 7<(a—1, 2n—a), 1(“’1))<17r"

In both cases, the results follow from Theorem 2.2 and (6). |

Corollary 3.1 Let T be a tree with n (> 3) vertices and independence number o. If T 3
T(n,a), then (i) [11] x4(T) < xo(T(n,«)) holds for v > 1, (i) [1] My(T) < My(T(n,a))
and My(T) < My(T(n,)), and (iii) [12] ID(T) < ID(T(n,)).

Proof. By Theorems 2.3 and 3.1, the results hold. |

Theorem 3.2 Let U be a unicyclic graph with n vertices and independence number a,

where3<a<n-3. IfU ¢ {Ul(m a), Us(n, a)}, then (i) R,(U) < max{RA,(Ul(n, a)),



-334-

R, (Us(n, a))} fory <0 ory>1and R,(U) > min{Rw(Ul(n,a))7 R, (Us(n, a))} for
0 <7y <1, and (is) M;(U) < max{]\lf(Ul(n, a)), My (Ux(n, a))} holds for any good

escalating function f(x,y).

Proof. In the proof of this result, denote by 7/ = (a + 1,20 1(@=D) and 7" =
(, 3) 2(n=a=3) 1(2)) " Since the deletion of any edge of the unique cycle of U forms a
tree, we have a > ["T’l'\ We suppose that the degree sequence of U is 7, Cy is the unique
cycle of U, and U contains p pendent vertices. By (2), p < a.

Let U be a unicyclic graph of I'(z’). If g > 4, then all the pendent vertices combining
with at least two vertices of Cj will form an independent vertex set of size being at least
a+1, a contradiction. Thus, the unique cycle of U is a triangle. Since U contains exactly
o — 1 pendent vertices, except for two adjacent 2-vertices in the triangle of U, each of
the other 2-vertices is adjacent to at least one pendent vertex. By Lemma 3.4, we have
U 2 Uy (n,a).

Let U be a unicyclic graph of I'(n”). Then, the class of pendent vertices of U form an
independent vertex set of U, and hence every non-pendent vertex is adjacent to at least
a pendent vertex. By Lemma 3.5, we have U = Uy(n, ).

Now, we can conclude that
I(x') = {Ul(n, a)} and ['(7") = {Ug(m a)}. (7)

Since U ¢ {Ul(m a), Us(n, oz)}, we have m & {Tr/, 7T//}‘

If p<a—1, then 7 <7 by Lemma 3.1.

Otherwise, p = a. Since p = «, each non-pendent vertex is adjacent to at least a
pendent vertex. By Lemma 3.2 (i), we have 7 < n”.

By Theorem 2.2 and (7), the results hold. |

Corollary 3.2 Let U be a unicyclic graph with n vertices and independence number «
(< n—3) such that U 2 Uy(n, ). (1) If v > 1 and a > 4, then x,(U) < x4(Ui(n, a))
and Z,(U) < Zy(Ui(n,a)). (it) If a > 4, then My(U) < M1(Ui(n,)). (iii) If n > 9 and
a >3, then My(U) < My(Ui(n,a)).
Proof. By an elementary computation, it follows that
Xy(Ui(n,a)) =(n —a)(a+3)"+ e —n+1)(a+2) +4"+ (n—a —2)3",
X4(Ua(n, @) =2(¢+3)" +(n—a—3)(a+2)"+ 2a—n+1)(a+1)"+6"
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+2x4"+(n—a—3)3".
When v > 1 and « > 4, we have
(U, 0)) = X, (Ta(n,)) = (a+3)"+(n—a=3)((a+3) — (a+2))
+2a—n+1)x ((a+ 2)7 — (a+ 1)7') 643
> 77—6"—-4"+3">0
by Corollary 2.1. With the similar reason, we have Z,(Uy(n, o)) > Z,(Us(n, a)).

Thus, (¢) follows from Theorems 2.2 and 3.2.
It is easy to check that

M, (Ui(n,a)) — My(Us(n,a)) = 2(a — 3) >0

when « > 4, and hence (ii) also follows from Theorems 2.2 and 3.2.

Now, we turn to prove (7). Since
My(Ui(n,)) = 2(a+D(n—a)+4+2n—a—2)+(a+1)(2a+1—n)
= na+3n—a+l,
and My(Uz(n,)) = 2x3a+15+2a(n—a—-3)+2(n—a—3)+aa+1—n)
= na+2n—a+9.
For n > 9, we have

My(Ui(n,a)) — Ma(Us(n,a)) =n —8 >0,
and hence (4i7) follows from Theorems 2.2 and 3.2. |
Theorem 3.3 Let B be a bicyclic graph with n vertices and independence number a,

where 4 < o < n — 4.
(i) IfB¢ {Zl(n., a), Za(n,a), Zs(n,a), Zy(n, a)}, then

R,(B) < max{R/(Zg(n,, Q)), Ry(Zs(n, a)), R,(Zu(n, a))}
holds for v <0 or~ > 1, and
R,(B) > min {Rw(zz(n,a)), R,(Zs(n, @), R, (Zu(n, a))}

holds for 0 <y < 1.
(1) If B ¢ {Zz(n7 a), Zs(n, ), Zy(n, a)} and f(z,y) is a good escalating function, then

My(B) < max { My(Za(n, @), My(Zs(n, ), Mi(Zs(n,a))}.
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Proof. Suppose C; and C; are two cycles of B, the degree sequence of B is m =
(dy,ds,...,d,) and B contains p pendent vertices. By (2), p < «a. In the proof of
this result, denote by 7’ = («, 4,33, 2(v=a=4) 1)) 77 = (o 41,3 2(r=0=2) 1(e=1)) and
7" = (a+ 2,207 ql@=2),

Firstly, we suppose that 7 = 7. Since p = a, every non-pendent vertex is adjacent to

at least one pendent vertex. By Lemma 3.5, we have B = Z,(n, «).

Secondly, we suppose that 7 = 7. Since dy = 2, we have |V (C;) NV (C};)| = 1. Then,

t

there is an independent set of size at least @ — 2+ [5] + [ §

|, and hence s =t = 3. Now,
it is easy to see that there are exactly four 2-vertices being not adjacent to any pendent
vertex in B. By Lemma 3.4, B & Z3(n, «).

Thirdly, we suppose that 7 = 7”. Since p = a — 1, all the non-pendent vertices being
not adjacent to any pendent vertex must induce a complete graph K. Recall that R(B)
is also a bicyclic graph. Thus, ¢ € {0,1,2,3}. We assume that ¢ € {0,1}. Since d; = 2,
we have |V(Cs) U V(Cy)| = 4 and there is exactly one non-pendent vertex being not
adjacent to any pendent vertex, that is, ¢ = 1. In this case, R(B) = K, — e, and either
dy > 4 or dy > 3 (since there is exactly one non-pendent vertex of B being not adjacent
to any pendent vertex), a contradiction. Thus, ¢ € {2,3}, that is, all the non-pendent
vertices being not adjacent to any pendent vertex induce either Ky or K3. By Lemma
3.6, B e {Zl (n, @), Za(n, a)}.

By an elementary computation, it follows that

M(Zy(n, ) = Mp(Zi(n, ) = f(3,2) + f(2,1) = f(2,2) = f(3,1) > 0
when f(z,y) is a good escalating function. Combining this with the above arguments, we

may suppose that = ¢ {Tr’ I it } By Theorem 2.2, it suffices to show

mdr ormr<an” orw<an” (8)

If p<a—2, then 7 <" by Lemma 3.1 and hence (8) holds.

If p = a, then every non-pendent vertex is adjacent to at least one pendent vertex.
Now, Lemma 3.2 (4) implies that 7 <7’ and hence (8) holds.

If p = a — 1, then all non-pendent vertices of B being not adjacent to any pendent
vertex induce a complete graph K. Since R(B) is also a bicyclic graph, ¢ € {0, 1,2,3}.
When ¢ € {0,1} or |V(Cs) UV(Cy)| > 6, then dg > 3. When |V(C;) UV(Cy)| = 5 and
g € {2,3}, we also have d3 > 3. Otherwise, |V(C;) UV(Cy)| =4 and ¢ € {2,3}. In this
case, R(B) = K, — e and hence d3 > 3. Now, Lemma 3.3 implies that 7 << 7#” and hence
(8) holds. |
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Corollary 3.3 Let B be a bicyclic graph with n vertices and independence number o

such that B 2 Zs(n, o). If v > 1 and 5 < o < n — 4, then x(B) < xy(Z3(n,a)) and

Z,(B) < Z,(Z3(n,a)).

Proof. By an elementary computation, it follows that

Xy(Zao(n,a)) = 2(a+4)+(a+3)'(n—a—2)+(a+2)"2a—n+1)
+57+6"+47"4+3"(n—a—3),

X+(Z3(n,a)) = (a+4)(n—a+1)+ (a+3)R2a—n+1)+3"(n—a—3)+47 x2,

Xy(Zs(n,a)) = (@+4)+2(a+3)" +(a+2)(n—a—4)
+Ha+1)"2a—n+1)+3"(n—a—4)+7 x2+5"+47 x 2.

For v > 1, by Corollary 2.1 we have
o(Zs(n,0)) = X, (Za(n, )

- (oz+4)7+(nfaf2)((a+4)77 (a+3)”’)
+(2a—n+l)((a+3)7— (a+2)7) + 47— 57— 67
(@+4) +47 =57 =6 > 7 +47 -5 —67 > 0,
Xv(Z2(n, @) = x7(Za(n, @)

— @+ +(-a-2)((@+3) — (a+2))

%

+(2a —n+1) x ((a+2)”/—(a+1)7)+3”/+67—77><2—4”'

%

(a+4)"+3"+6" -7 x2—47

> 946743 -7 x2-47>0.

Thus, X, (Za(n. @) < x,(Za(n,)) < x5 (Za(n, ).

With the similar reason,
Z(Zy(n,a)) < Z,(Z2(n, o)) < Z,(Z3(n,@)).

Now, the result follows from Theorems 2.3 and 3.3. |

Corollary 3.4 Let B be a bicyclic graph with n vertices and independence number a,

where 4 < a <n—4. Ifn>10 and B % Z3(n,«), then My(B) < Ms(Zs(n, ).

Proof. From the definition, it follows that

My(Zy(n,a)) = da+2x3a+2an—a—4)+al2a—n+1)+2(n—a—4)+34
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= an+2n+ a+ 26,
My(Z3(n, o)) = 2(a+2)(n—a+1)+(a+2)2a—n+1)+8+2(n—a—3)
= an+a+4n+8,

My(Z>(n,)) = an+3n+a+15.

Thus, Mz(Z3(n,a)) — Ma(Za(n,a)) = n—7 > 0 and My(Zs(n, o)) — Ma(Zs(n,a)) =
2n — 18 > 0.
Now, the result follows from Theorems 2.3 and 3.3. |

4 Extremal results with given matching number

In this section, we will consider the extremal problem in the class of c-cyclic graph with n
vertices and matching number 8. To this aim, we rewrite S (0; 3—1,n+1—20) as T'(n; 3),
S1(1;8—=2,n+1-2p) as Uy(n; B), S2(1; 6—3,n+1—20) as Us(n; B), Bi(B—2,n+1—2p5)
as Z1(n; B), B2(B —2,n+1—20) as Zs(n; ), S1(2;8 —3,n+ 1 —23) as Z3(n; 3), and
rewrite Sa(2; 8 — 4,n+ 1 —28) as Zy(n; ).

Theorem 4.1 Let T be a tree with n (> 3) vertices and matching number 3. If T %
T(n;B), then (i) R(T) < R,(T(n;B)) holds for either v < 0 or v > 1, and R,(T) >
R, (T(n;B)) holds for 0 <~ < 1, and (it) My(T) < My(T(n;B)) for any good escalating
function f(z,y).

Proof. Suppose the degree sequence of T is m and 7« = (n — 3,239 1=A)) Note
that T' contains at least (3 vertices of degree being at least two and § < L%J Thus,
p(T) < n—p and hence 7 <7’ by Lemma 3.1 and (3). If 7 = 7/, then T contains exactly
0 vertices with degree being at least two. Since the matching number of T is 3, each
non-pendent vertex is adjacent to at least one pendent vertex. By Lemma 3.4, we have
T = T(n; ), a contradiction. Thus, 7 < 7’ and hence the results follow from Theorem

2.2 and I'(7') = {T(n; B)} |

Corollary 4.1 Let T be a tree with n (> 3) wvertices and matching number 3. If T %
T(nB), then (i) x,(T) < xo(T(n:8)) and Z,(T) < Z,(T(n: 3)) holds for 7 > 1, (ii)
M(T) < My(T(n; 8)) and My(T) < Mo(T'(n;8)), and (iti) [12] ID(T) < ID(T(n;B)).

Proof. By Theorems 2.3 and 4.1, the results hold. |
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Theorem 4.2 Let U be a unicyclic graph with n vertices and matching number 3, where
8< B <n=3. IfU ¢ {Ui(n: §), Ualn: B) }, then (i) By (U) < e { R, (Us(n; 5), By (U (s
,8))} forv <0 orvy>1, and R,(U) > min {RW(Ul(n;B)), R, (Us(m; B))} for0 <~y <1,
and (ii) My(U) < max {]\/[f(Ul(n; B3)),M;(Us(n; ﬂ))} for any good escalating function.

Proof. In the proof of this result, let 7/ = (n — 3,33 26-3) 1(*=8)) and 7" = (n — B +
1,2 1=6=1)) " Suppose that the degree sequence of U is m, C,, is the unique cycle of U,
and U contains p pendent vertices. By (3), p(U) < n — f.

Firstly, we suppose that U € T'(7'). Then, every non-pendent vertex is adjacent
to at least one pendent vertex (since U contains exactly n — 8 pendent vertices and £
non-pendent vertices). By Lemma 3.5, we have U = Uy(n; 3), a contradiction.

Secondly, we suppose that U € I'(7”). By the definition of 7", every vertex of V(Cy) \
{v1} cannot be adjacent to any pendent vertex. Note that there are S + 1 non-pendent
vertices in U and every edge in a matching has at least one non-pendent vertex as its end
vertex. If g > 4, then the matching number of U is at most L%J +8+1—(9—1) < p—1,
a contradiction. Thus, g = 3 and hence there are exactly two 2-vertices in Cy being not
adjacent to any pendent vertex. By Lemma 3.4, we have U = U;(n; 3), a contradiction.

From the above arguments, it follows that

(') = {U2(7L; [3)} and ['(7”) = {Ul(n; 6)} (9)

Now, we suppose that 7 & {7/, 7"}. If p <n— 3 —1, then 7 <7” by Lemma 3.1. If
p = n — 3, then since every edge in a matching has at least one non-pendent vertex as its
end vertex and the matching number of U is , we can conclude that each non-pendent
vertex is adjacent to at least one pendent vertex. By Lemma 3.2 (4), it follows that = <7’

By Theorem 2.2 and (9), the results hold. |

Corollary 4.2 Let U be a unicyclic graph with n vertices and matching number 3 (> 3)
such that U 22 Ui(n; ). (0) If v > 1 and B < n —4, then x,(U) < xy(Ui(n; 8)),
Z,(U) < Z,(Uy(n; B)) and My(U) < My(Ur(n; B)). (i) If n > 9 and B < n — 3, then
My(U) < My(Uy(n; B)).

Proof. By an elementary computation, we have

X7(Ui(n; B)) = B(n = B+3)7 +(n =26+ 1)(n = f+2) +47 + (8 - 2)37,
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and

Xo(Ua(n; B)) = 2n—B+3)"+(B-3)(n—=B+2)+3")+(n—-20+1)(n—-F+1)

+6A/ +2x47.

We first prove (i). Since vy > 1 and 3 < 8 <n —4,

XA (U1 (15 8)) = x5 (Ua(n; 8)) = (n=B+3)"+(B=3)(n=F+3)"—(n—-5+2)7)
+n=26+1)(n—B+2)—-(n—-F+1))—6"—47
+37>7—-6"-4"+3">0

by Corollary 2.1. With the similar reason, Z.(Us(n; 8)) < Z.(Ui(n; B)). It is easy to see

that

My(Ui(n; B)) — Mi(Us(n; ) = 2(n — B — 3) > 0.
Thus, (i) follows from Theorems 2.3 and 4.2.

Now, we turn to prove (ii). By Theorems 2.3 and 4.2, it suffices to show that My (U;(n; 3)) >

M;(Us(n; B)). By an elementary computation, we have
Moy(Uy(n; 8)) =28(n—B+1)+4+2(8—-2)+(n—B+1)(n—28+1)
=n?—nf+LF+2n+1,
My(Uz(n; ) =2 % 3(n— B) +15+2(n— B)(B—3) +2(8—3) + (n— B)(n — 26 +1)

=n*—nB+pB+n+9.
Thus, My(Ui(n; B)) — Ma(Us(n; 5)) =n—8 > 0. |
Theorem 4.3 Let B be a bicyclic graph with n vertices and matching number 8, where
4<p<n—4.
(i) 1f B ¢ { Z1(n: B), Za(0s B), Zo(n: B), Za(n: B) ., then
Ry(B) < max { Ry(Za(n: B)), By (Za(n: 8)), R (Za(n: B))}

holds for v <0 or~ > 1, and

Ry (B) > min { R, (Za(n: B)). By(Za(n; 8)), R, (Za(n: B))}

holds for 0 <y < 1.
() If B ¢ {Zz(n; B), Zs(n; B), Zy(n; /)’)} and f(z,y) is a good escalating function,
then
My(B) < max { My(Za(n: ), My(Zs(ns §)), My(Za(n: ) }.
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Proof. Suppose C; and C; are two cycles of B, the degree sequence of B is m =
(dy,ds, . ..,d,) and B contains p pendent vertices. By (3), p < n — . In the proof of this
result, denote by 7' = (n — 3,4,3®, 2009 10=9) 77 = (n — g 4 1,33 2(8-2) 1(n=F-1)
and 7" = (n — f + 2,200+1) 1(2=F-2)),

Firstly, we suppose that 7 = 7’. Since B contains exactly /3 non-pendent vertices and
the matching number of B is equal to (3, every non-pendent vertex is adjacent to at least
one pendent vertex. By Lemma 3.5, we have B = Z,(n; f3).

Secondly, we suppose that 7 = 7. Since dy = 2, we have |[V(Cs) N V(Cy)| = 1.
Note that there are at most |2

(V(Cs) UV(Cy))\{v1}. Thus, the matching number of B is at most

ol

and hence s = ¢ = 3. Since the matching number of B is equal to §, B contains

| + |5%] independent edges induced by the vertex set

{ J+2—(s—1+t—1)<,8+2—F;l—‘—[%—‘ <8,

exactly four 2-vertices being not adjacent to any pendent vertex in B. By Lemma 3.4,
B = Z3(n; B).

Thirdly, we suppose that # = 7”. Since B contains S+ 1 non-pendent vertices and each
edge of the maximum matching with 5 edges in B contains at least one non-pendent vertex
as its end vertex, there is either at most one non-pendent vertex being not adjacent to any
pendent vertex or there are exactly two adjacent non-pendent vertices being not adjacent
to any pendent vertex. Now, we assume that there is at most one non-pendent vertex
being not adjacent to any pendent vertex. Since dy = 2, we have |V(Cs) UV(Cy)| = 4
and there is exactly one non-pendent vertex being not adjacent to any pendent vertex.
In this case, it follows that R(B) & K, — e, and hence either dy > 4 or dy > 3 (since
there is exactly one non-pendent vertex of B being not adjacent to any pendent vertex),
a contradiction. Thus, there are exactly two adjacent non-pendent vertices being not
adjacent to any pendent vertex. By Lemma 3.6, B € {21 (n; B), Za(n; [3)}

By an elementary computation, it follows that

M(Zy(n; ) = My(Zy(n; 8)) = f(3,2) + f(2,1) = f(2,2) = f(3,1) > 0

when f(z,y) is a good escalating function. Combining this with the above arguments, we

may suppose that 7 ¢ {WC 7", 7r”’}. By Theorem 2.2, it suffices to show

m<an orm<a7w” orm<an” (10)

If p<n-—p-2, then 7 <7 by Lemma 3.1 and hence (10) holds.
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If p = n— 3, then every non-pendent vertex is adjacent to at least one pendent vertex.
Now, Lemma 3.2 (#) implies that 7 <7’ and hence (10) holds.

If p=n—f —1, then B contains exactly § + 1 non-pendent vertices. In this case,
either at most one non-pendent vertex being not adjacent to any pendent vertex or there
exist two adjacent non-pendent vertices being not adjacent to any pendent vertex. When
|[V(Cs) UV(Cy)| > 5, then d3 > 3. Otherwise, |V(Cs) UV(Cy)| = 4 and hence R(B) =
K, —e. Recall that either at most one non-pendent vertex is not adjacent to any pendent
vertex or there exist two adjacent non-pendent vertices being not adjacent to any pendent

vertex. Thus, d3 > 3. Now, Lemma 3.3 implies that 7 <7” and hence (10) holds. |

Corollary 4.3 Let B be a bicyclic graph with n vertices and matching number 3 such
that B % Zs(n;B). If v > 1 and 4 < B < n —4, then x,(B) < x,(Z3(n;B)) and
Zy(B) < Z,(Zs(n; B)).

Proof. By an elementary computation, it follows that

X (Za(n@)) = 2n—B+4) + (= B+3)(B=2)+(n—B+2)(n—25+1)

+57 467+ 47 +37(8 - 3),

(n—B+4)(B+1)+ (n—B+3)(n—25+1)+3"(5 - 3)

+47 x 2,

and xo(Zs(n; B)) = (n—=F+4) +2(n—F+3)"+(n—F+2)7(F-4)
+(n—B+1)n—-20+1)+3"(B—-4)+7 x2+5"4+47" x 2.

X+(Zs(n; B))

Since v > 1 and 4 < f < n — 4, by Corollary 2.1 we have

X+(Z3(n; B)) = x+(Za(n; §))

(n=B+4) +(B=2)((n=F+4) — (n—B+3))
+(n—28+1) x ((n—6+3)7—(n—5+2)7)+47

757’ _ 6’7

[\

(n—PB+4)+4 -5 —6">7 +4 -5 -6 >0,
(n—B+4) x2+(B-4)((n=B+47 = (n-5+2))
+(n—25+1)<(n—5+3)7—(n—ﬁ-&-l)”)
+2((n7ﬂ+4)77(n75+3)7)+37777><2757
2An—B+4) +3T =T x2—5 > 8 x2+3 — 7" x 2

Xv(Z3(7746)) - XW(ZAL(n;ﬁ))

Y

—57 > 0.
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Thus, maxx { x,(Zo(n: B)). x5 (Z(n5 8)) } < X, (Za(ni 3))-

With the similar reason,

max {ZW(Zg(n; B)), Z4(Z4(n; /)7))} < Z(Zs(n; B)).

Now, the result follows from Theorems 2.3 and 4.3. |

Corollary 4.4 Let B be a bicyclic graph with n vertices and matching number 3, where
4<pB<n-—4. Ifn>10 and B 2 Z3(n; f), then My(B) < Ms(Z3(n; 5)).

Proof. By an elementary computation, it follows that

My(Zs(n;B)) = 6(n—B+1)+2n—B+1)(B—2)+(n—B+1)(n—28+1)+18
+2(8 —3)
= n?—pBn—B+4n+15,
My(Zs(n;B)) = 2(n—B+2)(B+1)+(n—B+2)(n—28+1)+8+2(8—3)
= n?—pn—B+5n+8,
My(Zy(n; ) = 4n—B)+6(n—p5)+2n—pB)(B—-4)+ 0 —pF)n-20+1)
28 —4) +34
= n?—fn—B+3n+26.

Since My(Z3(n; B)) — Ma(Z2(n; B)) = n— 7 > 0 and My(Z3(n; B)) — Ma(Zs(n; B)) =
2n — 18 > 0, the result follows from Theorems 2.3 and 4.3. |
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