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Abstract

Let G,, be the set of graphs with n non-isolated vertices. In this paper we identify
vertex-degree-based topological indices over G, with vectors in R*, the Euclidean
space with h = @
extremal values of a topological index in terms of angles between vectors in R".
Then we consider the following problem: given a graph Gg € G,, does there exist a
vertex—degree-based topological index that attains its extremal values in Go? The
answer is affirmative. In order to do this, we introduce the support of the graph
G, the reference vector, and then construct vectors such that Gy is an extremal
value.

coordinates. In this setting, we give an interpretation of the

1 Introduction

In the chemical literature, a great variety of topological indices (molecular structure de-
scriptors) have been and are currently considered in applications to QSPR/QSAR stud-
ies [1,11,12]. Many of them depend only on the degrees of the vertices of the underly-
ing molecular graph and are now called vertex—degree-based topological indices. More

precisely, given nonnegative numbers {¢;;}, a vertex-degree-based topological index is
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expressed as

TI=TIG) = Y myp; (1)

1<i<j<n—1
where G is a (molecular) graph with n vertices and my;; is the number of edges of G
connecting a vertex of degree ¢ with a vertex of degree j. For instance, ¢;; = % pertains
to the Randié¢ connectivity index [10], one of the classical vertex—degree—based topological
indices with more applications in chemistry and pharmacology. Details on this and others
degree—based—topological indices can be found in [2-8] and the references cited therein.
Let G,, be the set of graphs with n non-isolated vertices. In Section 2 of this paper we
give a one-to-one correspondence between vertex—degree—based topological indices over

-1 .
w coordinates. So we can

G, and vectors in R”*, the Euclidean space with h =
identify vertex—degree—based topological indices with vectors. In this setting, we give an
interpretation of the extremal values of a topological index in terms of angles between
vectors in R,

One important problem that appears frequently in the mathematical-chemistry lit-
erature is to find the extremal values of well known topological indices over the class of
graphs with equal number of vertices. In Section 3 we consider the inverse problem: given
a graph Gy € G,, does there exist a vertex—degree-based topological index that attains
its extremal values in Gy? The answer is affirmative. In order to do this, we introduce the
support of the graph Gy, the reference vector, and then construct vectors in Theorems
3.5 and 3.10 such that G is an extremal value.

The proof of our main result strongly relies on [9, Theorem 2.3]. Let T'I be a vertex—
degree-based topological index defined from the numbers {¢;;} as in (1). Consider the

i)

numbers fi; = 7%, where (7, j) belongs to the set

K={(i,j)eNxN:1<i<j<n—1}.

Define the sets
Koin (f) = {(n s)€K: frs= min fij}

(ig)EK
and

(3.5)
The complements of Kuyin (f) and Kpay (f) in K are denoted by K&, (f) and K&, (f),

Ko (1) = {0) € K 5 = s o |

respectively.
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Theorem 1.1 [9] Let T1 be a vertez—degree-based topological index as in (1) and define
fij = % for every (i,7) € K. For every graph G € G,

n ( min fz'j) <TI(G)<n ( maz fu‘) .

(i,j)EK (i.J)EK
Moreover, equality on the left occurs if and only if mp, = 0 for all (p,q) € K&, (f).
Equality on the right occurs if and only if m,.s = 0 for all (r,s) € K&, (f).

2 Geometric representation of vertex—degree—based
topological indices

Let n be a positive integer. Consider the set

K={(i,j)eNxN:1<i<j<n-—1}.

Note that K has exactly h = @ elements. We order lexicographically the elements of

K:

(L) < (1,2) < (L,3) < (1,4) < -- < (ILn—=1)
< (2,2) < (2,3) < (2,4) < --- < (2,n-1)
< (3,3) < (3,4 <

< (Bn-1)
< n=2,n—-2) < (n—2,n—-1)

< (n—1,n—-1)
so we can express every vector of R" as (¢;;), where ¢;; € R for all (i, ;) € K.

Recall that the dot product of two vectors X = (2); syex and Y = (¥i5) i jyese Of R*

(i.5)eK
Let G, be the set of graphs with n non-isolated vertices. Consider the function m :
G, — R" defined by m (G) = (my; (G))(i.yex> Where G € G,. We next formally define a

vertex—degree-based topological index over G,,.

Definition 2.1 A vertex-degree-based topological index is a function T, : G, — R
defined as

o(G) =m(G) - ¢, 2)

for all G € G,,, where p € R".
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So every vertex-degree-based topological index is of the form T, for some vector ¢ €
R*, and conversely, every vector ¢ € R" induces a vertex degree based topological index
T, as in (2). In other words, vertex—degree-based topological indices can be identified
with vectors in R". From now on, if G € G, we write ¢ (G) instead of T,,(G). In other

words, if G € G,, then
@ (G)=m(G) .

Example 2.2 The Randié¢ index over G, is the vector ¢ = (i

_ € R".
Vi ) ek

Recall that the length of X € R" is || X]|| = (X - X)%. The angle between the two
vectors X and Y of R is defined as the angle @ between 0 and 7 such that

XY
€080 = . (3)
XY

The vectors are perpendicular if 6 = 5. 1f < Z (vesp. 6 > 7) then the angle is acute
(resp. obtuse). It follows from (3) that the angle between X and Y is acute (resp. obtuse)
ifand only if X -Y > 0 (resp. XY <0). If XY =0 then X and Y are perpendicular.
We next give a geometric interpretation of the extremal values of a vertex—degree—based

topological index over G,,.

Theorem 2.3 Let Gy € G,. Gq attains the minimum value of the vertex—degree—based
topological index ¢ € R* over G, if and only if @ is perpedicular or forms an acute angle

with m (G) —m (Gy), for all G € G,.
Proof. Note that for all G € G,
[m(G) —m(Go)] - ¢ = ¢(G) — ¢ (Go). (4)

The result follows from (4) using the fact that Gy attains the minimum value of ¢ if and
only if ¢ (G) — ¢ (Gy) > 0. |

Similarly we have the following result.

Theorem 2.4 Let Gy € G,,. Gq attains the maximum value of the vertez—degree—based
topological index ¢ € R" over G, if and only if @ is perpedicular or forms an obtuse angle

with m (G) —m (Gy), for all G € G,.
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3 Isevery graph the extremal value of a vertex degree
based topological index?

One fundamental problem in chemical graph theory is to determine the extremal values
of a given vertex—degree—based topological index over G,. Now we consider the inverse
problem: given a graph Gy € G, does there exist ¢ € R" such that Gy is an extremal

value of ¢ over G,7

Definition 3.1 The support of a graph G € G, is denoted by Supp (G) and defined as
Supp (G) = {(p,q) € K : mp, (G) > 0}.

Example 3.2 We compute the support of several graphs:

1. If S, is the star tree with n vertices then Supp (S,) = {(1,n —1)};
2. If K,, is the complete graph with n vertices then Supp (K,) = {(n —1,n—1)};

3. If P, is the path tree with n vertices then Supp (P,) = {(1,2),(2,2)}.

Definition 3.3 We define the reference vector R = (qu) € R" as the vector with coor-
dinates Ryq = pp—:q, for all (p,q) € K.

Example 3.4 Ifn =4 then h = ‘12—% =6 and the reference vector R = (qu) € RS is

2 3/2 4/3
R=|+ 1 5/6
x o« 2/3

Let X = (4) ;jyex and Y = (yij)(i,j)ek be two vectors of R*. We write X > Y to
indicate that x;; > y;; for all (¢,5) € K. Also, if L C K then X |, =Y'|, means z;; = y;;
for all (i,7) € L.

Now we can state and prove our main result. We denote by Supp® (G) the complement

of Supp (G) in K.

Theorem 3.5 Let Gy € G, and k a positive number. If ¢ € R" is such that ¢ > kR and

D |supnicyy = KR | supnicy) + then ¢ attains its minimum value over G, in Go and (Go) = nk.
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Proof. Consider the vector ¢ = (p,,) € R" such that ¢ > kR and ¢

Supp(Go)

kR Let f,, = 2222 for every (p,q) € K. Clearly, f,q = k for every (p,q) €

Supp(Go) pq
Supp (Go) and fpy > k for every (p,q) € Supp®(Go). Consequently, k = (m)in}\fij and
i)k
Supp (Go) € Kuin (f). Then K&y (f) C Supp® (Go) which implies my; (Go) = 0 for all
(i,7) € K& (f). Hence by Theorem 1.1
G) > n min fi; = nk = ¢ (Gy),
#(G) 2 n min fij =nk = ¢ (Go)

for every graph G € G,. Consequently, ¢ attains its minimum value in Gy over G,, and

¢ (Go) = nk. u
O—O O ? 0]
i i,__o—o g:g Yo 0-0-0-0 i
C—0O % O @]
4 B C D E i3 G

Figure 1. Graphs in G4

Corollary 3.6 Let Gy € G, and ly a positive number. There exists a topological index

¢ € R" that attains its minimum value in Go over G, and ¢ (Go) = lo.

Proof. Choose ¢ = (¢,,) € R" such that ¢ > %72 and ¢ Supp(Co) = ZT‘L’R Supp(Go) * Then
by Theorem 3.5, ¢ € R" attains its minimal value in Gy over G, and ¢ (Gy) = n%’ = .
|

Example 3.7 Consider the following problem: among all graphs in Gy (see Figure 1),
find a vertex—degree—based topological index ¢ such that C has minimum value over G,

and ¢ (C) = 2. As in the proof of Corollary 3.6, we compute the vector %O"R, which in this

case is
1 2 3/2 4/3
“R==-|x 1 5/6
2 2\ 2/3

Note that Supp (C) = {(1,3),(2,2),(2,3)}. Choose a vector ¢ >3R such that
1
-R

¥ (@9).(22),23) 2 {(1,3),(2,2),(2,3)} *

For instance,

[NV]

2 4/3
1 5/6

* %1

AN
Il

|
*



-321-

Then by Theorem 3.5, ¢ attains its minimum value in C' over Gy and ¢ (C) = 2. In fact,

P(A)=6(1/2) =3 . p(B)=3(2/3) =2
0(B)=4(5/12)+1/2=13/6 ; @(F)=2(1)+1/2="5/2
e(C)=1/2+2/3+2(5/12) =2 ; ¢(G)=2(1)=2.
p(D)=4(1/2) =2 ;

It is well known that the star tree S,, and the complete graph K, are extremal values
of many important vertex—degree—based topological indices over G,. Theorem 3.5 can
explain this, as we shall see in our next results. Note that Supp (S,) = {(1,n — 1)} and

Supp (K,) = {(n—1,n—1)}. In both cases, the support has exactly one element.
Corollary 3.8 Let Gy € G, and assume that Supp (Go) = {(po, q0)}. If p € R" satisfies
© > koR, where kg = %wmqn, then Gy attains the minimum value of ¢ over G,.

Proof. Since ¢ > koR and the coordinate pyqo of kR is

= Ppoqo>

k1)o+(10_<poqo “ )po+qo
o0 =
Poqo po+a ") powo

we deduce the result from Theorem 3.5. |

Example 3.9 Let S, be the star tree with n vertices. Note that Supp (S,) = {(1,n —1)}.
By Corollary 3.8, S, is the minimum value of any vertex—degree—based topological index

© = (ppg) € R" over G, that satisfies

p+qgn—1
>— ne 5
¥Prq = g n Prn-1 (5)
for all (p,q) € K. Note that for the Randié index @pq = \/%, geometric-arithmetic index
Ppg = 2’7@, harmonic index pp, = ﬁ, sum-connectivity index \/ﬁ and augmented

3
Zagreb index pp, = (#) , condition (5) holds. Hence, for each of these indices, the

star attains its minimum value over G,.

Similarly, we have the dual results of Theorem 3.5, Corollaries 3.6 and 3.8.

Theorem 3.10 Let Gy € G, and k a positive number. If 1 € R" is such that ¥ < kR
and Supp(Go) = kR Supp(Go) ? then 1 attains its mazimum value over G, in Gy and

Corollary 3.11 Let Gy € G,, and my a positive number. There exists a topological index

1 € R" that attains its mazimum value in Gy over G, and ¥ (Go) = my.



-322-

Example 3.12 Let us find a topological index 1) over Gy such that F' has mazimum value

and ¥ (F) =1 (see Figure 1). The support of F is {(1,2),(2,2)}. So we choose a vector

/ 1 . Ji _ 1 . .
¥ <3R such that ¢ e = iR (222 - For example,
3/2 3/2 1 1 2 3/2 4/3 1
P =1 * 1 2/3 < 1 x 1 5/6 | = ZR

x o« 1/3 * % 2/3

Hence, by Theorem 3.10, v attains its mazimum value in F over Gy and ¢ (F) = 1. In

fact,

¥ (4)=6(1/12) = 1/2 L 0 (E)=3(1/4) = 3/4
(B) =4(1/6) +1/12 = 3/4 ; ¢( )=2(3/8)+1/4=1
G(C)=1/4+1/4+2(1/6) =5/6 ; & (G)=2(3/8) = 3/4.
(D)=4(1/4) =1

Corollary 3.13 Let Gy € G, and assume that Supp (Go) = {(po,qo)}. If 1 € R" satisfies

Y < koR, where ky = %wmqm then Gq attains the mazimum value of ¥ over G,.

Example 3.14 Let K,, be the complete graph with n vertices. Then

Supp (K,) ={(n—1,n—1)}.

By Corollary 3.13, K,, is the maximum value of any vertez—degree—based topological index

¥ = (Y;;) € R" over G, that satisfies

p+gn—1
q/qu S Pq 2 wnfl,nfl (6)

for all (p,q) € K. For instance, the first Zagreb index v,y = p + q, the second Zagreb
index Vp, = pq, the Randic index 1,y = the harmonic index 1y, = 2 , the geometric-
%, : pﬂ, the ABC index
Upg = \/mcmd the augmented Zagreb 1y, = <$> satisfy condition (6). Hence,

for each of these indices, the complete graph K, attains its mazimum value over G,.

\/77

arithmetic index 1p, = the sum-connectivity index Vp, =

Corollary 3.15 Let Gy and G1 be two graphs such that Supp (Go) N Supp (G1) = 0, and
let ly < ly be two positive numbers. There exists a topological index ¢ which attains its
minimum and mazimum value over G, in Gy and Gy, respectively, and ¢ (Go) = ly and
¢ (G1) = 1.

Proof. Define ¢ = (¢,,) € R" such that %’R <p< %7?,, © | Supp(Go) = %’R ‘Supp(c())
and ¢ |5upp(Gl) = %’R |5upp(cl). Then proceed as in Theorems 3.5 and 3.10. |
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One final comment. The most important vertex—degree-based topological indices are
vectors which derive from symmetric functions (for instance, the Randi¢ index \/%, the
geometric-arithmetic index %, etc ....). What about the vectors that are not of this

type, are they interesting in applications to QSPR/QSAR?
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