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Abstract

For a graph G and a real number «, the graph invariant s,(G) is the
sum of the ath powers of the signless Laplacian eigenvalues and o, (G) is the
sum of the ath powers of the Laplacian eigenvalues of G. In this study, for
appropriate vales of alpha, we give some bounds for the generalized versions

of incidence energy and of the Laplacian-energy-like invariant of graphs.

1 Introduction

Let G be a finite, simple, connected graph with n vertices and m edges. Let V(G) =

{v1,v2,...,v,} be the vertex set of G. v; € V(G), the degree of the vertex v; , denoted
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by d;. The maximum vertex degree is denoted by A and the minimum vertex degree is
denoted by 9.

Let A(G) be the (0,1) —adjacency matrix of G and D(G) be the diagonal matrix of
vertex degrees. The matrix L(G) = D(G) — A(G) (resp., Q(G) = D(G) + A(G)) is called
the Laplacian matrix [26,27] (resp., the signless Laplacian matrix ) of G. Since A(G),
L(G) and Q(G) are all real symmetric matrices, their eigenvalues are real numbers. So,
we can assume that A (G) > A (G) > ... > \(G) (resp., u1(G) > uz(G) > ... > pa(G),
@ (G) > @(G) > ... > ¢.(G)) are the adjacency (resp., Laplacian, signless Laplacian)
eigenvalues of G.

The energy of G was defined by Gutman in [12,13] as

E@) =) |
Aiy i =1,...,n are the eigenvalues of adjacenlc;f matrix of G. For survey and details on
E(G), see [12-15,22, 28, 34].

Let I(G) be the (vertex-edge) incidence matrix of the graph G with vertex set
{v1,09, ..., v, } and edge set {ejea, ...,e,}. The (4, 7) -entry of I(G) is 0 if v; is not incident
with e; and 1 if v; is incident with e;. Jooyandeh et al. [20] introduced the incidence
energy I F of G, which is defined as the sum of the singular values of the incidence matrix

of G. Gutman et al. [17] showed that
IE=1EG) =Y Vi
i=1

Some basic properties of IE may be found in [17,18,20].
In [23] Liu and Lu introduced a new graph invariant based on the Laplacian eigen-

values .
LEL = LEL(G) =Y /i
i=1

and called it Laplacian energy like invariant. At first it was considered that LEL [23]
shares similar properties with Laplacian energy [16]. Then it was shown that it is much
more similar to the ordinary graph energy [19]. For survey and details on LEL, see [24].

For a graph G with n vertices and a real number «a, the sum of the ath powers of the

non zero Laplacian eigenvalues is defined as [33]

n—1

0o =0a(G) = z#g
i=1
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For survey and details on sum of powers of the Laplacian eigenvalues of graphs, see [9].
The cases @« = 0 and a = 1 are 0g = n — 1 and o7 = 2m, where m is the number of edges
of G. Note that oy, is equal to LEL.

Motivated by the definitions of IE, LEL and o,, Akbari et al. [1] introduced the sum

of the ath powers of signless Laplacian eigenvalues of G as
n
So = 54(Q) = Zq;’
i=1

and they also gave some relations between o, and s,. In this sum, the cases o = 0
and a = 1 are sp = n and s; = 2m. Note that s, is equal to IE. Note further that
Laplacian eigenvalues and signless Laplacian eigenvalues of bipartite graphs coincide [6,
26,27]. Therefore, for bipartite graphs o, is equal to s, [2,25,29,30,35] and and LEL is
equal to TE [17].

In this paper, we give some generalizations for the Incidence energy and the Laplacian-

energy-like invariant of graphs.

2 Lemmas

The following lemmas will be used for our main results.

Lemma 2.1 ( [26]) Let G be a graph on n vertices with at least one edge. Then
> A+ 1.

Moreover, if G is connected, then the equality holds if and only if A =n — 1.

Lemma 2.2 ( [26]) Let G be a graph of order n and G its complement. If Spec(G) =

{141, phay ooy fn—1,0} , then Spec(G) = {n — p1,n — pa,...,n — py—1,0} . From this, it fol-

lows that py(G) < n with equality holding if and only if G is connected.

Lemma 2.3 ( [8]) Let G be a connected graph with n > 3 wvertices. Then pa = pz =
o = pin—1 if and only if G =2 K,, or G = Kaan or G= Ky, .

Lemma 2.4 ( [8]) Let G be a connected graph of order n. Then py = pig = ... = fip—1 if
and only if G =2 K, .
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Let ¢t = t(G) be the number of spanning trees of a graph G. Let G; x G denotes
the Cartesian product of the graphs G; and Go [5]. Now we introduce the following two
auxiliary quantities for a graph G as
Qt(G X Kg)

— (1)

HG)

A+6+ /(A —=6)?+4A

ho= h(G) =

and where A and § are the maximum and minimum vertex degree of G, respectively.

n—1 n—1
Lemma 2.5 ( [7]) If G is connected bipartite graph of order n, then [ = [la =

=1

n
nt(G). If G is a connected non-bipartite graph of order n, then [[q¢; = t1.

i=1
Lemma 2.6 ( [4], [32]) Let G be a connected graph with n > 3 vertices and A be the
mazimum vertex degree of G. Then q1 > to > A + 1 with either equalities if and only if

G is a star graph K 1.

Lemma 2.7 ( [6], [26], [27]) The spectra of L(G) and Q(G) coincide if and only if the
graph G 1is bipartite.

Lemma 2.8 ( [31]) Let G be simple connected graph with n vertices. Then q < 2A,
with equality if and only if G is a reqular graph.

Lemma 2.9 ( [21]) Let 21,22, ...,xn be non-negative numbers, and let

| X N 1/N
= NZI’ and = (le )
i=1 i=1

be their arithmetic and geometric means. Then

1
N(Nf1)2(‘/”‘7’\/‘”7) <B-vs< *Z(\F vz)
i<j i<j
Moreover, equality holds if and only if 1 = x93 = ... = zN.

n
Lemma 2.10 ( [11]) For ay,as,...,a, > 0 and py ps, ...,pn > 0 such that Y p; =1

i=1

Zpiai ~TJat = na ( Z‘% Hal/n>

where A = min {py pa, ..., pn} . Moreover, equality holds if and only if a1 = ay = ... = ay.
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3 Main Results

After all above materials, we are now ready to present our main results.

Theorem 3.1 Let a be a real number with 0 < o < 1 and let G be a connected graph of

order n with maximum degree A and t spanning trees. Then

A

o n— o0 — 20 n— tn 2a/n—2
(@ =4 S rz—+x/( 3) [ (A+1)*] +(n—2) (&Z5) )

(A + 1)a + \/UZa —n2e 4 (TL — 2)(7}, — 3)t2a/n—2.

\Y

FEquality hold on both sides if and only if G = K,, or G = K;,,_1 .

Proof. Taking N = n —2 and z; = p2*, i = 2,3,..,n — 1 in Lemma 2.9 and using

Lemmas 2.1 and 2.2, we obtain

2 2
Wi = g - Wi = g
2§i<gZ§n—1 ( ]) Ooe — V‘%a B E 2a/n—2 - 9<iden1 ( ])
m—2)(n—3) ~ n-2 o - (n—2)

n—1
Since Y p2® = 0y,, we have
=1

o) = a2 Y ()

2<i<j<n—1 2<i<j<n—1

n—1 2 n—1
(n — 3) (020 — p3%) — <Zu> +y o
=2 =2

(n—2) (O'Qa - uf‘l) — (00 — /L‘f)z .

Therefore,

(71 — 2) (UZQ - Hfa) - (O’a — u‘f)Q o0 — Mfa nt 2a/n—2
(n—2)(n-3) = n—2 7(;)
(n—2) (090 — 13%) — (04 — /1/,11)2‘
B (n—2)

This implies that,

00 < pf + \/(n —3)[o2a — 3]+ (n —2) (%)M/mz (3)

and

2a/n—2
Uazu‘f+\/Uzafuf”+(n*2)(ﬂ*3) (=) (4)
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Consider the function,

F(@) = /(1= 3) [020 — 220] + (n — 2) ()"

It can be easily shown that f(z) is decreasing for z > A+ 1, as 0 < a < 1. Thus, we

get

F(@) < FA+1) = /(0 = 3) [o20 — (A + 1™ + (n - 2) (529)™" 2
Considering this, (3) and Lemma 2.2, we get
g0 =) oz = (3 + D]+ (0= (82

< n*4 \/(n -3) [Uza —(A+ 1)2”] +(n—2) (At—il)?a/nﬁ.

04(G)

IN

In an analogous manner,

g(x) = \/Uza — 22+ (n—2)(n—3) (%)2"/”

is a decreasing function for x < n, as 0 < a < 1. Therefore,

9(z) = g(n) = \/ Taa — 120 + (n — 2)(n — 3)t2e/n-2

Considering this, (4) and Lemma 2.1, we get

Y

Ou uy + \/JzLY —n2 + (n — 2)(n — 3)t2e/n—2

> (A1) + \fou — n2 + (n— 2)(n — B)i2e/n-2,

By this, the first part of the proof is done.

Suppose now that equalities hold in (2). Then all the above inequalities must become
equalities. For both lower and upper bounds, by Lemma 2.9 it must be py = p3 =
... = ftn—1. Then by Lemma 2.3, either G = K, or G = K;,_; or G = K a . Moreover
1 = A+ 1 = n for both lower and upper bounds. Then by Lemmas 2.1 and 2.2, we
conclude that G = K,, or G = K1, .

For the converse, if G = K,, or G = K, it is easy to see that equalities (2) hold.
|

Corollary 3.2 Let a be a real number with 0 < o < 1 and let T be a tree of order n with
mazimum degree A. Then

= { =009 o= @ 07 £ 02 (st
> (A+ 1)+ /090 — 129+ (n — 2)(n — 3).
FEquality holds on both sides if and onlt if T'= Ky, .

)204/71,72
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Proof. For a tree T, t = 1. [ |

Corollary 3.3 Let a be a real number with 0 < a < 1 and let U be a connected unicyclic

graph of order n with maximum degree A. Then

() =4 =™ F \/(” =3) [o2a — (A+1)*] + (n—2) (A%)?u/nfz

> (A + 1) + /020 — n2 + (n — 2)(n — 3)32/n-2,

Equality holds on both sides if and only if U = K.

Proof. For unicyclic graphs, 3 < ¢ < n and K3 is the only unicyclic graph for which
equality in Theorem 3.1 holds. |

For a special case, if we take o = %, we get the same bounds as in Theorem 2.5 and
Corollaries 2.6 and 2.7 of the paper [10] for the LEL given as follows:

Theorem 3.4 ( [10]) Let G be a connected graph of order n with m edges, mazimum

degree A and t spanning trees. Then

ene - SVitJo=3)em-a-1)+@n-2) (@)
> VA+T+2m—n+(n—2)(n—3)t/n2

Equality hold on both sides if and onlt if G = K, or G = Ky, .

Corollary 3.5 ( [10]) Let T be a tree of order n with maximum degree A. Then

>n—2+VA+1.

Equality holds on both sides if and onlt if T = Ky, .

LEL(T) = { <Vn+ \/(n —3)@n—A—3)+(n—2) ()"

Corollary 3.6 ( [10]) Let U be a connected unicyclic graph of order n with mazimum

degree A. Then

LELU) = ) SVt \/(n—B) 2n—A—1)+(n—2) (A"jl)l/H
>VA+1++/n+(n—2)(n—3)3/n2

Equality holds on both sides if and onlt if U = K3 .

By using the Lemmas 2.1-2.9, we obtain the following results.
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Theorem 3.7 Let a be a real number with 0 < a < 1 and let G be a connected graph
with n > 3 wvertices, mazimum degree A and t spanning trees and let tyand ts be given by
(1).

(2) If G is bipartite then

0a(G) = 54(C) = S“’”\/ -3+ 0-2(2)"

> 5+ \/s20 — n2 + (n — 2)(n — 3)t2/n-2,

Moreover, equalities hold if and only if G = Ky,_1 .
(i2) If G is non-bipartite, then

Sl

< (20)" + \/(an)[smftQ" nfl(

2a/n—1
) ©)
4o @ -

2a/n—1

54(G) =

Proof. (i) Taking N =n —2and z; = ¢**, i = 2,3,...,n — 1 in Lemma 2.9 and using

Lemmas 2.1 and 2.2, we obtain

2<i<j<n—1 S2a — @1

- m
(n=2)(n—3) — n-2

q1

2<i<j<n—1

(n—2)

(@ —q3)° o ( )QO/H > (-

n—1
Since Y ¢?* = s9,, we have

i=1
) n—1
Yool —a) = =3y -2 Y ()
2<i<j<n—1 i=2 2<i<j<n—1
n—1
= (n—3) (520 — %) — (Zfﬁ) + Zq “
=2
= (n—2) (520 — @) — (50 — ).
Therefore,

(n —2) (890 — @) — (S0 — ¢)° s3— g2 ([t %0/n—2
(n—2)(n—23) < n—9 ( ) |
(n—2) (s20 — q%) — (80 — q‘f‘)z

B (n—2) :

This implies that,

20/n—2

Sa < g + \/(n —3) [s20 — ¢¥°] + (n—2) (%) (7)
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and

20/n—2

Sa > qf + \/SZa — ¢+ (n—2)(n—3) (%) : )

Consider the function,

7)== ) 320 — 32] + (0 — 2) (2)*"
It can be easily shown that f(z) is a decreasing function for x > A+1,as 0 < a < 1.

By Lemma 2.6, we have ¢; > to > A + 1.Therefore,

0 < 1009 = i 8o )+ -2 ()

to

considering this, (7) and Lemma 2.2, we get

A

0 < = -4 -2 (2)

2

IN

e \/(n =3)[s2a —13°] + (n - 2) (%)20/%2‘

In an analogous manner,

g(z) = \/sw —x2 + (n—2)(n—3) (%)2&/7172

is a decreasing function for x < n, as 0 < a < 1. Therefore,

g(x) > g(n) = \/5201 —n2e 4 (n —2)(n — 3)t2a/n-2

considering this, (8) and Lemma 2.6, we get

Y

Sq q + \/52(y —n2 + (n—2)(n — 3)t2/n2

> 15+ \/SQQ —n% 4 (n—2)(n — 3)t2/n2,

By this, the first part of the proof is done.

Suppose now that equalities hold in (5). Then all the above inequalities must become
equalities. For both lower and upper bounds, by Lemma 2.9 it must be ¢o = ¢3 = ... =
@n-1. Then by Lemmas 2.3 and 2.7, either G = K,, or G = K ,_1 or G = Ka a . Moreover
¢1 = to = n for both lower and upper bounds. Then by Lemmas 2.1, 2.2 and 2.6 , we
conclude that G = K ,,_; .

Conversely, equalities hold on both sides of (5) for G = K, .

(i4) Taking N =n — 1 and 2; = ¢?*, i = 2,3,...,n in Lemma 2.9 and using Lemma

2.5, we obtain
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> (- )

s<icien 0 cSa—qt (b 2o/ < 2si<in
n=1)(n—2) — n-1 ¢ n—1

n
Since > ¢?* = Sg4, we have
=1

oo @ -a) = (n-2) 2at=2 3 (ag)

2<i<j<n 2<i<j<n

n 2 n
= (n—2) (500 — ) — (ZQ?> +) g
=2 =2

(n—1) (520 — %) — (50 — ).

Therefore,

(TL — 1) (SQQ - (I%a) - (Sa — q?)Q < S2a — q%a _ i s/t
(n—=1)(n—2) - n-1 7
(n=1) (520 = ¢1*) = (50 — a8)°
n—1 '

This implies that,

2a/n—1
e \/ (n—2) [san — 2] + (n— 1) (;—) ©)

and

¢ 2a/n—1
50> @ 1/s2m—E°+(n—1)(n—2) (qi) . (10)
1

Consider the function,

fa) = ¢ (1= 2) [s30 — 2] + (0 — 1) (’—)/ .

T

It can be easily shown that f(z) is a decreasing function for x > A+1,as 0 < a < 1.

By Lemma 2.6, we have ¢; > to > A + 1.Therefore,

o) < 10 = fln = D a3+ 0 1) ()"

Considering this, (9) and Lemma 2.8, we get

. 20/n—1
So S a0 =2) 520 — 3]+ (0 — 1) (&)

2a/n—1

A + (0= 2) [~ 37+ (= 1) (2)

IN
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In an analogous manner,

x

is a decreasing function for x < 2A, as 0 < @ < 1. Therefore,

2a/n—1
902 628) = fs20 = (200" 4 (0= 100 -2) (55 )

considering this, (10) and Lemma 2.6, we get

Sa

q?+\/52a(2A)2”+(n1)( - 2)

vV
3
|
)
N
m‘ﬁ
=
~_
[ &)
)
2
3
L

g + \/sm — (2A)* + (n —1)( )

Hence the inequalities (9) and (10) hold. Either equalities in (9) and (10) hold if and only

\Y
S
|
™
A/~
N ~
HE
~——
[ &)
S
£
7

ifqy =ty =2A and ¢ = g3 = ... = ¢,,. From the conditions ¢, = 2A and ¢ = ¢z = ... = ¢,

we conclude that G = K,, . However
G (Kp)=2n—-1)#n—-1+vn—-1=1t(K,)
Thus, (9) and (10) cannot become equalities. |

Corollary 3.8 Let a be a real number with 0 < o < 1 and let T be a tree with n > 3

vertices, mazimum degree A and let to be given by (1). Then,

IN

n® + \/(n —3) [s20 — 13°] + (n — 2) <%>2a/n,2

> 18+ /520 — N2+ (n —2)(n — 3).

0a(T) = 5a(T) =

Equality holds on both sides if and only if G = K ,,_1 .

Proof. Every tree is a bipartite. For a tree T', t = 1. |

Note that, if we take @ = %, we get the same bounds as in the Theorem 3.1 of the

paper [3] for the IE given as follows:

Theorem 3.9 ( [3]) Let G be a connected graph with n > 3 vertices, m edges, mazimum
degree A and t spanning trees and let tyand ty be given by (1).
(i) If G is bipartite then

o \ /2
LELG) = IB@G) =4 = V' \/(” =) @m =)+ (n=2) ()
> Vi +/2m—n+(n—2)(n - 3)tt/n-2
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Moreover, equalities hold if and only if G = Ky, .

(ii) If G is non-bipartite, then
1/n—1
< V2A + \/(71 -2)2m—ty)+(n—1) (%)
£ \1/n—1
>\/E+\/2m—2A+(n—l)(n—2)(i) .

For a special case, if we take v = £ in Corollary 3.8, we get the following result.

1E(G) =

Corollary 3.10 Let T be a tree with n > 3 wvertices, mazximum degree A and let ty be

given by (1). Then,

IN

ﬁ*\/(n*?») (2n —2 —ty) + (n—2) (%)1/%2
Vis+ (n—2).

LEL(T) = IE(T) =

\%

Equality holds on both sides if and onlt if T = Ky, .
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