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Abstract
In this paper we study the resonance graphs of benzenoid systems, tubulenes,
and fullerenes. We introduce the concept of the generalized Zhang-Zhang polynomial for these molecules. Instead of considering only interactions between 6-cycles
(Clar covers), we also consider 10-cycles, which contribute to the resonance energy
of a molecule as well. Therefore, we generalize the concepts of the Zhang-Zhang
polynomial of the underlying molecular graphs and the cube polynomial of the
corresponding resonance graph and prove the equality of these two polynomials.

1 Introduction
A benzenoid system is determined with all the hexagons lying inside cycle C of the
hexagonal lattice. They represent molecules called benzenoid hydrocarbons. These graphs
are also known as the hexagonal systems and form one of the most extensively studied
family of chemical graphs. For fundamental properties of benzenoid systems see [9], while
some recent results can be found in [11, 12, 19, 22]. If we embed benzenoid systems on a
surface of a cylinder and join some edges we obtain structures called open-ended singlewalled carbon nanotubes also called tubulenes. Carbon nanotubes are carbon compounds
with a cylindrical structure and they were first observed in 1991 [10]. If we close a carbon
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More exactly, a fullerene is a molecule of carbon in the form of a hollow sphere, ellipsoid,
tube, or many other shapes. The first fullerene molecule was discovered 30 years ago.
In graph theory, a fullerene is a 3-regular plane graph consisting only of pentagonal and
hexagonal faces. The overview of some results on fullerene graphs can be found in [1].
Papers [7, 18] present a sample of recent investigations.
The concept of the resonance graph appears quite naturally in the study of perfect
matchings of molecular graphs of hydrocabons that represent Kekulé structures of corresponding hydrocarbon molecules. Therefore, it is not surprising that it has been independently introduced in the chemical [6, 8] as well as in the mathematical literature [21]
(under the name Z-transformation graph) and then later rediscovered in [15, 16].
The equivalence of the Zhang-Zhang polynomial of the molecular graph and the cube
polynomial of its resonance graph was established for benzenoid systems [23], tubulenes
[2], and fullerenes [20]. The Zhang-Zhang polynomial counts Clar covers with given
number of hexagons, i.e. conjugated 6-cycles and it was introduced in [24]. For some
recent research on the Zhang-Zhang polynomial see [4, 5]. Cube polynomial of a graph H
was introduced by Brešar et al. in [3] as a counting polynomial for the number of induced
hypercubes in H of different dimensions.
The resonance energy is a theoretical quantity which is used for predicting the aromatic
stability of conjugated systems. In the conjugated-circuit model, the resonance energy is
determined with conjugated cycles of different lengths (see [14]), not only with 6-cycles.
Among them, only 6-cycles and 10-cycles have uniquely determined structure. Therefore,
we introduce the concept of the generalized Zhang-Zhang polynomial, which considers
both of them. In this paper we prove the equivalence of the generalized Zhang-Zhang
polynomial of a molecular graph and the generalized cube polynomial of the corresponding
resonance graph.

2 Preliminaries
A benzenoid system consists of a cycle C of the infinite hexagonal lattice together with all
hexagons inside C. A benzenoid graph is the underlying graph of a benzenoid system.
Next we formally define open-ended carbon nanotubes, also called tubulenes [17]. Choose
→
→
any lattice point in the hexagonal lattice as the origin O. Let −
a and −
a be the two basic
1

2
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→
→
lattice vectors. Choose a vector OA = n−
a1 + m−
a2 such that n and m are two integers
and |n| + |m| > 1, nm 6= −1. Draw two straight lines L1 and L2 passing through O and
A perpendicular to OA, respectively. By rolling up the hexagonal strip between L1 and
L2 and gluing L1 and L2 such that A and O superimpose, we can obtain a hexagonal
tessellation HT of the cylinder. L1 and L2 indicate the direction of the axis of the
cylinder. Using the terminology of graph theory, a tubulene T is defined to be the finite
graph induced by all the hexagons of HT that lie between c1 and c2 , where c1 and c2 are
−→
two vertex-disjoint cycles of HT encircling the axis of the cylinder. The vector OA is
called the chiral vector of T and the cycles c1 and c2 are the two open-ends of T .

Figure 1. Illustration of a (4, −3)-type tubulene.

→
→
For any tubulene T , if its chiral vector is n−
a1 + m −
a2 , T will be called an (n, m)-type
tubulene, see Figure 1.
A fullerene G is a 3-connected 3-regular plane graph such that every face is bounded
by either a pentagon or a hexagon. By Euler’s formula, it follows that the number of
pentagonal faces of a fullerene is exactly 12.
A 1-factor of a graph G is a spanning subgraph of G such that every vertex has degree one.
The edge set of a 1-factor is called a perfect matching of G, which is a set of independent
edges covering all vertices of G. In chemical literature, perfect matchings are known as
Kekulé structures (see [9] for more details). Petersen’s theorem states that every bridgeless
3-regular graph always has a perfect matching [13]. Therefore, a fullerene always has at
least one perfect matching. A hexagon of G with exactly 3 edges in a perfect matching
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Let G be a benzenoid system, a tubulene or a fullerene with a perfect matching. The
resonance graph R(G) is the graph whose vertices are the perfect matchings of G, and
two perfect matchings are adjacent whenever their symmetric difference forms a hexagon
of G.
The hypercube Qn of dimension n is defined in the following way: all vertices of Qn are
presented as n-tuples (x1 , x2 , . . . , xn ) where xi ∈ {0, 1} for each 1 ≤ i ≤ n and two vertices
of Qn are adjacent if the corresponding n-tuples differ in precisely one coordinate.
A convex subgraph H of a graph G is a subgraph of G such that every shortest path
between two vertices of H is contained in H.

3 The generalized polynomials
Let G be a benzenoid system, a tubulene or a fullerene. A Clar cover is a spanning
subgraph of G such that every component of it is either C6 or K2 . The Zhang-Zhang
polynomial of G is defined in the following way:
ZZ(G, x) =

X

z(G, k)xk ,

k≥0

where z(G, k) is the number of Clar covers of G with k hexagons.
A generalized Clar cover is a spanning subgraph of G such that every component of it is
either C6 , C10 or K2 . See Figure 2 for an example.

Figure 2. A generalized Clar cover of a benzenoid system G.

The generalized Zhang-Zhang polynomial of G is defined in the following way:
X
GZZ(G, x, y) =
gz(G, k, l)xk y l ,
k≥0,l≥0

-219where gz(G, k, l) is the number of generalized Clar covers of G with k cycles C6 and l cycles
C10 . Note that for a graph G number gz(G, 0, 0) equals the number of vertices of R(G)
and gz(G, 1, 0) equals the number of edges of R(G). Furthermore, number gz(G, k, 0)
represents the number of Clar covers with k hexagons.
Let H be a graph. The Cube polynomial of H is defined as follows:
X
C(H, x) =
αk (H)xk ,
k≥0

where αk (H) denotes the number of induced subgraphs of H that are isomorphic to the
k-dimensional hypercube.
Let G be a graph and i ≥ 1 an integer. Then by Gi we denote the Cartesian product
of i copies of G, i.e. Gi = G · · · G. Also, G0 = K1 . Furthermore, for any k, l ≥ 0
we define Qk,l = P2k P3l , where P2 and P3 are paths on 2 and 3 vertices, respectively.
Obviously, Qk,0 is the k-dimensional hypercube. Moreover, if k + l > 0, vertices of the
graph Qk,l can be presented as (k + l)-tuples (b1 , . . . , bk , bk+1 , . . . , bk+l ), where bi ∈ {0, 1}
if i ∈ {1, . . . , k} and bi ∈ {0, 1, 2} if i ∈ {k + 1, . . . , k + l}. In such representation two
vertices (b1 , . . . , bk , bk+1 , . . . , bk+l ) and (b01 , . . . , b0k , b0k+1 , . . . , b0k+l ) are adjacent if and only
if there is i ∈ {1, . . . , k + l} such that |bi − b0i | = 1 and bj = b0j for any j 6= i.
Let H be a graph. The generalized Cube polynomial of H is defined as follows:
X
GC(H, x, y) =
αk,l (H)xk y l ,
k≥0,l≥0

where αk,l (H) denotes the number of induced convex subgraphs of H that are isomorphic
to the graph Qk,l .

4 The main result
In this section we prove that the generalized Zhang-Zhang polynomial of every benzenoid
system, tubulene or fullerene equals the generalized cube polynomial of its resonance
graph.
Theorem 4.1 Let G be a benzenoid system, a tubulene or a fullerene with a perfect
matching. Then the generalized Zhang-Zhang polynomial of G equals the generalized cube
polynomial of its resonance graph R(G), i.e.
GZZ(G, x, y) = GC(R(G), x, y) .
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the set of all generalized Clar covers of G with exactly k cycles C6 and l cycles C10 .
On the other hand, consider a graph H; the set of induced convex subgraphs of H that
are isomorphic to a graph Qk,l is denoted by GQk,l (H). For this graph G let us define
a mapping fk,l : GZ(G, k, l) −→ GQk,l (R(G)) as follows: for a generalized Clar cover
C ∈ GZ(G, k, l) consider all perfect matchings M1 , M2 , . . ., Mi , i = 2k 3l , of G such that:
• if cycle C6 is in C, then |Mj ∩ E(C6 )| = 3 for all j = 1, 2, . . . , i,
• if cycle C10 of C is the boundary of two adjacent hexagons h1 and h2 , then |Mj ∩
(E(h1 ) ∪ E(h2 ))| = 5 for all j = 1, 2, . . . , i,
• each isolated edge of C is in Mj for all j = 1, 2, . . . , i.
Finally, assign fk,l (C) as an induced subgraph of R(G) with vertices M1 , M2 ,. . ., Mi .
Note first that in case when k = 0 and l = 0 generalized Clar covers are the perfect
matchings of G and if C is such a generalized Clar cover then fk,l (C) is a vertex of the
resonance graph and the mapping is obviously bijective. So from now on at least one of
k and l will be positive. We first show that fk,l is a well-defined function.
Lemma 4.2 For each generalized Clar cover C ∈ GZ(G, k, l) the image fk,l (C) is in
Qk,l (R(G)).
Proof. First we show that fk,l (C) is isomorphic to the graph Qk,l . Let c1 , c2 ,. . .,ck be the
hexagons of C and let ck+1 , . . . , ck+l be cycles C10 that are in C. Obviously, every hexagon
of C has two possible perfect matchings. Let us call these “possibility 0” and “possibility
1”. Moreover, for every cycle C10 in C we obtain tree possible perfect matchings of graph
hV (C10 )i, which will be denoted as “possibility 0”, “possibility 1”, and “possibility 2”.
Also, if cycle C10 is the boundary of adjacent hexagons h1 and h2 , “possibility 1” denotes
the perfect matching containing the common edge of h1 and h2 .
For any vertex M of fk,l (C) let b(M ) = (b1 , b2 , . . . , bk , bk+1 , . . . , bk+l ), where bj =
i if on cj possibility i is selected. It is obvious that b : V (fk,l (C)) → V (Qk,l ) is a
bijection. Let b(M 0 ) = (b01 , b02 , . . . , b0k , b0k+1 , . . . , b0k+l ) for M 0 ∈ V (fk,l (C)). If M and
M 0 are adjacent in fk,l (C), then M ⊕ M 0 = E(h) for a hexagon h of some ci , where
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that b(M ) and b(M 0 ) are adjacent in Qk,l . Conversely, if (b1 , b2 , . . . , bk , bk+1 , . . . , bk+l ) and
(b01 , b02 , . . . , b0k , b0k+1 , . . . , b0k+l ) are adjacent in Qk,l , it follows that M and M 0 are adjacent
in fk,l (C). Hence b is an isomorphism between fk,l (C) and Qk,l .
To complete the proof we have to show that fk,l (C) is a convex subgraph of R(G).
Therefore, let M and M 0 be two vertices of fk,l (C). Obviously, perfect matchings M and
M 0 can differ only in the edges of hexagons that belong to cycles of C. Therefore, any
shortest path between M and M 0 in R(G) contains perfect matchings that are vertices of
fk,l (C). It follows that fk,l (C) is convex in R(G).
The following lemma shows that fk,l is injective.
Lemma 4.3 The mapping fk,l : GZ(G, k, l) −→ Qk,l (R(G)) is injective for any integers
k, l.
Proof.

Let C and C 0 be distinct generalized Clar covers in GZ(G, k, l). If C and

C 0 contain the same set of cycles, then the isolated edges of C and C 0 are distinct.
Therefore, fk,l (C) and fk,l (C 0 ) are disjoint induced subgraphs of R(G) and thus fk,l (C) 6=
fk,l (C 0 ). Therefore, suppose that C and C 0 contain different sets of cycles. Without loss
of generality we can assume that there is hexagon h such that h has at least five edges in
C and h has at most three edges in C 0 . Hence at least one edge e of h does not belong
to C 0 . From the definition of the function fk,l , e is thus unsaturated by those perfect
matchings that correspond to the vertices in fk,l (C 0 ). However, there obviously exists
perfect matching M ∈ V (fk,l (C)) such that e ∈ M . As a result, M ∈
/ V (fk,l (C 0 )) and
f (C) 6= f (C 0 ).
The next lemma was proved in [23] for benzenoid systems. The same proof can be applied
in the case of tubulenes or fullerenes.
Lemma 4.4 [23] Let G be a benzenoid systems, a tubulene, or a fullerene with a perfect
matching. If the resonance graph R(G) contains a 4-cycle M1 M2 M3 M4 , then h = M1 ⊕M2
and h0 = M1 ⊕ M4 are disjoint hexagons. Also, we have h = M3 ⊕ M4 and h0 = M2 ⊕ M3 .
The following lemma shows that fk,l is surjective.
Lemma 4.5 The mapping fk,l : GZ(G, k, l) −→ Qk,l (R(G)) is surjective for any integers
k, l.

-222Proof. Let k, l be integers and Q ∈ Qk,l (R(G)). Then the vertices of Q can be identified
with strings (b1 , . . . , bk , bk+1 , . . . , bk+l ), where bi ∈ {0, 1} if i ∈ {1, . . . , k} or bi ∈ {0, 1, 2}
if i ∈ {k + 1, . . . , k + l}, so that two vertices of Q are adjacent in Q if and only if their
strings b and b0 differ in precisely one position i, such that |bi − b0i | = 1.
Let M = (0, 0, 0, . . . , 0), N 1 = (1, 0, 0, . . . , 0), N 2 = (0, 1, 0, . . . , 0), …, N k+l =
(0, 0, 0, . . . , 1) be the vertices of Q. It is obvious that M N i is an edge of R(G) for every
i, 1 ≤ i ≤ k + l. By definition of R(G), the symmetric difference of perfect matchings M
and N i is the edge set of a hexagon of G. We denote this hexagon by hi and we obtain
the set of hexagons {h1 , . . . , hk+l } of graph G. If two of these hexagons were the same,
for example if hi = hj for i, j ∈ {1, . . . , k + l} and i 6= j, then N i = N j - a contradiction.
Hence, we have the set of k + l distinct hexagons. In the next claim we show that these
hexagons are pairwise disjoint.
Claim 4.6 The hexagons hi , 1 ≤ i ≤ k + l, are pairwise disjoint.
Proof. Let i, j ∈ {1, . . . , k + l} and i 6= j. Let W be a vertex of Q having exactly two
1’s (and these are in the ith and jth position) and 0 at every other position. Obviously,
M N i W N j is a 4-cycle and therefore, by Lemma 4.4, hi and hj are disjoint hexagons.
Next, we consider the vertices Oi , i ∈ {k + 1, . . . , k + l}, such that Oi has 2 in the
ith position and 0 in every other position. Obviously, N i Oi is the edge of R(G) for any
i ∈ {k + 1, . . . , k + l}. Let h0i be the hexagon of G corresponding to the edge N i Oi .
Claim 4.7 If i ∈ {k + 1, . . . , k + l}, the hexagon h0i has exactly one common edge with hi .
Proof. It is easy to see that hi 6= h0i (otherwise M = Oi ). Therefore, suppose that hi
and h0i are disjoint. Since they are both sextets in the perfect matching N i , there is a
vertex X of R(G), X 6= N i , which is adjacent to M and Oi . If X ∈ V (Q), the string of X
must differ from M for 1 in exactly one position and must differ from Oi for 1 in exactly
one position, which means X = N i - a contradiction. Therefore, X is not in Q. Since
M XOi is a shortest path between M and Oi , Q is not convex subgraph of R(G), which
is a contradiction. Hence, hi and h0i have exactly one common edge.
Claim 4.8 Let i ∈ {k + 1, . . . , k + l}. Then the hexagon h0i is disjoint with every hj ,
j ∈ {1, . . . , k + l} \ {i}.

-223Proof. Let X be a vertex in Q with 2 in the ith position, 1 in the jth position and 0
in every other position. Furthermore, let Y be a vertex in Q with 1 in the ith position, 1
in the jth position and 0 in every other position. Obviously, h0i 6= hj (otherwise Oi = Y ,
which is a contradiction). Since N i Oi XY is a 4-cycle such that h0i corresponds to the edge
N i Oi and hj corresponds to the edge N i Y , it follows from Lemma 4.4 that hexagons h0i
and hj are disjoint.
Claim 4.9 Let i ∈ {k + 1, . . . , k + l}. Then the hexagon h0i is disjoint with every h0j ,
j ∈ {k + 1, . . . , k + l} \ {i}.
Proof. Define the following vertices in Q:
• X1 has 1 in the ith position, 1 in the jth position and 0 in every other position,
• X2 has 1 in the ith position, 2 in the jth position and 0 in every other position,
• X3 has 2 in the ith position, 1 in the jth position and 0 in every other position,
• X4 has 2 in the ith position, 2 in the jth position and 0 in every other position.
Using Lemma 4.4 we can easily see that hexagon h0j corresponds to the edge X1 X2 and
hexagon h0i corresponds to the edge X1 X3 . Since X1 X2 X4 X3 is a 4-cycle in the resonance
graph, Lemma 4.4 again implies that h0i and h0j are disjoint and the proof is complete.
Let Ci , i ∈ {k + 1, . . . , k + l} be a 10-cycle formed by hi and h0i . Moreover, let C be a
spanning subgraph of G such that E(C) = M ∪E(h1 )∪. . .∪E(hk )∪E(Ck+1 )∪. . . E(Ck+l ).
Therefore, C is a generalized Clar cover with k hexagons and l 10-cycles. It is obvious
that every edge in Q corresponds to some hexagon hi , i ∈ {1, . . . , k + l} or h0i , i ∈
{k + 1, . . . , k + l}. Therefore, V (fk,l (C)) = V (Q). Since both Q and fk,l (C) are induced
subgraphs of the resonance graph, it follows fk,l (C) = Q.
We have proved that fk,l is bijective function and hence, |GZ(G, k, l)| = |GQk,l (R(G))|.
Therefore, the proof is complete.

5 An example
In this final section we give an example of a benzenoid system G and calculate the generalized Zhang-Zhang polynomial of G, i.e. the generalized cube polynomial of the resonance
graph of G. See Figures 3 and 4.
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Figure 3. Benzenoid system G.

Figure 4. Resonance graph R(G).

The polynomials are
GZZ(G, x, y) = GC(R(G), x, y) =
= 34 + 53x + 35x2 + 12x3 + x4 + 48y + 7y 2 + 37xy + xy 2 + 3x2 y .
For example, the coefficient in front of x2 y is 3, since there are 3 generalized Clar covers
in G with two C6 and one C10 . On the other hand, this coefficient counts the number of
induced convex subgraphs of R(G) isomorphic to the graph P22 P3 .
We will conclude with the open problem. It would be interesting to express the generalized Zhang-Zhang polynomial of considered molecular graphs in the term of recurrence
relations.
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