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Abstract

In this paper we study an interesting family of benzenoids, the convex ben-
zenoids, introduced in 2012 by Cruz, Gutman and Rada. We give several definitions
of convex benzenoids and prove their equivalence. We use the partition of convex
benzenoids into the 7 families of shapes: benzene, linear, triangular, trapezoidal,
rhomboidal, pentagonal and hexagonal as a basis for an independent stratification
and extension of the convex benzenoid enumeration by Reynolds from up to 250
hexagons presented in the OEIS as sequence A116513 to 40 000 hexagons.

1 Introduction

Benzenoids form an interesting family of graphs whose study has a strong motivation

from chemistry. Benzene and benzenoids have been studied in chemistry for almost two

centuries, and have contributed to the conceptual and practical develipment of organic

chemistry through their specific reactivity, physical properties and biological, environ-

mental and astrophysical importance [1–9]. Early puzzles about the structure of benzene

itself gave rise to the still active debate on the meaning and quantification of the concept

of aromaticity [10–13]. Benzenoids have also been studied by mathematical chemists and
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chemical graph theorists in hundreds of papers and tens of books and monographs. It

is impossible to cover adequately even a small fraction of the many contributions from

pioneers such as Harary, Balaban, Cyvin, Gutman, Trinajstić, Dias and others. Much

of the basic theory has been magisterially surveyed in texts by Cyvin, Gutman and co-

workers [14–18] and in standard texts on Chemical Graph Theory. Our concern in the

present paper is with one aspect of the theory of benzenoids, and that is the relationship
between properties of these molecules and their shapes. Molecular shape is of course an

important factor in molecular interactions and in theories of molecuar recognition and

its role in phenomena from taste and smell to carcinogenesis. One early theory of the

carcinogenic properties of some benzenoids was based on the existence of “bay regions” in

molecular perimeters, for example [19]. For these and many other reasons it is important

to have theoretical tools for description of benzenoid shape and convexity properties. An

important tool for this task is the boundary edges code, intruduced by Pierre Hansen at

al. in 1996 in [20]. In particular, the code uniquely determines the benzenoid although

it is ambiguous for more general hexagonal systems such as helicenes [21]. Interest in

benzenoids continues unabated both amongst chemists and mathematicians, see for in-

stance [22–30].

In 2012 an interesting family of convex benzenoids was introduced by Cruz et al. [31].

We take this paper as the jumping-off point for our investigation. We present here sev-

eral equivalent definitions of these convex hexagonal systems and explain some of their

properties. We are especially interested in the description of a convex benzenoid via its

boundary-edges code. There has been huge activity over the past half century or more in

enumeration problems for benzenoids [32]. On the particular topic of convex benzenoids,

enumerations have been carried out by several researchers. On the Internet one can find a

wiki [33] on polyforms by Scott Reynolds (a.k.a. Nekura Ca). He calls convex benzenoids

convex polyhexes. In the OEIS [34] the sequence A116513 [35] by Allan C. Wechsler repre-

sents their enumeration. Scott Reynolds enumerated and constructed them all up to 250

hexagons. Our study independently verifies this enumeration. Furthermore, we stratify

their generation into the following families of convex benzenoids: benzene, linear, trian-

gular, trapezoidal, rhomboidal, pentagonal and hexagonal. By using this classification

we are able to extend the table up to 40 000 hexagons and beyond. This paper further

develops several ideas already present in the PhD thesis of the first author [36].
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2 Graph theoretical preliminaries

Throughout this paper all systems (benzenoids, etc.) are considered finite, unless explic-

itly stated otherwise. We adhere to the Definition C from [14]: a benzenoid B is a set of

hexagons that constitute a simply connected finite region of the infinite hexagonal grid

H in the Euclidean plane. The boundary of the benzenoid is a simple cycle composed

of boundary vertices and boundary edges. All other vertices and edges of the benzenoid,

if any, are called internal vertices and internal edges, respectively. Note that a system

having no internal vertices is called catacondensed. Other benzenoids are pericondensed.

Two benzenoids are considered isomorphic if one can be obtained from the other by an

isometry of the plane that leaves the infinite hexagonal grid H invariant.

There are several combinatorial descriptions of a benzenoid. A particular user-friendly

description is the so-called boundary-edges code (BEC ) popularized by Hansen et al. [20].

The benzenoid is described as a cyclic sequence of numbers, each of which counts the

number of edges on the boundary between two consecutive trivalent external vertices.

The exception is benzene, with BEC 6. Any other benzenoid can be described by a

sequence of numbers drawn from the set {1, 2, 3, 4, 5}. For instance, Figure 1 depicts a

catacondensed benzenoid 532151153121 of 7 hexagons and a pericondensed benzenoid

5314421 of 5 hexagons. The boundary-edges code of benzenoid B will be denoted by

BEC (B).

2

2

3 1

5

1

1

1
1

5 3

5

(a) Catacondensed

5

3

1
1

2
4

4
(b) Pericondensed

Figure 1. Examples of benzenoids together with corresponding numbers in
boundary-edges codes.

By a walk in the infinite hexagonal grid H we mean a sequence of hexagons such that

any two consecutive hexagons are either adjacent or the same. Note that a path is a walk

that consists of pairwise distinct hexagons. For any pair of hexagons a and b in the infinite
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hexagonal grid H define the interval IH(a, b) to be the benzenoid (which turns out to be

of rhombic shape) that is composed of all hexagons on any of the shortest paths in H

from a to b.

Definition 1. A benzenoid B is convex if for any pair of its hexagons a and b the whole

interval IH(a, b) is contained in B.

This definition follows readily from the fact that hexagons of H form a metric space and

B can be viewed as a subspace of H. We are therefore considering convex sets in metric

spaces. This notion of convexity (also known as geodesic convexity) can be found in the

survey on metric graph theory by Bandelt and Chepoi [37].

Let a, b ∈ B. With dB(a, b) we denote the distance between a and b inside B and

dH(a, b) is the distance between a and b with respect to H. Note that

dB(a, b) ≥ dH(a, b), (1)

and that they are clearly not necessarily equal (see Figure 2).

a b

Figure 2. Benzo[c]phenanthrene B, dB(a, b) = 3 6= dH(a, b) = 2.

If, in addition, K ⊆ H, then

dH(a,K) = min
k∈K

dH(a, k). (2)

Definition 2. A benzenoid B obeys the Small Parallelogram Rule if for every a, b ∈ B

such that dH(a, b) = 2 inclusion of some shortest path between a and b implies inclusion

of the whole interval IH(a, b), i.e.,

∀a, b ∈ B : (dB(a, b) = 2 =⇒ IH(a, b) ⊆ B).

We call this the Small Parallelogram Rule for the following reason. If a sub-benzenoid

consisting of 3 hexagons and defined by the boundary-edges code 5351 (phenanthrene)

is present, then the fourth hexagon that extends it to pyrene (with the boundary-edges
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code 4343) is also present (see Figure 3). The case when a and b lie on the same line is

trivial, as there is only one shortest path between a and b.

a

b

(a) dB(a, b) = 2

a

c b

(b) c ∈ IH(a, b) ⊆ B

Figure 3. Small Parallelogram Rule

Often it is convenient to introduce a coordinate system on H. First, observe that the set

of all edges of H can be partitioned into 3 classes with respect to their direction:

(a) v-edges (vertical edges),

(b) p-edges (edges with positive slope), and

(c) n-edges (edges with negative slope).

Every hexagon of H has six neighbouring hexagons: two v-neighbours, two p-neighbours,

and two n-neighbours. Note that each a ∈ H can be assigned two integer coordinates.

Consider the hexagon labeled by (0, 0). Its right v-neighbour has its first coordinate

greater by 1, and its left v-neighbour has its first coordinate less by 1. Its upper-right

n-neighbour has its second coordinate greater by 1, and the opposite n-neighbour has

its second coordinate less by 1. Figure 4 displays a subregion of H equipped with this

coordinate system.

Let a ∈ H be a hexagon of the infinite hexagonal grid H. Let ξ(a) and η(a) denote

the first and second coordinate of a. We can associate to the hexagon a another number

ζ(a) = ξ(a) + η(a). It can be treated as another coordinate that increases/decreases with

respect to the p-direction but is not independent of the other two.

Definition 3. The sets

{a ∈ H | ξ(a) = k}, {a ∈ H | η(a) = k}, and {a ∈ H | ζ(a) = k}, (3)

where k ∈ Z are called lines in H. We will distinguish them by their directions and

call them the line of positive slope, the horizontal line and the line of negative slope,

respectively.
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(−3, 2) (−2, 2) (−1, 2) (0, 2) (1, 2)

(−2, 1) (−1, 1) (0, 1) (1, 1) (2, 1)

(−2, 0) (−1, 0) (0, 0) (1, 0) (2, 0)

(−1,−1) (0,−1) (1,−1) (2,−1) (3,−1)

(−1,−2) (0,−2) (1,−2) (2,−2) (3,−2)

η = 2

η = 1

η = 0

η = −1

η = −2
ξ
=
3

ξ
=
2

ξ
=
1

ξ
=
0

ξ
=
−1

ζ
=
3

ζ
=
2

ζ
=
1

ζ
=
0

ζ
=
−
1

Figure 4. Coordinate system on H.

According to Definition 3, hexagons a, b ∈ H belong to the same line if either: ξ(a) = ξ(b),

η(a) = η(b), or ζ(a) = ζ(b). Examples of lines are shown on Figure 4. Shaded hexagons

constitute a horizontal line, hatched hexagons constitute a line of positive slope, and

dotted hexagons constitute a line of negative slope. Note that any two lines with different

directions intersect in exactly one hexagon and, moreover, there always exists exactly one

line with the third direction that includes the intersection of the previous two.

Proposition 1. A benzenoid system B is convex if and only if:

(a) B is connected and

(b) B obeys the Small Parallelogram Rule.

Proposition 1 gives us much more concise conditions for convexity than the original Def-

inition 1. To determine if a benzenoid is convex, one only needs to check whether it is

connected and whether it obeys the Small Parallelogram Rule, which is a “local” condition.

To prove the Proposition 1 we need the following lemma:

Lemma 2. Let a benzenoid B satisfy conditions (a) and (b) from Proposition 1. If

a, b ∈ H are on the same line then IH(a, b) ⊆ B.
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Proof. Let a, b ∈ H be on the same line. Without loss of generality we can assume that

a, b ∈ L = {h ∈ H | ξ(h) = 0}. Since B is connected, there exists a path P = p1 p2 . . . pl

between a = p1 and b = pl. (By the definition of a path, pi and pi+1 are adjacent hexagons

for all 1 ≤ i < l.) Let n = max1≤i≤l dH(pi,L). The proof goes by induction on n.

In the case of n = 0 (base of induction) the image of path P is a subset of L. Since

the image of a path is connected it follow that IH(a, b) ⊆ B.

Now suppose that n = max1≤i≤l dH(pi,L) > 0. By the induction hypothesis the

existence of a path Q = q1 q2 . . . qk between a and b, such that max1≤i≤k dH(qi,L) < n,

would imply that IH(a, b) ⊆ B. Let r be the smallest index such that dH(pr−1,L) = n− 1

and dH(pr,L) = n and let s be the smallest index such that dH(ps,L) = n, dH(ps+1,L) =

n − 1 and s ≥ r. This situation is depicted in Figure 5. This subpath may look like

pr pr+1 . . . ps−1 ps

p′r−1 p′′r−1 p′s+1 p′′s+1

Figure 5. Subpath pr−1 pr . . . ps+1 of path P .

p′r−1 pr . . . ps p
′
s+1, p′′r−1 pr . . . ps p

′
s+1, p′r−1 pr . . . ps p

′′
s+1, or p′′r−1 pr . . . ps p

′′
s+1. If r = s then

by deletion of pr from the path P we obtain a walk (which can be further reduced to a

path) that has one hexagon less at distance n from L than does the original path P . If

r < s then we have two options:

(a) if pr−1 = p′′r−1 we can erase pr from P since pr−1 and pr+1 are adjacent;

(b) if pr−1 = p′r−1 then the Small Parallelogram Rule implies that p′′r−1 ∈ B so we can

replace pr with p′′r−1 in path P .

In both cases we obtain a path with one hexagon less at distance n from L. If we iteratively

apply this procedure, we obtain the path Q with desired property.

Proof of Proposition 1. If B is convex then it is clear that B is connected and that B

obeys the Small Parallelogram Rule.

Let us prove the other direction. Choose arbitrary hexagons a, b ∈ B. We have to

show that IH(a, b) ⊆ B. The interval between two hexagons is always of rhombic shape.

Without loss of generality (thanks to the symmetries of H) we can assume that a is in
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the lower left corner of the rhombus and b is in the upper right corner (as depicted on

Figure 6). Condition (a) implies the existence of a path P in B between a and b. An

example of such a path is shown in Figure 6.

p8 p9 p14

p7 p10 p13

p1 p6 p5 p11 p12

p2 p3 p4

Figure 6. Interval I(a = p1, b = p14)

First, we show that we can assume that the path P = p1 p2 . . . pl lies entirely in the

half-plane {h ∈ H | η(h) ≥ η(a)}. Let r be the smallest index such that η(pr) < η(a).

Note that r = 2 in the example in Figure 6. Let s be the largest index such that

η(ps) < η(a). Note that s = 4 in the example in Figure 6. If such indices do not exist,

there is nothing left to prove. If such indices exist, then 1 < r ≤ s < l. Moreover,

η(pr−1) = η(a) = η(ps+1). So pr−1 and ps+1 are on the same line and IH(pr−1, ps+1) ⊆ B

by Lemma 2. So the subpath pr . . . ps can be replaced with the shortest (pr−1, ps+1)-path.

Similarly, we can assume that P lies entirely in the half-plane {h ∈ H | η(h) ≤ η(b)}, in

half-plane {h ∈ H | ξ(h) ≥ ξ(a)}, and in half-plane {h ∈ H | ξ(h) ≤ ξ(b)}. Therefore

P ⊆ IH(a, b).

So far, we know that there is a path P in B connecting a to b that lies entirely in

IH(a, b). Recall our assumption that a is in its lower-left corner and b is in its upper-right

corner. Now, we will show that there also exists a path P ′ = p′1p
′
2 . . . p

′
m in B with the

special property that p′i+1 is the right v-neighbour or the upper-right n-neighbour of p′i
for each i, i.e., in each step either the η coordinate increases or the ξ coordinate increases.

The path P ′ can be obtained from the path P with the help of Lemma 2. Find the

smallest index i, such that either ξ(pi+1) < ξ(pi) or η(pi+1) < η(pi). Without loss of

generality we can assume that ξ(pi+1) < ξ(pi). In each step of the path the ξ coordinate

increases by 1, decreases by 1 or stays the same. The path has to reach the upper-right

corner eventually, so there exists an index j > i, such that ξ(pj) = ξ(pi). By Lemma 2,

the subpath pi+1, . . . , pj−1 can be replaced with a straight line segment from pi to pj that
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lies in B. We can use the above operation iteratively until we obtain the path P ′ with

the desired property.

The path P ′ that we obtained can be described as a sequence of symbols → and ↗

which indicate the increases in the ξ and η coordinates, respectively. One such path in the

example from Figure 6 is (→,↗,→,→,↗). Every possible shortest path in IH(a, b) can

be described as a permutation of these symbols. The Small Parallelogram Rule implies

that we may swap two consecutive symbols in the sequence and obtain another path which

also lies in B. From (→,↗,→,→,↗) we can obtain, say, (→,→,↗,→,↗). It is clear

that any permutation can be obtained in this way, which implies that the whole interval

IH(a, b) is contained in B.

Proposition 3. A benzenoid B is convex if and only if its boundary-edges code BEC (B)

does not contain the symbol 1.

Example 4. The distinction between convex and non-convex benzenoids is apparent from

their boundary-edges codes (see Figure 7). For instance, the boundary-edges code of the

benzenoid B1 on Figure 7(a) is 24334 and does not contain symbol 1.

4
2

4

33

(a) BEC (B1) = 24334, convex

4 4

4 4

1 1

(b) BEC (B2) = 144144, non-convex

Figure 7. The distinction between convex and non-convex benzenoids is readily
apparent from their boundary-edges codes.

Therefore this benzenoid is convex, whilst, the boundary-edges code for the benzenoid

in Figure 7(b) is 144144, containing a 1. Hence the benzenoid itself is non-convex.

Proof. Let B be a convex benzenoid. We will prove that there is no 1 in its boundary-

edges code. Suppose that there is a symbol 1. Then that part of the boundary of B

that corresponds to the symbol 1 in the boundary-edges code looks locally as shown in

Figure 8.
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a b

c
1

Figure 8. The part of boundary corresponding to a symbol 1 in the boundary-edges
code.

There exist three hexagons a, b and c that are positioned as indicated in the Figure 8.

This means that the Small Parallelogram Rule is not obeyed, which contradicts the claim

that B is convex. Thus, there can be no 1 in the boundary-edges code.

Let B be a benzenoid such that there is no symbol 1 in the boundary-edges code of B.

Assume that B is not convex. By Proposition 1, it does not obey the Small Parallelogram

Rule. There must exist three hexagons in B which are positioned in a phenanthrene

shape as shown in Figure 3(b) and where the hexagon labeled with c is not present (see

Figure 3(b)). Then the corresponding part of the boundary contains two consecutive

degree-3 vertices, i.e., there is a 1 in its boundary-edges code. This is a contradiction,

thus benzenoid B is convex.

3 Finite and infinite benzenoids

In addition to finite benzenoids we will need (for the purpose of theoretical reasoning)

some infinite systems of hexagons:

HP+
ξ (n) = {h ∈ H | ξ(h) ≥ n}, (4)

HP−
ξ (n) = {h ∈ H | ξ(h) ≤ n}, (5)

HP+
η (n) = {h ∈ H | η(h) ≥ n}, (6)

HP−
η (n) = {h ∈ H | η(h) ≤ n}, (7)

HP+
ζ (n) = {h ∈ H | ζ(h) ≥ n}, (8)

HP−
ζ (n) = {h ∈ H | ζ(h) ≤ n}. (9)

The infinite hexagonal systems defined in (4) to (9) will be called half-planes.

Proposition 5. Any intersection of convex (finite or infinite) benzenoids is a convex

benzenoid.

Proof. Let B1 and B2 be two convex benzenoids. If their intersection is ∅ then there is

nothing to prove. Suppose that B1 ∩B2 6= ∅. Let a, b ∈ B1 ∩B2. As B1 is convex, we have
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that IH(a, b) ⊆ B1. Similarly, as B2 is convex we have that IH(a, b) ⊆ B2. But this means

that IH(a, b) ⊆ B1 ∩ B2, which completes the proof.

Proposition 6. A benzenoid B is convex if and only if it can be obtained as an intersection

of half-planes, i.e., if there exist integers n+
ξ , n−

ξ , n+
η , n−

η , n+
ζ and n−

ζ , such that

B = HP+
ξ (n

+
ξ ) ∩HP−

ξ (n
−
ξ ) ∩HP+

η (n
+
η ) ∩HP−

η (n
−
η ) ∩HP+

ζ (n
+
ζ ) ∩HP−

ζ (n
−
ζ ). (10)

Proof. If a benzenoid B is obtained as an intersection of half-planes then it is convex by

Proposition 5.

Now let B be a convex benzenoid. We will show that it is equal to the intersection of

6 half-planes.

h1
h+
η h2

h+
ζ

h3

h+
ξ

h4h−
η

h5

h−
ζ

h6

h−
ξ

Figure 9. A convex benzenoid B from the proof of Proposition 6.

Let h+
η and h−

η be hexagons of B (see Figure 9) such that

η(h+
η ) = max

h∈B
η(h) and η(h−

η ) = min
h∈B

η(h). (11)

Similarly, let h+
ξ , h−

ξ , h+
ζ and h−

ζ be hexagons of B such that

ξ(h+
ξ ) = max

h∈B
ξ(h), ξ(h−

ξ ) = min
h∈B

ξ(h), η(h+
ζ ) = max

h∈B
ζ(h), η(h−

ζ ) = min
h∈B

ζ(h). (12)

Let h1, h2, . . . , h6 be hexagons of H such that:

(i) η(h1) = η(h+
η ), ξ(h1) = ξ(h−

ξ );

(ii) η(h2) = η(h+
η ), ζ(h2) = ζ(h+

ζ );
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(iii) ζ(h3) = ζ(h+
ζ ), ξ(h3) = ξ(h+

ξ );

(iv) η(h4) = η(h−
η ), ξ(h4) = ξ(h+

ξ );

(v) η(h5) = η(h−
η ), ζ(h5) = ζ(h−

ζ );

(vi) ζ(h6) = ζ(h−
ζ ), ξ(h6) = ξ(h−

ξ ).

As h1 ∈ IH(h
+
η , h

−
ξ ) it follows that h1 ∈ B. By analogy, h2, . . . , h6 ∈ B. Note that hi and

hi+1 (indices taken modulo 6) are on the same line, and thus the line segment between hi

and hi+1 is also contained in B. All hexagons inside the ‘polygon’ defined by h1, . . . , h6

must belong to B or B would not be simply connected. If any hexagon outside the polygon

belonged to B, this would contradict one of equations (11) or (12). It follows that

B = HP+
ξ (n

−
ξ ) ∩HP−

ξ (n
+
ξ ) ∩HP+

η (n
−
η ) ∩HP−

η (n
+
η ) ∩HP+

ζ (n
−
ζ ) ∩HP−

ζ (n
+
ζ ). (13)

In a similar manner, by using Proposition 6, the finite convex benzenoids can be

classified into six mutually disjoint families that we call fundamental shape families of

convex benzenoids:

(a) The linear chain L(n), n ≥ 2, having n hexagons. The corresponding boundary-

edges code is

52n−252n−2.

(b) The equilateral triangle T3(n), n ≥ 2, having n hexagons on each of its sides. The

corresponding boundary-edges code is

42n−242n−242n−2.

(c) The equilateral trapezoid T4(n,m), n > m ≥ 2, having n hexagons on the bottom

base and m hexagons on the top base. The corresponding boundary-edges code is

42n−242n−m−132m−232n−m−1.

(d) The rhomboid R(n,m), m ≥ n ≥ 2, having n hexagons on its base and m hexagons

on its side. The corresponding boundary-edges code is

42n−232m−242n−232m−2.
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(e) The pentagonal benzenoid P (n,m, k), n ≥ 2, k ≥ m ≥ 2 having n hexagons on the

base, m hexagons on its left side and k hexagons on its right side. The corresponding

boundary-edges code is

32n−232k−132m+n−342n+k−332m−2.

(f) The hexagonal benzenoid H(n,m, k, t), n ≥ 2, k ≥ m ≥ 2, n + m − 2 ≥ t ≥ 2,

having n hexagons on the base, m hexagons on its left side, k hexagons on its right

side and t hexagons on its top side. The corresponding boundary-edges code is

32n−232m−232n+k−t−232t−232n+m−t−232k−2.

(a) L(2) (b) L(3) (c) T3(2) (d) T3(3) (e) T4(3, 2) (f) T4(4, 3)

(g) T4(4, 2) (h) R(2, 2) (i) R(2, 3) (j) P (2, 2, 2) (k) P (3, 2, 2)

(l) P (2, 2, 3) (m) H(2, 2, 2, 2) (n) H(3, 2, 2, 3) (o) H(3, 2, 3, 3)

Figure 10. The smallest members of families of convex benzenoids.

Note that an exponent n in the boundary-edges code means that the corresponding symbol

repeats n times, e.g. 25 = 22222. This is a compact way of writing the code. Benzene is

also a convex benzenoid and is not included in any of the above families. We treat it as a

separate sporadic case. Note that this classification of families (a) – (f) is already present

in [31], where it is used to characterise extremal benzenoids with respect to a variety of

vertex-degree-based topological indices.
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In all of the above families, except for H(n,m, k, t), the benzenoid is uniquely deter-

mined by the described parameters. Note that

H(n,m, k, t) ∼= H(n+m− t,min{k, t},max{k, t},m)

∼= H(n+ k − t,min{m, t},max{m, t}, k)

∼= H(t, n+m− t, n+ k − t, n) (14)

∼= H(m,min{n, n+ k − t},max{n, n+ k − t}, n+m− t)

∼= H(k,min{n, n+m− t},max{n, n+m− t}, n+ k − t).

The above parametrisations are all valid and represent equivalent benzenoids. The set

of parameters that is lexicographically the smallest of the above is called the canonical

parametrisation. We obtain the following proposition:

Proposition 7. A benzenoid B is convex if and only if it is benzene or is equivalent to a

member of one of the families: L(n), T3(n), T4(n), R(n,m), P (n,m, k) or H(n,m, k, t).

Although the proofs of equivalent definitions of convex benzenoids are easy, each of them

represents a different viewpoint which, in turn, may simplify proof of difficult results

about convex benzenoids.

From Proposition 7 we can obtain a simple algorithm that can count (and enumerate)

all convex benzenoids with h ≤ N hexagons for a given N . We iterate over all families and

over all admissible parameters for which the number of hexagons remains below N . (It is

easy to derive an expression for the number of hexagons in terms of the parameters for

each of the families of convex benzenoids.) For each benzenoid we determine the number

of hexagons, h. Some care should be taken with the hexagonal family, since we have to

check whether the given parameters are indeed canonical.

By using the above procedure, we were able to extend the sequence A116513 [35] up to

40 000. Our computer programme took 646 seconds on a single Intel Core i5-4200U CPU

running at 1.60 GHz. The numbers of convex benzenoids with h hexagons for h ≤ 50 are

given in the Table 1. Benzene does not belong to any of the six shape families but it is

accounted for in the last column which gives the total number. The graph in Figure 11

shows the number of convex benzenoids with at most h hexagons as a function of h. Some

of those values can also be found in Table 2.
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h L T3 R T4 P H Σ

1 0 0 0 0 0 0 1
2 1 0 0 0 0 0 1
3 1 1 0 0 0 0 2
4 1 0 1 0 0 0 2
5 1 0 0 1 0 0 2
6 1 1 1 0 0 0 3
7 1 0 0 1 0 1 3
8 1 0 1 0 1 0 3
9 1 0 1 2 0 0 4

10 1 1 1 0 0 1 4
11 1 0 0 1 1 0 3
12 1 0 2 1 0 1 5
13 1 0 0 1 1 1 4
14 1 0 1 1 1 1 5
15 1 1 1 2 1 0 6
16 1 0 2 0 0 2 5
17 1 0 0 1 2 0 4
18 1 0 2 2 0 2 7
19 1 0 0 1 2 2 6
20 1 0 2 1 1 1 6
21 1 1 1 2 1 1 7
22 1 0 1 1 1 2 6
23 1 0 0 1 2 2 6
24 1 0 3 1 2 2 9
25 1 0 1 2 1 2 7

h L T3 R T4 P H Σ

26 1 0 1 1 2 2 7
27 1 0 1 3 2 1 8
28 1 1 2 0 0 4 8
29 1 0 0 1 4 2 8
30 1 0 3 3 1 2 10
31 1 0 0 1 1 3 6
32 1 0 2 0 3 2 8
33 1 0 1 3 2 4 11
34 1 0 1 1 3 4 10
35 1 0 1 3 3 1 9
36 1 1 4 1 1 4 12
37 1 0 0 1 2 3 7
38 1 0 1 1 2 5 10
39 1 0 1 3 5 2 12
40 1 0 3 1 0 5 10
41 1 0 0 1 4 2 8
42 1 0 3 3 2 4 13
43 1 0 0 1 3 6 11
44 1 0 2 1 4 4 12
45 1 1 2 4 2 3 13
46 1 0 1 1 2 5 10
47 1 0 0 1 4 4 10
48 1 0 4 1 3 6 15
49 1 0 1 2 4 4 12
50 1 0 2 2 3 5 13

Table 1. The enumeration of convex benzenoids up to h = 50.
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Figure 11. Number of convex benzenoids with at most h hexagons. The dotted
line represents the pentagonal family, the dashed line represents the
hexagonal family and the solid line is the sum of all families.
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h L T3 R T4 P H Σ

1 0 0 0 0 0 0 1
2 1 0 0 0 0 0 2
3 2 1 0 0 0 0 4
4 3 1 1 0 0 0 6
5 4 1 1 1 0 0 8

10 9 3 5 4 1 2 25
20 19 4 15 15 10 12 76
30 29 6 28 30 26 32 152
40 39 7 42 45 48 65 247
50 49 8 57 62 79 108 364

100 99 12 146 163 307 512 1240
200 199 18 356 398 1092 2309 4373
300 299 23 592 664 2229 5476 9284
400 399 26 844 944 3645 10035 15894
500 499 30 1106 1239 5315 16002 24192

1000 999 43 2550 2836 16819 67397 90645
2000 1999 61 5781 6388 51640 279617 345487
3000 2999 75 9275 10207 98602 639352 760511
4000 3999 87 12934 14200 155367 1147373 1333961
5000 4999 98 16723 18318 220754 1804617 2065510

10000 9999 139 36884 40153 651515 7337158 8075849
20000 19999 198 80659 87311 1902546 29689929 31780643
30000 29999 243 127049 137110 3547707 67144688 70986797
40000 39999 281 175131 188604 5512472 119731633 125648121

Table 2. The total number of convex benzenoids with at most h hexagons for cer-
tain values of h.

4 Conclusion

We should point out that benzenoids have been enumerated in the past, see for instance

[38–44]. The main novelty in our approach lies in the fact that convex benzenoids are very

easy to describe and that there is no need to check isomorphism. This is why we were

able to carry out our enumeration to large numbers of hexagons. Another advantage of

convex benzenoids is the fact that they have very easy boundary edges code descriptions,

and we benefit from the fact that this code is both compact and uniquely describes all

benzenoids [21]. For some of families of benzenoids there is a closed-form enumeration

formula. We conjecture that this could be extended to the other families, eventually

yielding a closed-form solution to the enumeration problem of convex benzenoids.
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