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Abstract

The aim of this paper is to obtain new inequalities involving the geometric-
arithmetic index GA; and characterize graphs extremal with respect to them. Our
main results provide lower bounds on GA;(G) involving just the minimum and the
maximum degree of the graph G.

1 Introduction

A single number, representing a chemical structure in graph-theoretical terms via the
molecular graph, is called a topological descriptor and if it in addition correlates with a
molecular property it is called topological index, which is used to understand physico-
chemical properties of chemical compounds. Topological indices are interesting since they
capture some of the properties of a molecule in a single number. Hundreds of topological
indices have been introduced and studied, starting with the seminal work by Wiener in
which he used the sum of all shortest-path distances of a (molecular) graph for modeling
physical properties of alkanes (see [13]).

Topological indices based on end-vertex degrees of edges have been used over 40 years.

Among them, several indices are recognized to be useful tools in chemical researches.
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Probably, the best know such descriptor is the Randi¢ connectivity index (R) [5]. Trying
to improve the predictive power of the Randi¢ index a large number of new topological
descriptors resembling the original Randi¢ index were introduced.

The first geometric-arithmetic index GA; was defined in [12] as

Vd,d,

oYy v

weE(G)
where uv denotes the edge of the graph G connecting the vertices u and v, and d,, is the
degree of the vertex u. Although GA; was introduced in 2009, there are many papers
dealing with this index. For more details on this index, Randi¢ index and their literature,
the reader is referred to [6] and [7].

There exist previous works that study lower bounds on GA; based, for example, on
the number of vertices, see [12], or the minimum and maximun degree together with the
number of edges, see [1]. Our main results provide lower bounds on GA;(G) involving
just the minimum and the maximum degree of the graph G (see Theorems 2.7 and 2.21,
and Corollaries 2.16 and 2.17).

Throughout this work, G = (V(G), E(G)) denotes a (nonoriented) finite simple (with-
out multiple edges and loops) nontrivial (E(G) # () graph. The aim of this paper is to
obtain new inequalities involving the geometric-arithmetic index GA; and characterize

graphs extremal with respect to them.

2 GA; and minimum and maximum degree

If G is a graph with m edges, minimum degree ¢ and maximum degree A, then in [1] (see
also [2]) we find the bounds:

% < GA(G) <m. (1)
Remark 2.1. GA,(G) = % if and only if the graph is either reqular or bipartite with
the two sets being respectively the set of vertices with degree § and degree A.

Let us recall Lemma 2.2 and Corollary 2.3 in [6].

Lemma 2.2. Let f be the function f(t) = 1%2 on the interval [0,00). Then f strictly
increases in [0, 1], strictly decreases in [1,00), f(t) = 1 if and only ift = 1 and f(t) = f(to)
if and only if either t =ty ort = t3".

Corollary 2.3. Let g be the function g(z,y) = 2V ith 0 < a < z,y < b. Then

Tty
2Vab
a+b

< g(x,y) < 1. The equality in the lower bound is altained if and only if either x = a
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andy =b, orx =b and y = a, and the equality in the upper bound is attained if and only
ifex=uy.

Given integers 0 < 0 < A, let us define G5 A as the set of graphs G with minimum
degree 9, maximum degree A and such that:

(1) G is isomorphic to the complete graph with A + 1 vertices K1, if § = A,

(2) |V(G)| = A+1, there are A vertices with degree d, if § < A and A(6 + 1) is even,

(3) [V(G)| = A+ 1, there are A — 1 vertices with degree ¢ and a vertex with degree
0+ 1,if 6 <A —1and A(d+1) is odd,

(4) [V(G)] = A+1, there are A —1 vertices with degree ¢ and two vertices with degree
A,if § =A —1and A is odd (and thus A(d + 1) is odd).

Remark 2.4. Every graph G € Gs o has maximum degree A and |V(G)| = A+1. Hence,

every graph G € Gs a is connected.

Proposition 2.5. For any integers 0 < § < A, we have Gsa # 0. Let G be a graph with
minimum degree § and mazimum degree A. Then

0+1)
2

|E(G)| > Al if A(§+1) is even, |E(G)| > M

> 5 if A(0+1) is odd,

with equality if and only if G € Gs .

Proof. There is at least one vertex vy € V(G) with degree A and A vertices, vy, ..., va,
adjacent to it. Since d,, > 0, |E(G)| > 289 = %. If A(6+ 1) is odd, then @ is
not an integer and the lower bound is at least %.

If the equality is attained, then V(G) = {vg, v1,...,va} (thus [V(G)| = A+1). Asin
Remark 2.4, we can conclude that G is connected. If A(d 4 1) is even, then d,, = § for
t=1,...,A, and G € Gsa. If G € Gy, it is clear that the equality holds. If A0+ 1) is
odd, then a similar argument gives that the equality is attained if and only if G € Gsa.

Finally, let us prove Gsa # 0. This is clear in the case (1); so, let us assume § < A.
Consider a graph H with A + 1 vertices, vy, v1,...,va. Assume that d,, = A. Then,
there is an edge joining vy with v; for every i > 0.

First, suppose 0 is odd. Thus, A(d + 1) is even. We have already one edge in each
v;. We are going to add edges so that d,, = ¢ for every ¢ > 0. Let us define for every
1<4,5 <A, |li—j|| = min{|i — j|, A —|i — j|} (this is, the distance between the vertices
v; and v; in the cycle vy, v, ...,va,v1). Consider an edge v;v; for every pair of vertices
with [|i — j|| < %5, This is possible since § — 1 is even and § — 1 < A — 1. Then, every

vertex v; with ¢ > 0 satisfies that 6,, = § and H € Gs .
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Now, suppose d and A are even. Thus, A(§ + 1) is even. Consider an edge v;v; for
every pair of vertices with ||i — j|| < %5% and a edge v;v; for every ||i — j|| = 2. Notice
that this is well defined since A is even and it is a new edge since % > % Then, every
vertex v; with i > 0 satisfies that d,, = and H € Gsa.

Finally, if ¢ is even and A is odd, then A(6+1) is odd. Consider an edge v;v; for every

pair of vertices with [|i — j|| < %52. Now every vertex v; with i > 0 has degree § — 1. Let

us define, for every 1 <i < j <A —1, an edge v;v; if j —i = %. This edge is new since
‘;%2 < %. Now, d,, = ¢ for every 0 < i < A. It suffices to define an edge joining va
to any non-adjacent vertex v;,, for example iy = g + 1, and therefore, H € G5 . Notice

that, in this case, dy, = A, dy,, =0+ 1 and d,,, = § for every i # 0, 4. |

Proposition 2.6. For every integers 0 < § < A and G € Gsa, we have
_2AVOA  A(6—-1)

GA(G) = SEA + 5 if A6+ 1) is even,
C2(A-1)VOA  2\/(0+ 1A | 264/0(6+1)  (A=2)(6—-1)—1
e N T RS N w1 2
2AVOA A1), .
SIA + 5 if A(0+1) is odd.

Proof. The equalities follow from the definitions of GA; and Gsa. Let us see that

2(A — 1)\/6A+2\/(5+ DA 25,/5(5 + 1)+(A—2)(6— -1 - ZA\/(SAJFA((S— 1)
S+ A S+1+A 26+ 1 2 S+ A 2

if A(0+1)isodd. If 6 = A, then A(d + 1) is even. Thus, we can assume that § < A. It
suffices to check that

) -
G+UA 2V o 2V00+D) 1o
S+1+A ~5tA w+1 2

The first claim follows from Lemma 2.2 and the fact that 2{3 = f(t) with t = \/% , since

T

1< 8 < %. For the second claim it suffices to check that

= 541
204/6(0 + 1 — 2
04/0(0 + 1) - 20 — 1 /76(5 0 > 46 —1

20+ 1 2 46
1654 — 802 + 1
50 +1) > Tf & 1607 4+160° > 166 —86* +1 & 168° + 8% > 1,
finishing the proof. |

Theorem 2.7. Let G be a graph with minimum degree 6 > 0 and mazimum degree A.

Then
VIA
> R
GAL(G) > A6+ 1)6 "
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with equality if and only if 6 = 1 and G is a star graph or 6 = A and G is a complete
graph.
Furthermore, if A(§ + 1) is odd, then

VIA
0+ A"

Proof. By Proposition 2.5, 2m > A(§ + 1). This inequality and the lower bound in (1)

GA(G) > (A +1)+1)

give the first inequality. If we use in this argument the second part of Proposition 2.5,
then we obtain the second inequality.

If § =1 and G is a star graph or § = A and G is a complete graph, then one can check
that the equality is attained in the first inequality.

If the equality holds in the first inequality for a graph G, then Remark 2.1 gives that

G is either regular or bipartite with the two sets being respectively the set of vertices with
degree 0 and degree A, and Proposition 2.5 gives that A(d + 1) is even and G € Gsa.
If 0 = A, then G is a complete graph. If § < A, then G is a bipartite graph with the
two sets being the set of vertices with degree ¢ and degree A; thus, given a vertex v with
degree 0, there are 6 — 1 edges connecting v and § — 1 vertices with degree §; if § > 1,
then this is not possible since G is a bipartite graph. Hence, 6 = 1 and G is a star graph.

|
Remark 2.8. Notice that given any natural numbers § < A, it is possible to define a
graph G with minimum degree §, maximum degree A and an arbitrarily large number of
vertices and edges. Thus, the lower bounds we obtain for GA;(G) can not be compared
with lower bounds that consider the number of edges as (1) or the number of vertices, n,

as the lower bound

ol

2(n—1)2 < GA(G)

n
from [12].
We say that a graph G' with minimum degree § and maximum degree A is minimal if

GA(G) < GA((T) for every graph I' with minimum degree § and maximum degree A.

Proposition 2.9. For any integers 0 < 6 < A, let G be a graph with minimum degree §
and mazimum degree A which is minimal for those § and A. Then

w < |E(G)| < A5 if A(6+1) is even,

% <|E(G)| < A8 if A(6+1) is odd,

A(20—1)
5

A4+1<V(G)] < +1
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For |E(G)|, the lower bound is attained if and only if G € Gsa and the upper bound is
attained if and only if G = Ksa.

Proof. By Proposition 2.5, if A(6 + 1) is even, % < |E(G)] and, if A(6 + 1) is odd,
% < |E(G)]|. By Corollary 2.3, for every edge uv 268 < %ﬁfj‘ Therefore, by (1),

) A =
if |[B(G)| > A, then GAy(G) > A§ZEE = GA (Kja) leading to contradiction.

It is immediate to see that A +1 < |[V(G)| since there is a vertex with degree A
and A vertices adjacent to it. Now suppose |V (G)| > % + 1. By hypothesis, there
is a vertex with degree A and more than w

|E(G)| > dA, leading to contradiction.

vertices with degree at least §. Thus,

By Proposition 2.5, the lower bound for |E(G)| is attained if and only if G € Gsa. By
Corollary 2.3, the upper bound for |E(G)] is attained if and only if G = Ksa. |

Let us denote by Kjsa the complete bipartite graph with a partition K;, Ky with ¢
and A vertices respectively. Notice that the vertices in K3 have degree A and the vertices
in K have degree 0. It was proved in [6] that GA;(Ksa) = %T‘/EA

Let Hsa be any graph in G5 o. Note that if 6 = 1, then Hy o = KA.

Proposition 2.10. For any integers 1 < § < A, we have
(1) if 5> (2+3)°, then GA\(Hsa) > GAL(K50),
(2) if% < (2 + \/g)z and A(6 + 1) is even, then GA (Hsn) < GA1(Ksn).

Proof. By Lemma 2.2, f(t) is decreasing in [1,00) and f<\/§) = ZM‘/—(?.
If 2 > (2++/3)? then

2V/OA A Co22+v3) 1
ey B

0

1+ (2+v3)" 2

Therefore, Proposition 2.6 and § > 1 give

2VOA  A(6—1) 2V A 2V A
> —_ e
GA(Hsp) > A5+A + 5 > A(H—A + A0 1)6+A GA(Ksp).
If % < (2 + \/5)2 and A(d + 1) is even, then
2V OA A 2(2+ V3 1
= - >f(2+\/§):7( \[)2:7,
0+ A 0 1+ (2+\/§) 2
O L2VO0A A6 —-1) 2VOA
GAl(H,;,A) = A(S—‘—A + 2 < AO(S—F N GAl(K(;,A)A
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It may be wondered if
GA(G) > min {GA;(Hsp), GA1(Ks0) }- (2)

The following example shows that the answer is negative.

Example 2.11. Let us suppose 6 = 4 and A = 56. Consider a graph G with 57 vertices,
two of them, a1, ay with degree 56 and the rest, by, ..., bss with degree 4. Let us assume
the edges are as follows. There is an edge a;b; for every i, j, an edge ayay and the vertices
by, ..., bss induce a cycle of length 55. Note that these edges produce the claimed degree
in each vertex.

Notice that G has 166 edges, one of them joins two vertices of degree 56, 110 of them
join vertices with degree 56 with vertices with degree 4 and 55 of them join vertices with
degree 4. Therefore, GA,(G) = %‘éﬁ +56 = % + 56 ~ 110.8776.

However, GA (Hys6) = Y2221 4 84 ~ 1119377, and GA(Ky5) = LY21 ~
111.7508.

Also, by Proposition 2.5, any graph with minimum degree 4 and maximum degree 56
has at least 140 edges (while G has 166). By Theorem 2.7 we have that any graph G' with
minimum degree 4 and mazimum degree 56 satisfies that GA(G') > 56 - 5% ~ 69.8443.

Notice that his lower bound is relatively far from the results obtained from G, H,z and

Ky 6.

However, (2) holds if we have either = 1 or § = A (see Theorem 2.7). Furthermore,

(2) also holds if § and A are close enough, as the following results show.

Theorem 2.12. Let G be a graph with minimum degree § > 0 and mazimum degree

A2 If
2\/E> AB—1)

S+A T AG-1)+2 ®)
then
2AVEA  A(B—1)
> .
GAG) 2 5+ (4)
Furthermore, if A(§+ 1) is odd,
2/0A A6 —1) 3V6A 1_2/+DA 25/5(6+1)
> - >
A ap-1+2 ™ sra T3 5vi5a T mr1 0 O
then
200 —1D)VEA  2\/(0+ DA 25,60 +1) (A-2)(d—1)—1
> .
e Y 5111 A w1 ) (©)
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If A and § verify (3), then the equality in (4) is attained if and only if A(0 + 1) is
even and G € Gsa. If A and § verify (5) and A(6 + 1) is odd, then the equality in (6) is
attained if and only if G € Gsa.

Proof. Suppose G ¢ G5 a. Then, by Proposition 2.5, G has at least (H] + 1 edges. By
(1), this implies that

A(d+1) 2V 0A
> )
nier (A0 )23 0
Let us denote ¢ = Z(S—;‘SAAA Then, it suffices to check that
A +1) A6 —1)
) > - -/
< 5 + 1)5 > Ae + 5 .
Thus, it is readily seen that
Ad+1 A6 —1 A(d+1 A6 —1
<@+1)52A5+¥ o g(gH_A) 5 A0-1)
2 2
Ab—1)+2 A(6—1) A6 —1)
> >
(T2 75 T CEAG-D+2

If A(6+1) is odd and G ¢ Gsa, then by Proposition 2.5, G has at least % +1
edges. By (1), this implies that

A(5+1)+1+1)2M

> .
GAI(G) 2 ( 2 S+ A

(®)

Then, it suffices to check that

A(0+1)+1 2/ (6 + 1A 264/0(0+1 A-2)6—-1)—-1
<(+)+ +1)52(A—1)5+\/(+) VO+D)  (A-2)@-1) -1
2 o+1+A 26 +1 2

Since € > ﬁ, the argument from the even case implies that
A0 +1 A(0—1 A(0—1
(%—i—l)ezAs—&-%:(A—l)s—&-s—k(T)

and it suffices to check that
38+ 0—1) 2\/5+1 25\/ (0+1) A=2)(6-1)—1
2 2 T 0+ 1+A 20+ 1 2 ’
Since, by hypothesis

3 +5_7 2,/ + 1A | 26,/5(5+ 1)
2° 27 5+1+A 6+1

then the result follows immediately.

Proposition 2.6 gives that the equality in (4) is attained if A(§+1) is even and G € Gs a,
and that the equality in (6) is attained if A(0 + 1) is odd and G € Gsa.
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Assume that A and 0 verify (3). Proposition 2.6 gives that if the equality is attained
in (4) for some G, then A(§ + 1) is even. Assume that the equality is attained in (4)
for some G ¢ Gsa. Thus, the equality is attained in (7). Remark 2.1 and (1) give
that |E(G)| = w + 1 and G is either regular or bipartite with the two sets being
respectively the set of vertices with degree 0 and degree A. If G is regular, then 6 = A
and w +1=|B(G)] = "2, where n = |V(G)|. So, 2 = A(n—1— A) and, since
A > 2, we conclude A = 2 and n — 1 — A = 1; hence, G is a 2-regular graph with
n = 4 vertices, i.e., G = Cy. Assume now that G is bipartite with the two sets being

respectively the set of vertices with degree ¢ and degree A (thus, A > §). Then there

exists a vertex vy € V(G) of degree A with neighbors vy,...,va € V(G) of degree 0; since
G is a bipartite graph,

A 1

¥+1:|E(G)|ZA6, A+2>A0.

If § > 2, then A +2 > 2A, 2 > A and we conclude A = § = 2, a contradiction. If § = 1,
then ¢ is isomorphic to the union of r graphs K a, since G is bipartite, and we have

A(G+1)

Atl= +1=|E@G)|=rd, 1=(r—1)A.

Hence, A = 1, a contradiction. We conclude that if the equality is attained in (4) for

some G ¢ Gsa, then (A,d) = (2,2) and G = Cy, but we have GA;(Cy) = 4 > 3 =

% + Aw;l), a contradiction. Therefore, if G ¢ Gs a, then the inequality (4) is strict.

Assume that A and § verify (5) and that the equality is attained in (6) for some

G ¢ Gsa. Thus, the equality is attained in (8). Remark 2.1 and (1) give that |E(G)| =

%—0—1 and G is either regular or bipartite with the two sets being respectively the set

of vertices with degree ¢ and degree A. If G is regular, then § = A and A(A +1) is even,

leading to contradiction with the number of edges. Assume now that G is bipartite with

the two sets being respectively the set of vertices with degree § and degree A (thus, A > ¢).

Then there exists a vertex vy € V(G) of degree A with neighbors vy,...,va € V(G) of
degree ¢; since G is a bipartite graph,

Ad+1)+1

2
Since A(§+1) is odd, we have § > 2. Thus, A+3 > 2A,3 > A > § > 2 and we conclude

+1=|E(G)>As, A+3>A0.

A =3,0=2and |E(G)| = 6. Hence, G has two vertices with degree 3 and three vertices
with degree 2 and it is isomorphic either to the cycle graph C5 with an additional edge
or to the complete bipartite graph /{5 3. One can check that for these graphs the equality
in (6) is strict, a contradiction. We conclude that the equality is not attained in (6) if

G ¢ Gsa. |
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Remark 2.13. Notice that in Theorem 2.12, since 257% < 1 for every 6 < A, to

assure the second condition in the case where A(0 + 1) is odd, this is,
3VEA p 1 2,/(0+ 1A N 204/5(0 + 1)
I+ A 27 §+1+A 20+1

it suffices to check that

BVOR o 32 0+
0+ A 2 20+1

s(1_ 20D 3 () 2ViRY)
20+ 1 2 0+ A

or equivalently,

A nontrivial connected graph with maximum degree at most four is a molecular graph
representing hydrocarbons [10]. Theorem 2.12 allows to obtain sharp inequalities for

molecular graphs.

Corollary 2.14. Let G be a molecular graph with minimum degree 6 > 0 and mazimum
degree A. If (0, A) # (2,3), then

- 2AVEA A —1)

GGz 5t~

with equality if and only if G € Gsa. If (6,A) = (2,3), then

20A —1D)VEA  2/(0+ 1A 25/5(6+ 1) (A72)(671)71:8\/6+1

A (G) >
GALG) 2 S+ A S+1+A 20 + 1 2 5 '

with equality if and only if G € Gy 3.

Proof. Since G is a molecular graph, A(d + 1) is even if and only if (6, A) # (2,3). One
can check that, in this case, (0, A) satisfies (3) in Theorem 2.12. Thus, Theorem 2.12
gives the first part of the corollary. It is easy to check that (0, A) = (2, 3) satisfies (5) in
Theorem 2.12. Hence, Theorem 2.12 gives the second part of the corollary. |

Corollary 2.15. Let G be a graph with minimum degree § > 0 and mazimum degree A =
S+h > 2. If (16—h?) A3+ (2h3+2h2—32h—16) A%+ (—h*—2h3+15h%+16h+16) A—16h > 0,
then

2AAA=h)  AA-h-1)
>
GA(G) > 5A 1 + 3
Proof. By Theorem 2.12 and § = A — h, it suffices to check that
2/ A(A = h)
2A —h

A(A = (h+1))
AA=(h+1)+2

2



-461-

Thus,
2J/AA—h) _ AA = (h+1)

2A—h T AA = (h+1))+2

A(A — (h+1))2(2A — h)?
A2 A= (h+1))2+4AA = (h+1))+4
4(A = h)A(A = (h+ 1)) + 16A(A = h)(A — (h+ 1)) + 16(A — h)
> AA — (h+1)%2A -n) <

AA = (h+1)))4AA = h) = (2A = h)? |+ 16(A —W)[AA - (h+ 1)) +1] > 0 &
—h2AA = (h+1)? +16(A —h)[A* —hA - A +1] >0 <

AA = (h+1))(2A = h)
AA=(h+1))+2

AA—h) >

4A —h)> &

(16 — B*)A® + (20 + 2h® — 32h — 16)A® + (—h* — 2h® + 15h% + 16h + 16)A — 16h > 0
[ |

Let us denote
P(h,A) = (16 — h*) A%+ (2h® +2h? — 32h — 16)A? + (—h* —2h* + 15h* + 16h + 16) A — 16h.
Therefore, we obtain the following polynomials with the following real solutions (rounded

off to one decimal):

If h =0, P(0,A) = 16A3 — 16A? + 16A, real root: 0.

If h =1, P(1,A) = 15A3 — 44A? + 44A — 16, real root: 1.3.

If h =2, P(2,A) = 12A3 — 56 A% 4 76A — 32, real root: 2.7.

If h =3, P(3,A) = TA® — 40A? + 64A — 48, real root: 3.8.

If h =4, P(4,A) = 16A% — 64A — 64, real roots: —0.8 and 4.8.

If h =5, P(5,A) = —9A3 + 124A2% — 404A — 80, real roots: —0.2, 5.9 and 8.1.
If h =6, P(6,A) = —20A% + 296A? — 1076A — 96, real roots: —0.1, 6.9 and 8.

If h =7, P(7,A) = —33A% + 544A? — 2224 A — 112, real roots: —0.1, 7.9 and 8.6.
This, together with Theorem 2.7 and Corollary 2.15, yields the following:

Corollary 2.16. Let G be a graph with minimum degree 6 > 0 and mazimum degree
A=+ h>2. If we have

(1) h=0 or h =1, for every A > 2,
(2) h =2, for every A >3,

(3) h =3, for every A >4,

(4) h =4, for every A >5

(5) h =15, for every A € {6,7,8},
(6) h =6, for every A € {7,8},
(7yh>7and A=h+1,
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then

2A/A(A = h) AA h—1
GA(G) > 3 )

2A —h
Corollary 2.17. Let G be a graph with mazimum degree A > 2 and minimum degree
0=A—1. Then
2A/A(A—1)
GA(GQ) >
2A -1 2
4(A = 1)/AA-1) . (A-2)2—1
2A — 1 2

if A is even,

GA(G) > +1, if A is odd,

with equalities if and only if G € Ga_1 a.

Proof. As we saw above, P(1,A) = 15A3 — 44A% + 44A — 16 > 0 for every A > 2.
Furthermore, since this inequality is strict for every A > 2, the bound is only attained if
G e gA—l,A~

If A is odd (and therefore, A > 3), then by Theorem 2.12, and Remark 2.13, the
second result follows trivially from the fact that § > 2 > 3. Also, since the inequality is

strict, the bound is only attained if G € Ga_1.a |
Corollary 2.16 has also the following consequence.

Corollary 2.18. Let G be a graph with minimum degree 6 > 0 and mazimum degree

2<A<8. Then
2A\/§A A6 — )
0+ A 2

GAG) >
Lemma 2.19. [f28 < a < A, then

2V aA 2V2A
> 22—
A+a A+2

Proof.

2vaA - 22\/2A - Va - 2v/2
A+a A+2 Ata A+2
a(A+2)?>8(A+a)? & (a—8)A*—12aA —8a® +4a > 0.
Since 28 < a < A, then (a — 8)A? — 12aA — 8a® + 4a > (a — 28)A? 4+ 4a > 0 and (9)
holds. |

Lemma 2.20. [f2 < b <27 and A > 30, then

(b— 1)%2 b% (10)
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Proof. We have

2v/2b 2v/2A b—1 VA
b-1)——=>b——F & —F=>——7".
b+2 7 A2 b+2)vb  A+2

Let us define VA
b—1 A
Ay = "1 Ba)y=-Y2 .
O=gram  PO=a0s
One can check that mino<y<or A(b) = A(27) and maxassz0 B(A) = B(30). Since A(27) =
> ‘ﬁ = B(30), we conclude that (10) holds. |

29f

Theorem 2.21. Let G be a graph with minimum degree 2 and mazimum degree A > 28.

Then,

2v2A
> -
GA(CG) 2 2075

and the equality is attained if and only if G = Ky a.

Proof. Let zo be a vertex such that d,,, = A. Let Cy, ..., Cj, be the connected components
of G\{zo} and R; = V(C;) N N(xg) for every 1 < i < k where N(zo) denotes the set of
vertices in G adjacent to zg. Let r; := |R;| and notice that Zle r; = A. Denote by T’
the subgraph of G induced by V(C;) U {zo} (thus, UF,T; = G).

If C; has at least r; edges, then 35,y deu’iii‘ > ﬂ@ Since |E(T;)| = |E(C;)|+7,
we have that
2v/d,d, 2¢v/2A
dtd, = AT
uwveE(I';) utdy +

If C; has less than r; edges then, since R; has r; vertices and R; C C; with C; connected,
it follows that R; = V(C;) and C; is a tree with exactly r; — 1 edges.
Suppose there is a vertex v € R;, such that d, > 28. Recall that v is adjacent to xg

with d,, = A. Thus, by Lemma 2.19, QAVE 22m. Since apart from the edge xgv,

there are 7; — 1 edges joining zy and the vertices in R;\{v} and r; — 1 edges in Cj, it

follows that
2/ d,d, 59 2v2A
T

e dy +d, A+2

Otherwise, if v; is the vertex in R; with maximum degree and d,, < 27, then dV +:i >

2V o every vertex u € N(v;) \ {@o}. Therefore, by Lemma 2.20, if A(d,,) > B(A)

dy; +2
2y/d,d, 2,/2d, 2v2A
z Y > (d,, — 1) = >y ————.
i dy +2 "A+2

w€N (vi)\{zo}
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Since apart from these edges there are r; — d,, edges in C; and r; edges joining xy and the

vertices in R;, it follows that

2v/dyd, S o 2v2A
dy + d, "A+2

uwveE(T;)

Notice that A(d,,) > B(A) for every A > 30, if A =29 and d,, < 26 and if A =28
and d,, < 25. Therefore, if every component C; either satisfies one of these cases, or has
r; edges, or has a vertex with degree at least 28, then

2v/d,d, 2v/ QA 2v/2A
-y y ZQ A2 Paig -Gl

GA (G

=1 wweE(l';)

Therefore, to finish the proof it suffices to check the following cases:

Case 1. Suppose A = 29 and there is a vertex v; adjacent to zy such that d,, = 27,
v; € Cp and Cy has r; — 1 edges. Then, there are exactly two vertices adjacent to xg
which are not adjacent to v;. Let us assume, relabeling if necessary, that these are wog
and x99, and v; = x;. Therefore, G has one edge joining z to x; where d,, = 29 and
d,, = 27, 28 edges joining zy to a vertex x; with d,, > 2 and 26 edges joining z; to z;
for 2 < j < 27 with d,, < 27. If G has 58 edges, then trivially GA,(G) > GA;(Ky).
If |[E(G)| < 57, then there are at most two edges left. Since d,,q > 2 and d,, > 2 either
there is an edge ogxo9 or there are two edges joining g and x99 to the same or two
different vertices in {xq,..., 297} or there is an edge o9 and some extra edge joining
two vertices in {@a, ..., 229 }. Thus, either there is an edge joining two vertices with degree
2 or two edges joining a vertex with degree 2 or 3 to a vertex with degree 3 or 4. Since
22/23 -, 92v2d o 1, it follows that

243 244
2v29-27 . 2V/29-2 _ 2,272
GANG) > = + W 26
O

and it suffices to check that 1.999 ~ 2‘52)3'27 +1> 42V3219’2 ~ 1.965.

Case 2. Suppose A = 28 and there is a vertex v; adjacent to o such that d,, = 26,
v; € Cp and C has r; — 1 edges. Then, there are exactly two vertices adjacent to x
which are not adjacent to v;. Let us assume, relabeling if necessary, that these are xo7
and wag, and v; = x1. Therefore, G has one edge joining zy to x; where d,, = 28 and
dy, = 26, 27 edges joining zy to a vertex z; with d,, > 2 and 25 edges joining z; to z;
for 2 < j < 26 with d,, < 26. If G has 56 edges, then trivially GA1(G) > GA;(Kyps).
If |E(G)| < 55, then there are at most two edges left. Since d,,. > 2 and d,,, > 2 either

x27 28

there is an edge zo7x98 or there are two edges joining wor and xsg to the same or two
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different vertices in {zs,..., 96} or there is an edge wo7a25 and some extra edge joining
two vertices in {xa, ..., Zog}. Thus, either there is an edge joining two vertices with degree
2 or two edges joining a vertex with degree 2 or 3 to a vertex with degree 3 or 4. Since

22V23 - 92V24 - 1 it follows that

243 2+4
22826 2282 2262
GANG) > == 2T 4 25
O

and it suffices to check that 1.999 ~ 2@ +1> 42‘{32537'2 ~ 1.996.

Case 3. Suppose A = 28 and there is a vertex v; adjacent to o such that d,, = 27,
v; € Cp and C has r; — 1 edges. Then, there is exactly one vertex adjacent to xy which
is not adjacent to v;. Let us assume, that it is zog, and v; = x;. Therefore, G has one
edge joining xy to x; where d,, = 28 and d,, = 27, 27 edges joining z, to a vertex z; with
d,, > 2 and 26 edges joining x; to z; for 2 < j < 27 with d,; < 27. If G has 56 edges,
then trivially GA;(G) > GA;(Ksgs). If |E(G)| < 55, then there is at most 1 edge left.
Since d,, > 2 there is an edge joining 25 to a vertex in {zs,...,z27}. Thus, there is an

edge joining a vertex with degree 2 to a vertex with degree 3. Hence, it follows that

2v/28 - 27 2282 2272 2v/2-3
A > 2 2
GAG) = 5 g BTy s

and it suffices to check that 1.98 ~ 27@:;27 + @ > 327%5)8’2 ~ 1.50.

Since the inequalities in Lemmas 2.19 and 2.20 are strict, it follows from the proof
that if GA1(G) = 2A2&/§A, then C; has exactly r; edges for every 1 < ¢ < k. Therefore,
G has 2A edges and Proposition 2.9 gives G = Kj a. |

Given any odd integer A > 3, let us define Ha as the graph with minimum degree

2, maximum degree A, |V (Ha)| = A + 1, and such that there are 2 vertices, xg, z; with

degree A which are adjacent and A — 1 vertices with degree 2: xs,...,za. Note that
2v2A
A(HA) =2(A —1)——+1. 11
GAi(Ha) =28 = )32+ (1)

The next result shows that the conclusion of Theorem 2.21 does not hold for A < 28.
Proposition 2.22. For any integer 2 < A <27, if G € Gy p, then
GAI(G) < GA(Ksn), if Ais even,
GA(Hp) < GAL(Kan), if A is odd.
Proof. If A'is even, then A(0+1) is even and, by Proposition 2.10, GA(G) < GA1(Ks,a)-
If Ais odd, then by (11), GA1(Ha) = Q(A—l)zm—&-l and, since for every 2 < A <27

244
we have 1 < 22@, we conclude GA;(Ha) < GA(Kan). [ |
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