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Abstract

Let G be a graph of order n with vertices labeled as v1,vs,...,v,. Let d; be
the degree of the vertex v;, for i = 1,2,...,n. The (first) Zagreb matrix of G is the
square matrix of order n whose (i, j)-entry is equal to d; + d; if v; is adjacent to vj,
and zero otherwise. We introduce and investigate the Zagreb energy and Zagreb
Estrada index of a graph, both base on the eigenvalues of the Zagreb matrix. In
addition, we establish upper and lower bounds for these new graph invariants, and
relations between them.

1 Introduction

All graphs considered in this paper are assumed to be simple. Let G be a (molecular)
graph with vertex set V(G) = {v1,v2, ..., v, } and edge set E(G). If v; and v; are adjacent
vertices of G, then the edge connecting them is denoted by v;v;. By d; we denote the
degree of the vertex v; € V(G).

In mathematical chemistry, there is a large number of topological indices of the form

TI=TIG) = Y F(dd)

viv; €E(G)
where F' is a pertinently chosen function with the property F(z,y) = F(y,2). The most

popular topological indices of this kind are the:
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o first Zagreb index, F =z + y,

e second Zagreb index, F = x -y,

e Randi¢ connectivity index, F = 1/,/zy,
e harmonic index, F = 2/(z + y),
e atom-bond connectivity (ABC') index, F = \/(z +y — 2)/(zy),
e geometric-arithmetic index, F = 2,/zy/(z + y).

Note that there are several more indices, see [11]. To each of such topological indices, a

matrix TT can be associated, defined as

]:(d“dj) if V;jU; (S E(G)
0 otherwise .
If f1, fa,. .., fn are the eigenvalues of the matrix TI, then an “energy” can be defined

as

Err = Eri(G) =Y _Ifil.

The most extensively studied such graph energy is the Randi¢ energy [4,5,8], based

on the eigenvalues of the Randi¢ matrix R, where

R, = dll rx if vv; € E(G)
0 otherwise .

Recently, the analogous concepts of harmonic energy [16], ABC energy [10], and
geometric—arithmetic energy [23] were put forward.

Bearing this in mind, it seems to be purposeful to consider also the graph energies
pertaining to the first and second Zagreb indices, especially in view of the fact that these
are the oldest [13-15,20] and most thoroughly examined vertex-degree-based topological
indices, see the recent reviews [2,3] and the references cited therein. If so, then we

would have to introduce the first Zagreb matriz Z™) and the second Zagreb matriz Z(,

respectively, defined as:

d,“rd if’U,‘U'GEG
(1) - ; ;€ B(G)
i 0 otherwise
and
dz‘ . dj if ViU; S E(G)

otherwise .
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If the eigenvalues of Z(MW are dl), Cél), A 7(11), then the first Zagreb energy would be
ZE, = ZE\(G) = Z (s}
i=1
If the eigenvalues of Z3 are GZ), CZ(Q), A ,(12), then the second Zagreb energy would be
ZE; = ZEy(G) = Z 2.
i=1

Remark. At this point it is worth noting that a quantity somewhat similar to the first
Zagreb index was earlier examined under the name “vertex sum energy” [16,17,22]. It is
defined as the sum of absolute values of the eigenvalues of the matrix whose (i, j)-element
is equal to d; +d; if i # j, and zero if i = j. Thus, the first Zagreb energy and the vertex

sum energy coincide if and only if G = K,, or G 2 K,,.

2 First Zagreb index and first Zagreb energy

The first and second Zagreb index, usually denoted by M; and My, are defined as [14,15]
My =M(G)= > d and My =My(G)= Y did;
2EV(G) v;0;€E(G)
whereas the first Zagreb index satisfies the identity
M= > (di+d)).
viv; €E(G)
In what follows, we shall be also concerned with the closely related quantity
HM =HM(G)= > (di+d;)’ (1)
viv; €E(G)
which is the so-called hyper—Zagreb indez, recently introduced in [24], see also [1,12,21].
In this paper, we are concerned only with the first Zagreb index and the corresponding
first Zagreb matrix and first Zagreb energy. The study of the analogous second-Zagreb
quantities will be communicated in a forthcoming paper [18]. In view of this, in what
follows, for the sake of simplicity, the indicator first will be omitted and we denote the
(first) Zagreb matrix by Z, its (4, j)-element by z;;, its eigenvalues by (i, (s, ..., G, and
its energy by ZE. Thus,
d; +d; if the vertices v; and v; are adjacent
zij=14 0 if the vertices v; and v; are not adjacent

0 ifi=j
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and
ZE=ZE(G) =Y.
i=1

This paper is organized as follows. In Section 3, we state some previously known
results. In Section 4, we introduce and investigate the Zagreb energy and obtain lower
and upper bounds for it. In Section 5, we put forward the concept of Zagreb Estrada
index, and obtain lower and upper bounds for it. In Section 6, we investigate relations

between Zagreb Estrada index and Zagreb energy.

3 Preliminaries and known results

In this section, we present previously known results that will be needed in the forthcoming
sections. We first calculate tr(Z?), tr(Z?), and tr(Z*), where tr denotes the trace of the
respective matrix.

Denote by Ny the k-th spectral moment of the Zagreb matrix Z, i. e.,

n

Ne=3 (@) ©)

i=1

and recall that Ny = tr(ZF).

Lemma 1. Let G be a graph with n vertices and Zagreb matriz Z. Then

(1) Ny=tr(Z)=0 (3)
(2) Ny=tr(Z*) =2HM (4)
(3) Ny=tr(Z*)=2HM Y d (5)

i,5,k€{1,2,..., n}

injnok ink

2
@) Ny=tr(Z)=nHM)?+ > (di+d) | > di| . (6)
z.jE{_l,Z_....n} ke{l.z,..._,n}
inj invknj

where i ~ j indicates pairs of adjacent vertices v; and v;.

Proof. (1) By definition, the diagonal elements of Z are equal to zero. Therefore the
trace of Z is zero.

(2) The diagonal elements of Z?* are

n

(ZQ)“ = Z Zij Zji = Z(Z,;]’)Q = Z (Z,;]')2 = Z (dz + dj)2

j=1 je{1,2,...,n} je{1,2,...,n}
inj inj
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and therefore

n

= D (di+dy) D (di+d;)?=2HM.
=1 je{1,2,...,n} i,je{1,2,...,n}

invj i~vg

In addition, for ¢ # j

n
(Z2)7;]‘ = Z Zi]‘ Zji = Zii Zij + Zij Zj]‘ + Z Zik ij = (d, + dj) Z (dk)Q .
Jj=1 ke{l1,2,...,n} ke{l,2,...,n}

inknj inkej

(3) Since the diagonal elements of Z* are

:Zzij(zz)ji: Do di+d) (2= Y (dit+d) D (d)

je{1,2,...,n} je{1,2,..., n} ke{1,2,...,n}
JN‘L I~ i~vkeg
we obtain
“Y Y @rd) Y @)
i=1 je{1,2,...,n} ke{1,2,...,n}
Jri i~vk~g
=2 Y (di+d)’ D (d)?=2HM > (dp)
i,5€{1,2,...,n} ke{1,2,..., n} i,j,k€{1,2,...,n}
i~ inkno] ininok , ink
4) The proof of formula (6) is analogous. |
( P g

Lemma 2. For any non-negative real x, e* > 1+ x + % + L; + %4. Equality holds if and
only if v = 0.

Lemma 3. Let x1,x9,...,x, be positive numbers. Then

n <
-1 T1X Ty -
1 1 — n

s Tn

Proof. By the arithmetic—geometric mean inequality, we have
1/1 1 JI1 1
=4+ =)= —.
n \r T Ty IQ In

Lemma 4. (Chebishev’s inequality [7]) Let a; < as < -+ < a, and by < by < -+ < b, be

real numbers. Then . . .
i=1 i=1 i=1

Equality occurs if and only if ay = ay =-+-=a, orby =by=---=b,.



-376-

Lemma 5. For non-negative x1,xs,...,z, and k > 2,
n n k/2
St < (37) o
i=1 i=1

Denote by M, the number of closed walks of length k, equal to the k-th spectral

moment of the adjacency matrix [6].

Lemma 6. [25] Let G be a graph with m edges. Then for k > 4, Myyo > M, with
equality for all even k > 4 if and only if G consists of m copies of the complete graph on
two vertices and possibly isolated vertices, and with equality for all odd k > 5 if and only

if G is a bipartite graph.

4 Bounds for Zagreb energy

Let n and m denote the number of vertices and edges of the graph under consideration.
Recall that &£, the (ordinary) energy of a graph, is equal to the sum of absolute values of
the eigenvalues of its adjacency matrix [19]. There exist several bounds on &, depending
on the parameters n and m [19].

Now, 2m is equal to the sum of the squares of the elements of the adjacency matrix.
This implies that in the theory of Zagreb graph energy, the quantity 2 HM will play
the same role as 2m plays in the theory of ordinary graph energy, where HM is the
hyper—Zagreb index, Eq. (1).

Bearing this in mind, we immediately arrive at the following estimates:
Theorem 1. Let G be a graph with n vertices and hyper—Zagreb index HM. Then

V2HM < ZE(G) < V2nHM,

ZE(G) > \J2HM + n(n — 1) | det Z(G) 27,

ZE(G) > ni/|det Z(G)].

Theorem 2. Let G be a graph with hyper—Zagreb index HM. Then

e—m < ZE(G) <e 2HM (8)
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Proof. For the sake of simplicity, we write & = |(;].
Lower bound. By definition of the Zagreb energy and by the arithmetic-geometric

mean inequality,
@)= &=n (iZ&) >0 (Vag &)
i=1 i=1

By Lemma 3, we have

ni/&&e & =n & >n|l—2 | >n " (by Lemma 4)

=1 i=1"" =1 -1
n n 1
2 n = >n - = — L
n? Z &i n? 23 Z Z (f]é')
=1 i=1 i=1k>0
1 1 ,
- L& 2 - 772 (by inequality (7))
m fz k) 1 32
S (G zh(Le
1 1
- n k2 T T (by Eq. (4))
> m (Z(&)Z) b %( QHM)
k>0 i=1 £>0

Therefore, we have ZE(G) > e~ VM,

Upper bound. Starting with the definition of Zagreb energy, we get

n n n k/2
1
G) = E_] & < §_1 et = = k§>0 I E-—1 (&)< E I <§ & )

k>0
by inequality (7), and

n k/2 n k/2 12
> ,i! (Z (&) ) = E% (Z (&,)2) - Z%(QH]W) , (by Eq. (4))

k>0 i=1

i=1 k>0

Theorem 3. Let G be a non-empty graph with hyper—Zagreb index HM . Then

1
> —.
ZB(G) = 2HM
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Proof. By definition of the Zagreb energy and by the arithmetic-geometric mean inequal-

ity, we have
n 1 n
= Zfi =n <nzfl> >n /&8 &
i=1 i=1

By Lemma 3,

n\/&& & = n " l=n m nn Zn( Zn )

oE IEIN -
i=1 =1 =1
by Lemma 4, and
n 1 1
>n - > — > W73
Y &) L&)k ( (gl)2)
i=1 i=1 =
by inequality (7), and
_ 1 _ 1
" K2 T (QH M)
(L)
by Eq. (4). Hence, for k = 2, we arrive at (9). |

5 Bounds on the Zagreb Estrada index

In this section, we consider the Zagreb Estrada index of a graph G, and give lower and

upper bounds for it. We first recall that the Estrada index of a graph G is defined in [9]

as
n
EE = EE(G) =) _¢",
where A\j, Ao, ..., A, are the eigenvalues of the adjacency matrix of the graph G, forming

its spectrum [6]. Denoting by My = My(G) the k-th spectral moment of the graph G,

n

My = My(G) = >_ (W),

i=1

we have

EE = ZM’“ .
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Let thus G be a graph of order n whose Zagreb eigenvalues are (i, (o, . .

the Zagreb Estrada index of G, denoted by ZEFE(G), is defined to be

ZEE = ZEE(G) =) %

Recalling Eq. (2), it follows that
N,
ZEE(G) = k—f
i=1
Theorem 4. Let G be a graph with n vertices. Then
ZEB(G) > n+2HM + 2HM(sinh(1) - 1) S ()

i,5,k€{1,2,....,n}
irvknging

'7<'n.~

Then

+(cosh(1)—1> n(HM? + (di—i-dj)Q( 3 (dk)2)2

1,]6{},2.‘.“,7),} ke{l,‘z....:vw,

inj inknj

Proof. Note that Ny = 2H M. By Lemma 6,

N2k+1 N2k+2
ZEE(G) =n+2HM + ; ST 1)! + Z (% )

>n+2HM+Y
k>1
=n+2HM + 2HM<s'1nh(1) - 1) Y (@)

04 k€{1,2,...n}
inckinj,iro]

2k+1 +Z 2k+2

+<cosh(1)71> n(HMP + Y (di+dj)2( 3 (dk)Q)Q

i,j€{1,2,..., n} ke{1,2,...,n}
invj irvkej

Theorem 5. Let G be a non-empty graph with hyper—Zagreb index HM . Then

ZEE(G) <n— 1+ VM1

Proof. Let ny be the number of positive Zagreb eigenvalues of G. Since f(z) =

monotonically increases in the interval (co, +00) and m # 0, we get

Ty N4

n
ZEE:ZeC" (n—ny +ZeC‘:n—n
i= i=1 k>0
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N4

=0+ =3 (10)
> i=1
= A k/2 /2
Sn/Jer‘(ZCf) —n+zk' <ZC> .
k>1 0 \i=1 E>1

Since every (n,m)-graph with m # 0 has K, as its induced subgraph and the spectrum
of Ky is 1,—1, it follows from the interlacing inequalities that ¢, < —1, which implies

that E?:MH(C,;)? > 1. Consequently,

1
ZEE >n+ Zﬁ (2HM — 1)F/? = — 1 4 ¢V2IN-T,

E>1

Theorem 6. Let G be a graph with n vertices and hyper—Zagreb index HM . Then

2 1
ZEE(G) > |n?(1+ HM)+20HM + ZHM S (d)2+ T
i,5,k€{1,2,....n}

ik

Proof. Suppose that (1, (o, ..., G, is the Zagreb spectrum of G. Using Lemma 2, we have

ZEE(G)* = Z Z it

i=1 j=1
(CZ+<) (<i+<.)3 (G +G)
>121]ZI(1+Q+CJ J T )
B n n CZ <2 <3 C?C QCQ
;;(1+Q+C]+++QCJ++6 TJJrTf
G GG, GG, GG

From Egs. (3)-(6) it follows,

ZZQH} —nZ§,+nZ<]—o

S $eo- (o) -
lel( %) ZCZ icf:QnHM
ZZ( Ca) ”Z@ "ch 2av Y (@)

i=1 j=1 i5k€{1,2,....n}
inckinjyinog



i=1 j=1

-GG 1L n
DID Dt DD B
i=1 j=1 e =
ii( S li@ig —0

6 g J

i=1 j=1 i1 j*l
e J
22 2 **E;GZC =0
=i < >

Z 12@:52@22@:0.
e =1 j=1

Combining the above relations, we get the inequality stated in Theorem 6. -

Theorem 7. Let G be a graph with n vertices and hyper—Zagreb index HM. Then

Vn2+4HM < ZEE(G) <n—1+4 V2, (11)

Proof. Lower bound. Directly from the definition of the Zagreb Estrada index, we get
ZEE(G Z X 42 ey (12)
i<j

In view of the inequality between the arithmetic and geometric means,

[n(n—1)] n—1
QZeQ’eCJ (n—1) (Hec” CJ) =n(n—1) [(H()C‘) :|

i<j i<j

=n(n—1) (ezf”:l 41)2/71 =n(n—1). (13)

2/[n(n—1)]

| \/

By means of a power-series expansion, and bearing in mind the properties of Ny, Ny, and

N, we get
et = ZZ QC’ 7n+4HM+ZZ QC’ .
i=1 i=1 k>0 i=1 k>3

Because we are aiming at an (a% good as possible) lower bound, it may look plausible to

replace >, .4 @ Cl by 82k> 3 k, . However, instead of 8 = 2% we shall use a multiplier

w € [0,8], so as to arrive at

Z X >

i=1 k>3
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=n+4HM — wn —

i=1 k>0

Z X > (1—win+ (4 —w)HM +wZEE(G). (14)

By substituting (13) and (14) back into (12), and solving for ZEFE, we obtain

2
ZEEZ%Jr\/(nf%) Y (4—w)HM. (15)

It is elementary to show that for n > 2 and HM > 1, the function

2
flz) = g + \/(n - %) Y (4—a)HM
monotonically decreases in the interval [0,8]. Consequently, the best lower bound for
ZEE is attained not for w = 8, but for w = 0. Setting w = 0 into (15) we arrive at the
first half of Theorem 7.
Upper bound. By the definition of the Zagreb Estrada index,

n \k n
zpE=n+ Yy Gr <> S GF

i=1 k>1 . =1 k>1

n n k/2
=n-+ Z % Z [(Q)2}k/2 <n-+ Z% |:Z(<1)2:|

k>1 0 i=1 k>1 " Li=1

1 b 1 g 2HM
:n+zﬁ(2HM) :n—1+zﬂ(\/2HM) =n—1+ VM

k>1 k>0
which directly leads to the right-hand side inequality in (11). Thus, the proof of Theorem
7 is completed. [
Theorem 8. Let G be a graph with n vertices. Then
ZEE(G) <n—1+ VM,

Proof. By definition of the Zagreb Estrada index, we have

ZEE(G ZQQ*ZZ §n+22<

i=1 k=0 i=1 k=1
4k4 = 1 - 4 A - 1 k/4
ey @ e () ey o
i= i=1 k=1
oo 4Nk )
:n—1+2 k|4:n—1+cm.
k=0 '
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Theorem 9. Let G be a graph with hyper—Zagreb index HM. Then
ZEE(G) < ev2MHA (16)

Proof.

ZEE(G Z Tl Z G)F < >Ukl <, 1 (G) ) (by inequality (7))

k>0 i=1 k

- Zkl (Z 1)2) Z% 2MH) "z (by Eq. (4))

k>0

=y ﬁ(\/m)k =

k>0

6 Bounds for Zagreb Estrada index involving Zagreb
energy

Theorem 10. Let G be a graph on n wvertices, with n, positive Zagreb eigenvalues.
Then the Zagreb Estrada index ZEE(G) and the graph Zagreb energy ZE(G) satisfy the

following inequalities:

%(e —~1)ZE(G)+n—ny < ZEBE(G) <n—1+ #H2,

Proof. Lower bound. Note that ¢* > 1+ x, with equality if and only if x = 0. Also,

e’ > ex, with equality if and only if x = 1. Thus,

ZEE(G Ze@ =D ety e

¢G>0 ¢i<0
> Z eGi + Z (1+G)
¢G>0 Gi<0

6(41+<2+"'+<1L+)+(n_n+)+(CrL++l+"'+<1L)

(6*1)((1+Cz+--~+<n+)+(nfn+)+ZQ
=1

= %ZE(G)(e —+n—ng.
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Upper bound. From (10),

ZEE(G <n+2 "Z+<z <n+z '(ZQ) —n 14 eZEG)2
k>1 "11 k>1k

Theorem 11. Let G be a graph with largest Zagreb eigenvalue ¢, and let p,7 and q be,

respectively, the number of its positive, zero and negative Zagreb eigenvalues. Then

ZEB(G)—2¢; ZE(G)

ZEE(G)> e+ 7+ (p—1)e 20D 4ge 2 . (17)
Proof. Let (i, ..., be the positive, and (,—q41, - . ., (, the negative eigenvalues of Z. As

the sum of eigenvalues is zero, one has

G):2ZQ:*2 Z G-

i=n—q+1

By the arithmetic-geometric mean inequality,

(Cot-+Cp) ZE(G)—2¢
E @C’ > — ] [C2a)) = (p— ]_)(J 2p-1)

Similarly,

n

_ZB(G)
Z €S >qge 2 .

i=n—q+1

For the zero eigenvalues, we also have

Thus, inequality (17) follows. |

Theorem 12. Let G be a graph with n vertices and hyper—Zagreb index HM . Then
ZEE(G) — ZE(G) <n—1—V2HM + ¢V?IM,

Proof. By the definitions of the Zagreb energy and Zagreb Estrada index, we have

ZEE(G) = n+zz(€;!) <

i=1 k>1 i=1 k>1

n k
n+ZE(G’)+ZZ%

i=1 k>2

ZEE(G)

IN

implying

ZEE(G) — <n+ZZ<’<n—l—\/ M + ¢V2HM

i=1 k>2
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Theorem 13. Let G be a graph with n vertices. Then
ZEE(G) <n—1+¢Z85@),

Proof.

n e 1/ ZE(G))k
ZEE(G):n-i-ZZE:n—F;H(;Qk) Sn—‘rz%,

i=1 k>1 E>1

7 Concluding Remarks

For a graph of order n, the first Zagreb matrix is defined as the square matrix whose (7, j)-
element is equal to the sum of degrees of adjacent vertices v; and v;, and zero otherwise.
The new concepts of first Zagreb energy and first Zagreb Estrada index are introduced.
These graph invariants depend on the eigenvalues of the first Zagreb matrix in the same
manner as the ordinary graph energy and Estrada index depend on the eigenvalues of
the adjacency matrix. Their basic properties are determined. In particular, bounds for
the Zagreb energy and for the Zagreb Estrada index are established, as well as relations
between them.

The analogous second Zagreb energy and second Zagreb Estrada index, based on the
eigenvalues of the second Zagreb matrix, are planned to be studied in a forthcoming

paper [18].
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