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Abstract

The energy of a graph is defined as the sum of the absolute values of the eigen-
values of its adjacency matrix. Let Q(n,3) be the set of trees with n vertices and
exactly three branched vertices. In this paper, we characterize the trees with the
first to the fourth smallest energies in Q(n, 3) for n > 27.

1 Introduction

Let G be a simple and undirected graph with n vertices and A(G) be its adjacency
matrix. Let Aj, Ag, ..., A\, be the eigenvalues of A(G). Then the energy of G, denoted
by E(G), is defined as E(G) = Y i, |\ (see [1,2]). The theory of graph energy is well
developed nowadays. Its details can be found in the recent book [3] and reviews [4], and
references therein.

A fundamental problem encountered within the study of graph energy is the charac-

terization of the graphs that belong to a given class of graphs having maximal or minimal
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energy. One of the graph classes that has been quite thoroughly studied is the class of
all trees, i.e., connected graphs with no cycle. A remarkably large number of papers were
published on such extremal problems: Trees with minimal energies [5-15]; Trees with
maximal energies [16-22]; Unicyclic graphs [23-29]; Bicyclic graphs [30-32]; Tricyclic
graphs [33-35].

The characteristic polynomial det(x] — A(G)) of the adjacency matrix A(G) of a graph
G is also called the characteristic polynomial of G, written as ¢(G,z) = Y1 a;(G)z" "
If G is a bipartite graph, then it is well known that ¢(G, x) has the form

[n/2] . [n/2) . .
o(G,x) = Z ay(G)a" % = Z (—1)'by (G)z" %,
=0 i=0

where by;(G) = |ag(G)| = (—1)%ax(G). In case G is a forest, then by (G) = m(G, i), the
number of i-matchings of G.

In this paper, we assume that
~ [n/2] '
AG,x) =) bu(G)a" .
=0

Using these coefficients of ¢(G, z), the energy F(G) of a bipartite graph G of order n

can be expressed by the following Coulson integral formula [2]:

oo 1 Ln/2]

E(G) = %/0 ﬁln Z byi(G)a* | de. 1)
=0

It follows that E(G) is a strictly monotonically increasing function of those numbers
boi(G)(i =0,1,...,|n/2]) for bipartite graphs. This in turn provides a way of comparing

the energies of a pair of bipartite graphs as follows.

Definition 1.1. Let Gy and G5 be two bipartite graphs of order n. If bo;i(Gh) < byi(G2)

for all i with 1 <i < |n/2|, then we write G; =< Gs.

Furthermore, if G; < G and there exists at least one index j such that by;(G) <
bo;(G2), then we write that Gy < Ga. If by (G1) = byi(Go) for all i, we write G; ~ Gb.
According to the Coulson integral formula (1), we have for two biaprtite Gy and Gy of
order n that

G 2 Gy = B(Gy) < B(Gy)

G < Gy = E(Gl) < E(Gz)
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Trees with extremal energies are extensively studied in literature (see [3], Chapter
7). Gutman [5] determined the first four smallest energy trees of order n. Li and Li [7]
determined the fifth and sixth smallest energy trees of order n. Wang and Kang [8]
characterized the seventh to the ninth smallest energy trees of order n. Recently, Shan
and Shao [9] further determined the tenth to the twelfth smallest energy tree of order n.

Because the first to the twelfth smallest energy trees of order n have one or two
branched vertices, it is natural to consider determining the minimal energy trees over the
set of trees of order n with few branched vertices. In [10], Marin et al. showed that the
minimal energy tree of order n with exactly three branched vertices was T'(2,1,n — 6)
(see Figure 1). In this paper, we generalize the result and further characterize the trees
with the second to the fourth smallest energies with exactly three branched vertices for
n > 27.

Let Q(n,3) be the set of trees with n vertices and exactly three branched vertices.

The following theorem is the main result of this paper.

Theorem 1.1. Let T € Q(n,3) andn > 27. If T # T(2,1,n—6),T(2,n—7,2),T(3,1,n—
7),7(2,2,n — 7), then B(T(2,1,n — 6)) < E(T(2,n —7,2)) < E(T(3,1,n — 7)) <

E(T(2,2,n—17)) < E(T).

n-— 6 n-— 7
T(2,1,n—-6) T(2,n-17,2)

n-— 7 n-— 7
T3,1,n-17) 712,2,n-17)

Figure 1. The trees 7'(2,1,n —6), T'(2,n —7,2), T'(3,1,n —7) and T(2,2,n — 7).
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2 The basic strategy of the proof of Theorem 1.1

In this section, we outline the basic strategy of the proof of Theorem 1.1. Let T
be a tree with n vertices and exactly three branched vertices. Then T has the form of

T(ay, -, ap|zfb, -+, b

lyler, - -+, ) as shown in Figure 2, where ay, -+ ,a,, by, -+ ,bs,¢1, -, ¢, ¢,y are positive
integers. Whena; =---=a, =by=---=b;=c,=--=¢g=1landzr =y =1, we
usually abbreviate T'(aq, - - , ay|z|bi, -+ ,bs|y|c1, - -+, ¢) by T(r, s, t) which is depicted in

Figure 2. Let (n, 3) be the set of trees with n vertices and exactly three branched vertices.
Let A(n,3) ={T(r,s,t)[t >r>2,8>1,r+s+t =n—3}. Let B(n,3) = Q(n,3)\ A(n, 3).
Then we have A(n,3)J B(n,3) = Q(n, 3).

T(r,s,t)

Figure 2. The trees T'(a1,- -+ ,ar|z|b1, -+ ,bs|ylc1, -+ ,¢) and T'(r, s,t).

To conclude, for n > 27, our basic strategy of the proof of Theorem 1.1 is to prove

the following results (Ry) — (Rs):

(Ry). E(T(2,1,n—6)) < E(T(2,n—17,2)) < E(T(3,1,n — 7)) < E(T(2,2,n — 7).

(Ry). Let T € A(n,3). UT #T(2,1,n—6),T(2,n—17,2),T(3,1,n—7),T(2,2,n—7),
then E(T) > E(T(2,2,n —17));

(R3). Let T € B(n,3). Then E(T) > E(T(2,2,n —T7));

Tt is easy to see that we can prove Theorem 1.1 by combining the above results (R;) —

(R3). Then we will prove the results (R;) — (R3) in Sections 3 and 4, respectively.
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3  The proof of (R;)

Recently, Shan et al. [9] presented a new method of comparing the energies of two
trees which are quasi-ordering incomparable. In this section, we will use the method to
prove the result (R;). First, we introduce some notations and lemmas.

Let u be a vertex of a graph G. A k—claw attaching graph of G at u, denoted by
G.(k), is the graph obtained from G by attaching k new pendant edges to G’ at the vertex
u.

For the sake of simplicity, the polynomials ¢(G,x) and 5(G7) will be denoted by
¢(G) and qg(G) Let v be a vertex of a graph H. Let

Dy = {z>06(H)(G —u) — p(G)o(H —v) > 0}
Dy = {z>0|6(H)o(G —u) — p(G)o(H —v) < 0}.

Furthermore, we let

ED(k) = E(H,(k)) - E(Gu(k))
ED = E(H—-v)— E(G—u).

Lemma 3.1. (/9]) Let u be a vertez of a bipartite graph G and v be a vertex of a bipartite
graph H. Let Dy, Dy, ED(k), ED be defined as above. Then for 0 <1<k, we have

(1) If Dy = 0 but Dy # 0, then ED(l) < ED(k) < ED;

(2) If Dy = 0 but Dy # 0, then ED < ED(k) < ED(1);

(3) If Dy = Dy = 0, then ED = ED(k) = ED(]).

From Lemma 3.1, we can prove the following two lemmas.
Lemma 3.2. Ifn > 27, then E(T(2,n—7,2)) < E(T(3,1,n—7)).

Proof. Let G =T(2,20,2) and H = T(3,1,20). Let u be the vertex of G with degree 22
and v be the vertex of H with degree 21, respectively. Then G, (n — 27) =T(2,n —7,2)

and H,(n —27) =T(3,1,n — 7), respectively. By some calculations, we can show that

O(H) =602 +1062% + 262% + 27
H(G) =802 + 8822 + 2622 + 227
,5(H —v) =a2%(32% + 5at + 29)
O(G —u) =a2(4a? + 42 + 29),
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This implies that
S(H)H(G —u) = (G)$(H —v) = =2 (a” + 2)(a” + 5).

Then D, = (. Using Lemma 3.1, we have

ED(n —27) > ED(0) = E(H) — E(G) = 9.8567 x 10~* > 0.
Thus E(T(2,n—7,2)) < E(T(3,1,n = T7)). |
Lemma 3.3. Ifn > 16, then E(T(2,2,n— 7)) < E(T(4,1,n — 8)).
Proof. Let G = T(2,2,9) and H = T(4,1,8). Let u be the vertex of G with degree 10
and v be the vertex of H with degree 9, respectively. Then G,(n — 16) = T(2,2,n — T7)

and H,(n — 16) = T'(4,1,n — 8), respectively. By some direct calculations, we can get
G(H) =322 4 562'2 + 15z 4 16

&(G) =362+ 51a!? 4 1521 + 216
G(H —v) = 28(4a® + 62° + 27)
(G —u) = %423 + 52 + 27).
It follows that

G(H)H(G — u) — H(G)p(H — v) = —2"3(2? + 2)(® + 82 + 142° + 8).
Thus D; = (. According to Lemma 3.1, we have
ED(n—16) > ED(0) = E(H) — E(G) = 0.0129 > 0.
Then E(T(2,2,n—7)) < E(T(4,1,n —8)). |
According to Lemmas 3.2 and 3.3, we can prove the following result.
Lemma 3.4. Ifn > 27, then E(T(2,1,n—6)) < E(T(2,n—7,2)) < E(T(3,1,n—17)) <
E(T(2,2,n—T7)).

Proof. By some direct, calculations, we can show that
H(T(2,1,n—6)) =2(n—6)2""%+4(n—5)z" 4 + (n — 1)a""2 + 2"
&(T(2,n—17,2)) =4n—") 2" 5 +4(n— 5) 4 (n—1)a" 2 + 2"
A(T3,1,n—=T7) =3n—"72"%+ (Bn—29)2"*+ (n— L)a" 2+ 2"
H(T(2,2,n—T)) =4(n— 72" 5+ (5n —29)2"* + (n — L)a" 2 + 2"
It follows that T'(2,1,n — 6) < T(2,n — 7,2) and T(3,1,n — 7) < T(2,2,n — 7). By
Lemma 3.2, we can have E(T(2,1,n —6)) < E(T(2,n —7,2)) < E(T(3,1,n - 7)) <
E(T(2,2,n 7). m
The proof of (R;):

Proof. The result can follow from Lemma 3.4 immediately. |
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4 The proofs of (R;) and (Rj3)

In this section, we will prove the results (Ry) and (R3). The following two lemmas

were obtained by MArin et al. in [10].

Lemma 4.1. ( [10]) Let T(r,s,t) be the tree depicted in Figure 2. If t > r > 2, then
T(r—1,s,t+1) < T(r,s,t).

Lemma 4.2. ([10]) Let T(2, s,t) be the tree depicted in Figure 2. We have the followings.
(1) If2<s<t, thenT(2,s —1,t +1) <T(2,s,t);
(2)If2<t<s, thenT(2,s+1,t —1) <T(2,s,1);

The following lemma will be used in Lemma 4.4.

Lemma 4.3. Ifn > 11, then T(2,2,n —7) < T(2,n — 8,3).

Proof. By some direct calculations, we can have
o(T(2,2,n—=T7)) =4(n—7)2" 5+ (5bn—29)2"* + (n — L)a" 2 + 2"
H(T(2,n —8,3)) =6(n—8)z" 5+ (5n—29)2" 4+ (n — 1)a" 2 + a™.

It follows that 7'(2,2,n —7) < T(2,n — 8,3). We have completed the proof. |
Now we prove the result (R») in the following lemma.

Lemma 4.4. Let T € A(n,3) andn > 16. If T #T(2,1,n—6),T(2,n—7,2),T(3,1,n—
7,T(2,2,n—71), then E(T) > E(T(2,2,n—T1)).
Proof. Since T' € A(n,3), we have that T has the form of T'(r,s,t) shown in Figure 2.
Because T' # T'(2,n—7,2), we have 1 < s < n—8. We consider the following three cases.

Case 1: s =1

Then T =T(r,1,t) with r+¢ =n—4. Since T # T(2,1,n—6),T(3,1,n—T7), we have
r > 4. By Lemma 4.1, we can show that T > T'(4,1,n — 8). Furthermore, using Lemma
3.3 we have E(T) > E(T(2,2,n —T7)).

Case 2: s =2

SoT =T(r,2,t) with r+¢ =n—4. Since T' # T'(2,2,n—7), we have r > 3. According
to Lemma 4.1, we can get T = T'(3,2,n — 8) > T(2,2,n — 7).

Case 3: 3<s<n-—28

By Lemma 4.1, we have T = T'(2,8,n — s — 5).
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If s <n—s—>5, then by Lemma 4.2 we have T = T(2,3,n — 8) > T'(2,2,n — 7).
If s > n—s—>5, then using Lemma 4.2 we have T' = T'(2,n—8, 3). Moreover, according

to Lemma 4.3, we can show that 7' > T'(2,2,n — 7). Then we complete the proof. |
The proof of (Ry):
Proof. The result can follow from Lemma 4.4 immediately. |

Let T be a tree of order n > 4 and uv be a nonpendent edge. Assume that 7' — uv =
Ty UT, with w € V(T}) and v € V(Ty). Now we construct a new tree T obtained by
identifying vertex u with vertex v and attaching a pendent vertex to vertex u(= v) (see
Figure 3). Then we say that Tj is obtained by running edge-growing transformation of 7’

on edge uv, or e.g.t. of 7" on edge uv for short.

u v egz‘ H(: V)

T T

0

Figure 3. Two trees for e.g.t. in Lemma 4.5

Lemma 4.5. ( [10]) Let T be a tree of order n > 4 and uv be nonpendent edge of T. If

Tb is a tree obtained from T by running one step of e.g.t. on edge uv, then Ty < T.

n-9 1 3

A g B

Figure 4. Three trees used in Lemma 4.7
Let G be a graph. Denote by m(G, k) the k—matching numbers of G. The following
lemma will be used in the proof of Lemma 4.7.

Lemma 4.6. Let Py, Py, Py be the trees as shown in Figure 4. If n > 27, then P; >
T(2,2,n—17) fori=1,23.
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Proof. By some calculations we have

\Y

4(n—8)+2(n—=6) =6n—44
n—2+4(n—"7)+4=>5n—26
5(n—9)+3(n—8) =8n—69
n—2+5(n—8)+4=06n—42
4n—T7)+4(n—9) =8n—064

4n—4)+n—9=>5n—25.

3

e
DR
VIV IV IV IV

Moreover, ¢(T(2,2,n — 7)) = 4(n — 7)a" % + (5n — 29)2"~* + (n — 1)a"~2 + 2™. Then we
have P, - T(2,2,n —7) for i = 1,2, 3. |

The result (R3) will be proved in the following lemma.

Lemma 4.7. Let T € B(n,3). If n > 27, then E(T) > E(T(2,2,n —T)).

Proof. Let T € B(n,3). Then T have the form of T'(ay,--- ,a.|z|by, -, bs|ylcr, -+, ¢)
where a;, b;, ¢;, x,y are positive integers. For simplicity, when ¢y = --- = a, = b =
e =by =0 = -+ = ¢ = 1, we abbreviate T'(ay, - -+ ,a.|x|by, -+, bs|y|cr, -+, ¢r) by
T(r|x|s|y|t). We consider the following five cases.

Case 1: > 2

According to Lemma 4.5, we have T' = T'(r|2|s|1|t) where r + s +t = n — 4. If
s = 1, then by Lemmas 4.1 and 4.5 we have T > T(2,2,n — 7). If s = n — 8, then
T > T(2,n—8,3) by Lemmas 4.1 and 4.5. If 2 < s < n — 9, using Lemma 4.5 we have
T > T(r,s+1,t). By Lemma 4.4, we can show that T > T(2,2,n — 7).

Case 2: y > 2

The proof is similar to Case 1.

Case 3: there at least exists one index ¢ satistying that a; > 2.

If ¥ > 2 or y > 2, then we can prove the result by Case 1 or Case 2. Then we can
assume r = y = 1 in the followings. By Lemma 4.5, we have T = T'(1,--- ,1,2[1|s|1]t).
If s > 2, then by Lemma 4.1 we have T > T'(2,2,n — 7). Then we assume that s = 1 in
what follows. If t = 2, then we can show that 7' > P;. Using Lemma 4.6, we can obtain
that T > T(2,2,n — 7). If t = 3, then we have T" = P5. According to Lemma 4.6, we
can show that T > T'(2,2,n — 7). If t > 4, then by Lemmas 4.4 and 4.5, we can have
T>T(2,2,n—7).

Case 4: there at least exists one index ¢ satisfying that ¢; > 2.

The proof is similar to Case 3.

Case 5: there at least exists one index ¢ satisfying that b; > 2.



-272-

According to the above results, we can assume that t =y =a; = --- = a, = ¢; =

- = ¢ = 1. By Lemma 4.5, we have T = T(r|1]1,--- ,1,2[1|t). If r = ¢ = 2, then

T > P;. Using Lemma 4.6, we can show that T > T'(2,2,n—7). If r > 3, then by Lemma

4.5 we have T' = T'(r,s,t) where r > 3 and s > 2. According to Lemma 4.4, we have
T >=T(2,2,n—7). If t > 3, then we prove the result similarly.

To conclude, we have completed the proof. |

The proof of (R3):
Proof. The result can follow from Lemma 4.7 immediately. |
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