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Abstract

The combined-permutation representations, which have been originally devel-
oped for point groups and defined as the combination of permutation representations
of groups and a mirror-coset representation, are extended to cover RS-stereoisomeric
groups (RS-SIGs) and stereoisomeric groups (SIGs). They are applied to the com-
binatorial enumeration based on an allene skeleton, where they are used to calcu-
late the cycle indices with chirality fittingness (CI-CFs) according to Fujita’s proli-
gand method (S. Fujita, Combinatorial Enumeration of Graphs, Three-Dimensional
Structures, and Chemical Compounds, University of Kragujevac, Faculty of Sci-
ence, Kragujevac, 2013). They are also applied to the combinatorial enumeration
of allene derivatives under the corresponding isoskeletal group (ISG). The CI-CFs
for the RS-SIG, the SIG, and the ISG are calculated by using the GAP function
CalcConjClassCICF developed recently (S. Fujita, MATCH Commun. Math. Com-
put. Chem. 76 (2017) 443-478). Although the RS-SIG and the SIG for the allene
skeleton are formally identical with each other, they are differentiated by using dif-
ferent sets of ligand-inventory functions. Then, the calculated data are reported in
tabular forms, which are itemized in terms of the compositions (or partitions). A
source list for type-itemized enumeration is attached as an appendix.
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1 Introduction

In modern stereochemistry, “local chirality” (“chirotopicity” or “topochirality”) and “ste-

reogenicity” have been recognized as being conceptually distinct [1]. However, “chirality”

is frequently treated under the term “stereogenicity”, where “stereogenic units” are re-
garded as “chirality units” (related to enantiomerism) plus “pseudoasymmetric units”
(related to diastereomerism) [2]. Modern stereochemistry has not succeeded to clarify the
problems of how distinct chirality and stereogenicity is and of how they interact, although
there appeared several revisions of terminology [1-3]. As a result, there have appeared
serious confusion even now, as pointed out by reviews [4-7].

To settle the confusion in the terminology of modern sterecochemistry, I have pro-
posed the stereoisogram approach [8-10], where RS-stereogenicity proposed as the sec-
ond kind of handedness has been integrated with chirality as the first kind of handedness.
Thereby, RS-stereoisomerism has been developed as an integrated concept, which is char-
acterized by RS-stereoisomeric groups as algebraic expressions and by stereoisograms
as diagrammatic expressions. Fujita’s stereoisogram approach has cured discontents of
stereochemical terminology [11], so that it has brought about the restructuring of modern
stereochemistry to have a self-consistent framework [12-15].

In addition to the above-mentioned qualitative applications of Fujita’s stereoisogram
approach, combinatorial enumeration of quadruplets of RS-stereoisomers has been inves-
tigated, where symmetry-itemized enumeration due to Fujita’s unit-subduced-cycle-index
(USCI) approach [16-18] has been extended to treat the quadruplets of RS-stereoisomers.
Thus, tetrahedral derivatives [19,20], allene derivatives [21,22], and oxirane derivatives [23]
have been counted in a symmetry-itemized fashion under the respective RS-stereoisomeric
groups.

As a more convenient enumeration, Fujita’s proligand method [24-27] has been ex-
tended to meet the requirement of RS-stereoisomeric groups. Thereby, type-itemized
enumeration of quadruplets of RS-stereoisomers has been conducted under the action of
RS-stereoisomeric groups [28]. More systematic methods for type-itemized enumeration
have been developed by modulating cycles indices of chirality fittingness (CI-CFs) [29-31].

To pursue our targets of combinatorial enumeration of RS-stereoisomers, such a com-

puter system as GAP has been used by developing computer-oriented representations of

RS-stereoisomeric groups [32], where those of point groups [33,34] have been extended to
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meet our targets. The next task is to examine the effectiveness of such computer-oriented
representations of RS-stereoisomeric groups by using wide-variety of skeletons as probes.
The present article is first devoted to investigation on the combined-permutation repre-
sentation sz;; as a computer-oriented representation of the RS-stereoisomeric group
D, -7 in order to aim at enumeration based on an allene skeleton. And then, the proce-
dure of the investigation is further extended to cover stereoisomeric groups and isoskeletal

groups by using the allene skeleton as a probe.

2 Combined—permutation representations of
RS-stereoisomeric groups

2.1 Half-sized subgroups of an RS-stereoisomeric group

2.1.1 Computer—oriented representation for the point group Dy,

Figure 1 illustrates the symmetry operations of the point group Dy which controls an
allene skeleton, where the left diagram represents proper rotations (simply referred to as
rotations), while the right diagram represents improper rotations (referred to as (roto)re-

flections) [35].

02(3) 547 Szf
4 4
L '
— » 2
I I
ﬁ —+—— Ca9) ﬁ? -+
C C
Coy” | /| D@
3 ) 3
1 1 Ta(1)
la 1b

Figure 1. Symmetry operations of an allene skeleton 1. Proper rotations are de-
picted in the left diagram, while improper rotations ((roto)reflections)
are depicted in the right diagram [35].

Suppose that the point group D,y controls the set of four positions of the allene
skeleton (Figure 1):
X ={1,2,3,4}. (1)
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The operations of Dy, are represented by permutations, which are expressed in the form
of products of cycles as follows:
D2y = {1, Con1), Caz), Ca), 0arys Ta2), Sa, 51}
~{DER)3)(4), (1 2)(34), (1 4)(23),(13)(2 4),
I3@®. M HE), (1432, (1234}
= Duy(/ Cy). 2

An overline represents the reflection of a proligand at each position, where the correspond-

ing (roto)reflection is contained in the coset Dy0yx1). Note that this coset is produced by

the following coset decomposition:

Dyy = Ds + Dyoyq), (3)
where the subgroup D, consists of rotations as follows:
D; = {I,Cyqy, Caz), Cos) }- (4)

The symbol Dyy(/C;) in Eq. 2 represents the coset representation derived from a
subgroup C; (= {I,040)}) of Dag. According to the concept of mirror-permutation rep-
resentations [33], the products of cycles with an overline (for (roto)reflections in Eq. 2)
are replaced to give the following combined permutations:

13)2)4) ~  (1,3)(56)

MEHE) ~  (2,4)(5,6)
5

5

5
~ (1,4,3,2 5)

~ (1,2,3,4
which construct a combined-permutation representation Pg:;‘) [33], as shown by the sym-
bol D2d in the Dyg4-part of Table 1. In place of an overline, these combined permutations
is accompanied by a mirror-permutation (5 6) selected from a mirror-permutation repre-

sentation {(), (5 6)}, which controls a set of local chiralities:

X = {576}7 (6)

where each rotation of Dy, corresponds to (5)(6) (i.e., ()), while each (roto)reflection
corresponds to (5 6). Note that 1-cycles, i.e., (1), (2), (3), and (4), are omitted and the
product of 1-cycles, e.g., (1)(2)(3)(4)(5)(6) or (5)(6), is represented by the symbol () in

accord with a group-theoretical convention.
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Table 1. RS-stereoisomeric group D, -7 and its subgroups for characterizing an
allene skeleton.

group a list of generators, order, a list of elements
D D2d := Group( [ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6) 1)
2d Order = 8
(point group) [0, (2,4(5,6), (1,2)(3,4), (1,2,3,4)(5,6), (1,3)(5,6),
(1,3)(2,4), (1,4,3,2)(5,6), (1,4)(2,3) ]
D25 D2s := Group( [ (1,3)(2,4), (1,2)(3,4), (1,3) 1)
. Order = 8
(RS-permutation "% s (12,0, (1,2,8,9, 3, @92,
gr()up) (1,4,3,2), (1,4)(2,3) 1]
D,; D21 := Group( [ (1,3)(2,4), (1,2)(3,4), (5,6) 1)
. ) . Order = 8
(ligand-reflection "™ ‘s 6y (1,0,0, 1, 2@06.0, (1,3@0,
group) (1,3)(2,4)(5,6), (1,4)(2,3), (1,4)(2,3)(5,6) ]
D, D2 := Group( [ (1,3)(2,4), (1,2)(3,4) 1)
(normal Order = 4

" [0, (1L,2DG,Y, (1,3)(2,4), (1,4(2,3) ]
subgroup)

D2dsI := Group( [ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6) 1)
D, ; Order = 16
B : [ O, 6,6, (2,8, (2,4)(5,6), (1,2)(3,4), (1,2)(3,4)(5,6),
(RS-stereoisomeric (17, 374)) (172,3,8)(5.6), (1,3), (1,9 (5,6,
group) 1,3)(2,4), (1,3)(2,4)(5,6), (1,4,8,2), (1,4,8,2)(5,6),
(1,4)(2,3), (1,4)(2,3)(5,6) 1

The combined-permutation representation Pg::) (D2d), which contains the products
of cycles shown in Eq. 5, is regarded as a computer-oriented representation of the point
group Dyy. By using the GAP function Group, the representation Pg;;) (D24) is generated
from a set of generators [(1,3)(2,4), (1,2)(3,4),(1,3)(5,6)] as shown in the Dsg-part of
Table 1. Hence, the representation PSZ‘) (D2d) can be used as a permutation group,
which is isomorphic to the point group Dsg.

Although the representation PS;:) (D2d) is temporarily used as a permutation group
in place of the point group Dy, the results due to the representation Pg;‘) (D2d) hold true
for the point group Dy, in general because of their isomorphism. It should be noted that
there are several derivatives of Dy, with more substitution positions (e.g., adamantane-
2,6-dione and biphenyl derivatives [36,37]) in addition to allene with four positions. The
results due to the representation PS;;‘) (D2d) can be applied to these derivatives of Dayg,

because P}SZJ (D2d) as a permutation group of order 8 can provide coset representations

of other degrees than 4.
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2.1.2 Computer—oriented representation for the RS-permutation group D»s

The RS-permutation group Dss is derived from the point group Dy, by omitting the
effect of ligand reflections:

Dy = {1, Coy, Caga): Caga), Gy, Fa), Sa: S}
~{(1)(2)(3)(4), (1 2)(3 4), (1 4)(2 3),(1 3)(2 4),
(13)(2)(4),(1)(24)(3),(1432),(1234)}
= Dys(/C5), (7

where each operation with a tilde accent represents an RS-permutation. Such an RS-per-
mutation can be understood by considering a pseudorotation. For example, by the action
of the RS-permutation 41y (~ (1 3)(2)(4)), the 1-C-3 unit in the right diagram of Figure
1 is twisted (pseudo-rotated) around the C=C=C axis to give a 3-C—1 unit under fixing
the 2-C—4 unit, where ligand reflections do not occur.

In a parallel way to Eq. 3, the RS-permutation group is represented by the following
coset decomposition:

Doz = Dy + Dyog()- (8)

The set of permutations of Doz(/C5) (Eq. 7) is adopted as the computer-oriented
representation P,(;;f)7 as shown by the symbol D2s in the Dsz-part of Table 1. The
representation PI(,);;) (D2s) is generated by applying the GAP function Group to a set of
generators [(1,3)(2,4),(1,2)(3,4), (1,3)] as shown in in the Dyz-part of Table 1. Hence,
the representation P (D2s) can be used as a permutation group, which is isomorphic
to the point group Do;z.

The isomorphism between PSZ) (D2d) and Pg;;) (D2s) is confirmed by using the GAP
function IsomorphismGroups as follows:
gap> D2d := Group([(1,3)(2,4), (1,2)(3,4), (1,3)(5,6)1);
Group([ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6) 1)
gap> D2s := Group([(1,3)(2,4), (1,2)(3,4), (1,3)]1);
Group([ (1,3)(2,4), (1,2)(3,4), (1,3) 1)

gap> isom := IsomorphismGroups(D2d, D2s);
[(1,3(2,9, (1,223,4), 1,3)(6,6) 1 -> [ (1,3)(2,4), (1,2)(3,4), (1,3) ]

Note that the cycle (1, 3) for the RS-permutation o4 in the generator set of D2s is given
to be different from the counterpart (1,3)(5,6) for the reflection o4y in the generator
set of D2d in order to evaluate the effect of ligand reflections. The correspondence of the
permutations of Pg;:) (D2d) and those of Pg;;) (D2s) can be obtained by using the GAP

function Image, e.g.,
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gap> Image(isom, (1,3)(2,4));
(1,3)(2,4)

gap> Image(isom, (1,3)(5,6));
(1,3)

gap> Image(isom, (1,2,3,4)(5,6));
(1,2,3,4)

where these outputs show the correspondences between (1,3)(2,4) and (1,3)(2,4); between
(1,3)(5,6) and (1,3) (i.e., (13)(2)(4) and (1 3)(2)(4)); and between (1,2,3,4)(5,6) and

(1,2,34) (i.e., (123 4) and (1 2 3 4)), as found in Egs. 2 and 7.
2.1.3 Ligand-reflection group D,; as a key of integration

Let us consider the product of a (roto)reflection of Dy, and the corresponding RS-permu-
tation of Daz. For example, the multiplication of o41) and 741y results in 041)0401) = i
which corresponds to (1 3)(2)(4) x (1 3)(2)(4) = (1)(2)(3)(4). The resulting operation I
(~ (1)(2)(3)(4)) in not contained in Dyy (Eq. 3) nor in Dy (Eq. 8), so that it is called a
ligand reflection, which is not accompanied by a skeletal reflection.

In a parallel way to Egs. 3 and 8, the ligand-reflection group D,; is constructed by

forming the following coset decomposition:
D,; = Dy + Dsl. (9)
Thereby, the operations of the ligand-reflection group D,; are expressed in the form of
products of cycles as follows:
D, = {1, Coqy. Catzy, Cawy: 1. Gy, Cagay, Co}
~{(D2)B)A), (1 2)(3 4), (1 4)(2 3), (1 3)(2 4),
(D2)3)(4),(12)(34),(14)(23),(13)(24)}
= Dy;(/Cp); (10)

where each ligand reflection is expressed by adding a hat accent and characterized by an
overline in the coset representation D,z(/Cj3). To treat the effect of an overline of each lig-
and reflection (contained in the coset Dgf ), the combined-ligand-reflection representation
Pg;f) (D2I) is considered as a computer-oriented representation of the ligand-reflection
group D,7;. By using the GAP function Group, the representation Pg;f) (D2I) is gener-
ated from a set of generators [(1,3)(2,4),(1,2)(3,4),(5,6)] as shown in the D,;part of
Table 1. Note that the ligand reflection T (= W) is represented by the cycle
(5,6), which is a short expression of (1)(2)(3)(4)(5,6) according to a group-theoretical

convention. Hence, the representation PL(,fo) (D2I) can be used as a permutation group.
2



-602-

2.2 Construction of the RS-stereoisomeric group D, ;.7
Because the point group Dy, (Eq. 2), the RS-permutation group Doz (Eq. 7), and the

ligand-reflection group D,; (Eq. 10) contain the net rotation group D, (Eq. 4) as a

common subgroup, they are integrated to give an RS-stereoisomeric group D, -+ by means
of the following coset decomposition:
D, 57 = D2 + Dadaq + Daoaq) + Dal, (11)

which contains D, (Eq. 4) as a normal subgroup. According to Eq. 11, the elements or
products of cycles appearing in Egs. 2, 7, and 10 are collected to give the following details
of the RS-stereoisomeric group D, -+
Dy57 = {1, Ca, Ca2), Cags)» Gatr), Gae), S, S5,
oa1)s 0az), S1, 53, T, oy, Caga), Gy}

~{(M2)B)4), (1 2)(3 4), (1 4)(23),(1 3)(2 4),

(13)(2)(4),(1)(24)(3),(1432),(1234),

(13)(2)(4),(1)(24)(3),(1432),(1234),
(D(2)(3)(4),(12)(34),(14)(23),(13)(24)}

D, 57(/ Cp)- (12)

)
)

(
2
)

The coset representation D, -+(/C ;) shows the participation of the local symmetry:

Coar = {1.a). T.oun}. (13)
which is a subgroup of D, .. The group C ;7 is isomorphic to the point group:
G, =1, Czl(l): Ohs Ud(l)}v (14)
which is a subgroup of the point group Dy, as discussed later.

The coset representation D, -+(/C7) (Eq. 12) is replaced by the corresponding com-
bined representation Pg:;f (D2dsI), where each overlined element in Eq. 12 is charac-
terized by adding the cycle (5,6), as shown in the D, -spart of Table 1. The combined-
permutation representation P(XX) (D2dsI) is considered as a computer-oriented repre-
sentation of The RS-stereoisomeric group D, 7.
By using the GAP function Group, the representation PI())::L(E)f (D2dsI) is generated

from a set of generators:

genl = [(1,3)(2,4), (1,2)(3,4), (1, 3)(5,6), (5,6)], (15)
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as shown in the D,

addition of (5,6) to the set of generators of P (D2d), or alternatively to be the addition

4s7-part of Table 1. This set of generators is considered to be the

of (1,3)(5,6) to the set of generators of PS:;‘) (D21).

The same group as D2dsI (denoted by the symbol D2dsIx) can be generated from a set
of generators [(1,3)(2,4), (1,2)(3,4), (1, 3), (5,6)], which is considered to be the addition
of (5,6) to the set of generators of Pg:;) (D2s), or alternatively to be the addition of (1,3)
to the set of generators Pg;f) (D21). The equality of the groups D2dsI and D2dsIx is

confirmed by the GAP system as follows:

gap> D2dsI := Group([(1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6)1);
Group([ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6) 1)

gap> D2dsIx := Group([(1,3)(2,4), (1,2)(3,4), (1,3), (5,6)1);
Group([ (1,3)(2,4), (1,2)(3,4), (1,3), (5,6) 1)

gap> IsEqualSet(Elements(D2dsI), Elements(D2dsIx));

true

where the answer true of the GAP function IsEqualSet assures the equality between the
groups D2dsI and D2dsIx, since the commands Elements (D2dsI) and Elements (D2dsIx)

represent the respective sets of elements of D2dsI and D2dsIx.

2.3 The RS-stereoisomeric group D, ,.; vs. the point group Dy

By referring to the RS-permutation group Dyz (Eq. 7), the RS-stereoisomeric group Dy -7

(Eq. 11) exhibits the following coset decomposition:

D, ;7 = Doz + Dyl (16)

2d5T

where the first coset Doz (= DozI) contains no (roto)reflections and no ligand reflections,
while the second coset Dys] consists of (roto)reflections and ligand reflections. The char-
acteristics (no (roto)reflections and no ligand reflections) of the RS-permutation group

D5 (Eq. 7) is common to the point group Dy:

D, = {I, Coy, Cagz), Caz), Ca), Cay, Ca, Ci (17)
where Doz and D, are isomorphic to each other. Hence, Eq. 16 is parallel to the coset
decomposition of the point group Dyy:

Dy, = Dy + Dyop, (18)

where o, (~ (1)(2)(3)(4) or (5,6)) is selected as a representative by referring to T (~

(M(2)B)(4) or (5,6)).
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The isomorphism between the RS-stereoisomeric group D, ;-7 (Eq. 12) and the point
group Dy, (Eq. 18) has been discussed in a previous article [21]. If we use the combined
representation Pg:;; (D2ds1I), the isomorphism between them can be confirmed by using
the GAP system. For this purpose, we consider a square of Dy, (2) which is depicted
in the left of Figure 2. The midpoints of the four edges of 2 gives the corresponding
combined representation PSZ:fS (D4h_s) is obtained as collected in the middle column of

Table 2, which is generated from a set of generators:
gen2 := [(1,3)(2,4),(1,2)(3,4),(1,3)(5,6), (5,6)]. (19)

Note that the set gen2 is identical with the set of generators (genl) for calculating
PS:;I‘ (D2dsI). The representation P (D4h_s) corresponds to a coset representation
Dy, (/Cyy), where the local symmetry C,. is given in Eq. 14. The degree of Dy, (/Cyy)
is calculated to be [Dyy|/|Cy| = 16/4 = 4.

To demonstrate the relationship between the allene skeleton 1 and the square skeleton
2 in a diagrammatical fashion, let us examine a square prism 3 as an hypothetical struc-
ture, which contains two allene skeletons (a common C=C=C is depicted), as shown in
Figure 2. The four long edges of the square prism 3 are numbered sequentially in terms
of encircled numbers to show the correspondence to the midpoints (bullets) of the four
edges of the square 2. Because the set of generators gen2 is concerned with the operations
Coqy, Cx2), 0a2), and oy, the corresponding generators are selected to give the following

set of generators for the the square prism 3:

gen3 = [(1,3)(2,4)(5,7)(6,8),(1,6)(2,5)(3,8)(4,7),
(1,3)(5,7)(9,10), (1,5)(2,6)(3,7)(4, 8)(9, 10)], (20)

which generates the representation P X ' (D4h_sp) as collected in the last column of Table
2. Note that the cycle (9 10) is a mirror-permutation selected from a mirror-permutation
representation {(), (9 10)}.

The representation P (D4h_sp) corresponds to a coset representation Dy,(/CY),
where the local symmetry is determined to be C, = {I,04}. The degree of Dyy,(/C.) is
calculated to be |Dyy|/|C.] = 16/2 = 8, which is consistent with the number of vertices

of the square prism.
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Cl2(1)’ Jd(1)
Coqy, (1)

! T
g b — Cé(z)v Jd(2)
Ca), Cy, Sy : Coa), ou(2) 02(1)/
!
2

Figure 2. Operations for a square (left) of Dyj and the corresponding square prism
(right). The latter contains two hypothetical allene skeletons (a com-
mon C=C=C is depicted). The four long edges of the square prism are
numbered sequentially in terms of encircled numbers to show the corre-
spondence to the midpoints (bullets) of the four edges of the square.

To obtain the data for constructing Table 2, the following code is stored in a file named
D2dsI-D4h-B.gap, which reads a working file name CICFgenCC.gapfunc to load GAP
functions required. The results are output into a logfile named D2dsI-D4h-Blog.txt,
which contains the data for constructing Table 2. The function divideConjClasses for

giving conjugacy classes [33] is used after loading CICFgenCC.gapfunc.

###Copy the following line after the prompt gap>###
#Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/D2dsI-D4h-B.gap");
###0utput log file###
LogTo("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/D2dsI-D4h-Blog.txt");
###Read the file name CICFgenCC.gapfunc###
Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/CICFgenCC.gapfunc");
###Sets of genmerators and resulting groups###

genl := [(1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6)1;;

D2dsI := Group(genl); #D2dsI

gen2 := [(1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6)1;;

D4h_s := Group(gen2); #square

gen3 := [(1,3)(2,4)(5,7)(6,8), (1,6)(2,5)(3,8)(4,7),
(1,3)(5,7)(9,10), (1,5)(2,6)(3,7)(4,8)(9,10)];

D4h_sp := Group(gen3); #cuboid

###Division to conjugacy Classes###

1_conjclass := divideConjClasses(D2dsI, 4, 6);;

11_conjclass := 1_conjclass[1]; 12_conjclass := 1l_conjclass[2];
###Correspondence concerning operations###

homl := GroupHomomorphismByImages(D2dsI, D4h_s, genl, gen2);

hom2 := GroupHomomorphismByImages(D2dsI, D4h_sp, genl, gen3);
###0utput of data in a tabular form###

for j in [1..Size(11_conjclass)] do

111 := 11_conjclass[j];

for i in [1..Size(111)] do

Print(111[i], "&", Image(homl, 111[i]), "&", Image(hom2, 111[il), "\\\\ \n");
od; Print("\\hline \n"); od;

Print ("\\hline \n");

for j in [1..Size(12_conjclass)] do

112 := 12_conjclass[j];

for i in [1..Size(112)] do

Print(112[i], "&", Image(homl, 112[i]), "&", Image(hom2, 112[il), "\\\\ \n");
od; Print("\\hline \n"); od;
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LogTo();

Table 2. Operations of D, ;- for an allene skeleton corresponding to those of Dyp,
for a square and a square prism.

D, ;7 for an allene skeleton Dy, for a square Dy, for a square prism
D2dsI := Group(geni) D4h_s := Group(gen2) D4h_sp := Group(gen3)
P Py Py,
() 10 0
Gay (2.4) Cyyy (24) (1,5)(2,8)(3,7)(4,6)
Fan (13) Gl (13) (L7)(2.6)(3.5)(4.8)
Cony  (1,2)(3.4) Cony  (1,2)(3,4) (1,6)(2,5)(3,8)(4,7)
Coy (14)(2,3) Copy (1,4)(2,3) (1,8)(2,7)(3,6)(4,5)
Sy (1,2,34) Cy (1,2,34) (1,2,3,4)(5,6,7,8)
gj (1,4,3,2) o (14,32) (1,4,3,2)(5,8,7,6)
Coy (1,3)(24) Oy (1,3)(24) (1,3)(2,4)(5,7)(6.8)
T (506) o, (5.6) (1,5)(2,6)(3,7)(4,8)(9.10)
o) (24)(5.6) oa)  (2,4)(5,6) (2,4)(6, 8)( 9,10)
az)  (1.3)(56) Ty (13)(5.,6) (1,3)(5,7(9,10)

Coy (1,2)(34)(5,6) ouny (1,2)(34)(5.,6) (1,2)(3,4)(5,6)(7,8)(9,10)
CQ(Z) (1.4)(2,3)(5.6) oy (1,4)(2,3)(5,6) (1,4)(2,3)(5,8)(6,7)(9,10)
Sy (1,2,3,4)(5,6) Sy (1,2,3.4)(5,6) (1,6,3,8)(2,7, 4,5)(9,10)
S (1,4,3,2)(5,6) S (1,4,3,2)(5,6) (1,8,3,6)(2,5,4,7)(9,10)
Coy  (1,3)(2:4)(5,6) i (1L3)24)(5,6) (1, 7)(2,8)(3,5)(4, 6)(9,10)

3 Combined—permutation representations of
stereoisomeric groups and isoskeletal groups

3.1 Group hierarchy

The concept of RS-stereoisomerism controlled by RS-stereoisomeric groups is an inter-
mediated concept between enantiomerism and stereoisomerism [38-40]. To comprehend
classification of isomers and stereoisomers, more general discussions are necessary, as
found in recent articles [41,42]. Group-theoretically speaking, the following hierarchy
of groups has been proposed to give a plausible scheme for classification of isomers and

stereoisomers [43]:

point groups (PG) C RS-stereoisomeric groups (RS-SIG)

C stereoisomeric groups (SIG) C isoskeletal groups (ISG).  (21)
In the case of allene derivatives, RS-SIG is equal to SIG as follows [43]:

PSS (PG) C PS™ (RS-SIG) = P (SIG) C 8% (15G). (22)
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Strictly speaking, however, an enantiomeric pair of chiral proligands (in isolation) is sepa-
rately treated in the case of RS-SIG, while it is treated in a bundle in the case of SIG [43].
As shown in Figure 3, for example, a pair of enantiomers [4 4] with the composition A?p?
(or A?p?) constructs a quadruplet of RS-stereoisomers of type I, i.e., ([4 4 ])11, while a
pair of self-enantiomers [5] (i.e., an achiral derivative with the composition A%pp) con-
struct another quadruplet of stereoisomers of type V, i.e., ([5])rv. In other words, there
are two inequivalent quadruplets, i.e., ([4 4 ])ir and ([5])rv, which are separately counted
under RS-SIG. Note that this judgment of RS-SIG differentiate p and p under the group
P‘Z{Z (RS-SIG). On the other hand, the judgment of SIG equalizes p and P under the
group Pg::; (SIG), i.e., (([44 D ([5])1v), where a pair of angle brackets represents a set
of stereoisomers. In other words, there is one set of stereoisomers surrounded by a pair of
angle brackets, which is counted once under SIG. Although the same group P[ﬁ:‘;i works
as an RS-SIG and as an SIG, these two cases exhibit different behaviors, as discussed in
a previous report [43]. For the sake of simplicity, the present report mainly deals with the
group P,;Z‘z)f as an RS-SIG in the first part of discussions, and then it will be modified to
meat the requirement of an SIG. The permutation group P,;(.X’f; is tentatively equalized to

2d5

D, . for the sake of simplicity, so long as the group sz?f is considered to be a subgroup

)
S (1SG).

) (L7 Dw>

achiral

enantiomeric

Figure 3. A pair of enantiomers, a quadruplet of RS-stereoisomers, and a set of
stereoisomers for characterizing allene derivatives with the compositions
A%p? (or A%p?) or A%pp. A pair of square brackets represents a pair
of (self-)enantiomers, a pair of parentheses with a subscript II or IV
represents a quadruplet of RS-stereoisomers, and a pair of angle brackets
represents a set, of stereoisomers.
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3.2 Isoskeletal group for allene derivatives

The group hierarchy for allene derivatives (Eq. 22) contains the reflective symmetric group
S[:% as an isoskeletal group (ISG). The reflective symmetric group S{lﬂ? is derived from the
symmetric group of degree 4 (S[4]) by adding reflections and ligand reflections. The order
of Sl[f% is calculated to be |S([f%\ = 2|81 = 2 x 24 = 48.

The reflective symmetric group SE} is generated from a set of generators:

gen_S4sI :=[(1,2,3,4),(1,2),(5,6)], (23)

where a mirror-permutation (5,6) is added to a set of generators [(1,2,3,4), (1,2)] for

the symmetric group S, The 48 elements of S([f} are calculated by the GAP system as

follows:

gap> gen_S4sI := [(1,2,3,4), (1,2), (5,6)];;

gap> S4sI := Group(gen_S4sI);

Group([ (1,2,3,4), (1,2), (5,6) 1)

gap> Size(S4sI);

48

gap> Elements(S4sI);

O, (6,6), (3,4, (3,4)(5,6), (2,3), (2,3)(5,6), (2,3,4), (2,3,4)(5,6), (2,4,3), (2,4,3)(5,6),
(2,4), (2,4)(5,6), (1,2), (1,2)(5,6), (1,2)(3,4), (1,2)(3,4)(5,6), (1,2,3), (1,2,3)(5,6),
(1,2,3,4), (1,2,3,4)(5,6), (1,2,4,3), (1,2,4,3)(5,6), (1,2,4), (1,2,4)(5,6), (1,3,2), (1,3,2)(5,6),
(1,3,4,2), (1,3,4,2)(5,6), (1,3), (1,3)(5,6), (1,3,4), (1,3,4)(5,6), (1,3)(2,4), (1,3)(2,4)(5,6),
(1,3,2,4), (1,3,2,4)(5,6), (1,4,3,2), (1,4,3,2)(5,6), (1,4,2), (1,4,2)(5,6), (1,4,3), (1,4,3)(5,6),
(1,4), (1,4)(5,6), (1,4,2,3), (1,4,2,3)(5,6), (1,4)(2,3), (1,4)(2,3)(5,6) 1]

-

Note that the reflective symmetric group S([f% is isomorphic to the RS-stereoisomeric
group Tz, which is derived from the point group Ty in order to characterize tetrahedral

derivatives [32]. This fact is confirmed by using the GAP function IsEqualSet as follows:

gap> gen_TdsI := [(1,3)(2,4), (2,3,4), (1,3)(5,6), (5,6)];;
gap> TdsI := Group(gen_TdsI);

Group([ (1,3)(2,4), (2,3,4), (1,3)(5,6), (5,6) 1)

gap> Size(TdsI);

48

gap> IsEqualSet (Elements(S4sI),Elements(TdsI));

true

The reflective symmetric group SEL}A (84sI) contains the RS-stereoisomeric group P,;:’f;
(D2dsI) as a subgroup. This fact is confirmed by using the GAP function IsSubgroup as

follows:

gap> genl := [(1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6)];;
gap> D2dsI := Group(geni);

Group([ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6) 1)

gap> Size(D2dsI);

16

gap> IsSubgroup(S4sI,D2dsI);

true

Thereby, the coset decomposition of the group S[:% by P is represented as follows:

2d5 T

S =P + P& (34)+ P (23). (24)
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The transversals and the elements of the respective cosets are calculated by the GAP
system. Thus, the coset decomposition of the group S([j% by Plgjlg is conducted by using

the GAP function CosetDecomposition as follows:

gap> CosetDecomposition(S4sI,D2dsI);
[LO, (6,6), (2,4), (2,4)(5,6), (1,2)(3,4), (1,2)(3,4)(5,6), (1,2,3,4), (1,2,3,4)(5,6),
(1,3)(5,6), (1,3)(2,4), (1,3)(2,4)(5,6), (1,4,3,2), (1,4,3,2)(5,6), (1,4)(2,3), (1,4)(2,3)(5,6) 1,
[ (3,4), (3,4)(,6), (2,3,4), (2,3,4)(5,6), (1,2), (1,2)(5,6), (1,2,4), (1,2,4)(5,6), (1,4,3),
(1,4,3)(5,6), (1,4,2,3), (1,4,2,3)(5,6), (1,3,2), (1,3,2)(5,6), (1,3,2,4), (1,3,2,4)(5,6) 1,
[ (2,3), (2,3)(5,6), (2,4,3), (2,4,3)(5,6), (1,3,4,2), (1,3,4,2)(5,6), (1,3,4), (1,3,4)(5,6),
(1,2,3), (1,2,3)(5,6), (1,2,4,3), (1,2,4,3)(5,6), (1,4,2), (1,4,2)(5,6), (1,4), (1,4)(5,6) 1]

(1,3),

where the three inner pairs of square brackets indicate the respective cosets appearing
in Eq. 24. As a result, the transversal of the coset representation shown in Eq. 24 is

calculated by the GAP system as follows:

gap> RightTransversal(S4sI,D2dsI);

RightTransversal (Group([ (1,2,3,4), (1,2), (5,6) 1),Group([ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6) 1))
gap> List(RightTransversal(S4sI,D2dsI), i -> CanonicalRightCosetElement(D2dsI,i));

[O, 3,49, 2,3)1

For gaining a perspective of the action of the reflective symmetric group St[f% (84sI)
as an isoskeletal group, let us consider allene derivatives with the composition ABXp (or
ABXp) shown in Figure 4. These derivatives have once been investigated under the action

of the RS-stercoisomeric group PJ* (D2dsI) (Figure 12 of [22]).

Priority sequences for  stereodescriptors
RafS:
A(1) > C(3); B2) > p(4) for 8 and 9
A(T) > C(3): B@) > p(d) for 8 and 9
A(1) > p(4); B(2) > C(3) for 10 and 11
A(T) > p(1); B@) > C(3) for 10 and TT

A(1) > B(2); C(3) > p(4) for 12 and 13
Al : C(3) > p(1) for 12 and 13

Figure 4. Three stereoisograms of type III with the composition ABXp. They are
equivalent under the action of the reflective symmetric group St[fll (S4sI)
as an isoskeletal group, where the numbering of vertices is based on the
reference promolecule 8. The stereodescriptors ‘R,/S,’ are assigned by
presuming the priority sequences listed in the upper-right part. These
stereoisograms are chirality-faithful. See Figure 12 of [22].
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The numbering of the four vertices of an allene skeleton in Figure 12 of [22] is changed
into the numbering shown in Figure 4, where the promolecule 8 is selected as a reference
for numbering quadruplets of RS-stereoisomers, which are converted under the action of
the reflective symmetric group S([j% (84sI). Thus, the first type-III stereoisogram with the
quadruplet of RS-stereoisomers (8, 8, 9, and 9 in Figure 4) is regarded as a set of stereo-
isomers, i.e., (([8 8] [9 9])mr). The second type-III stereoisogram with the quadruplet of
RS-stereoisomers (10, 10, 11, and 11 in Figure 4) corresponds to the coset P,;Z’;’i(?) 4) of
Eq. 24. The second type-I1I stereoisogram is regarded as corresponding to a set of stereo-
isomers, i.e., (([10 10] [11 11])11). The third type-III stereoisogram with the quadruplet
of RS-stereoisomers (12, 12, 13, and 13 in Figure 4) corresponds to the coset Péi‘d?f(Q 3)
of Eq. 24. The third type-III stereoisogram is regarded as corresponding to a set of ste-
reoisomers, i.e., (([12 12] [13 13])y;;). Finally, the three type-III stereoisograms of Figure

4 are combined into a set of isoskeletomers:

{((8.8] [99)m) (([1010] (11 TT)m) (([12 12] [13 13])u)}, (25)

where a pair of braces {--- } denotes a set of isoskeletomers, a pair of angle brackets (- - -)
denotes a set of stereoisomers, a pair of parentheses (- -- )i with a subscript III denotes
a quadruplet of RS-stereoisomers of type III, and a pair of square brackets [- - -] denotes
a pair of enantiomers.

For the purpose of assigning R,/S,.-stereodescriptors, another classification scheme
based on RS-stereogenicity (due to the RS-permutation group Dsz, Eq. 7) should be
taken into consideration. For example, the first type-1I1 stereoisogram is characterized
by another scheme, ([8 9] [8 9])m, where a pair of double square brackets [---] de-
notes a pair of RS-diastereomers. Thereby, a pair of labels ‘S,/R,’ is assigned to the
pair of RS-diastereomers 8 and 9 by depending on a tentative priority sequence A(1) >
C(3); B(2) > p(4). The concept of chirality faithfulness [44] permits us to interpret the
labels ‘S,/R,’ assigned originally to the RS-diastereomeric pair [8 9] as being assigned
to the enantiomeric pair [8 8] in a chirality-faithful fashion. Note that chirality for enan-
tiomeric relationships and RS-stereogenicity for RS-diastereomeric relationships should

be considered to be two kinds of handedness, as discussed recently [45].
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4 Enumeration by considering group hierarchy
4.1 Enumeration under the RS-stereoisomeric group D, .7

Fujita’s proligand method [24-27] has been proposed to conduct the gross enumeration
of 3D structures under point groups, where the concept of sphericities of cycles (i.e.,
homospheric, enantiospheric, and hemispheric cycles) is used to calculate CI-CFs (cycle
indices with chirality fittingness). The calculation of such CI-CF's has been systematically
conducted after proposing combined-permutation representations (described above), which
are regarded as computer-oriented representations of point groups [33,34]. The task of
the present section is the calculation of CI-CFs for D, . and related groups by applying
the GAP system, where the combined-permutation representation Pg:) (D2ds1I) is used

as a computer-oriented representation. K

4.1.1 CI-CFs for the RS-stereoisomeric group D, ;; and related groups
The concepts of sphericities of cycles and CI-CFs for point groups have been extended to
cover the effect of RS-stereoisomeric groups (Eq. 11 of [29]). Such concepts extended
for RS-stereoisomeric groups have further modified from the viewpoint of combined-
permutation representations as computer-oriented representations [32]. They can be ap-
plied to the present cases of allene derivatives, where the combined-permutation repre-
sentation PB)::;IA (D2dsI) is adopted as a computer-oriented representation.

The parallelism between an RS-stereoisomeric group (e.g., Eq. 16) and a point group
(e.g., Eq. 18) in their coset decompositions indicates that a GAP function developed for
calculating the CI-CF of a point group is applicable to the calculation of the CI-CF of
the corresponding RS-stereoisomeric group. A function CalcCICF has been developed
as a GAP function for calculating CI-CFs under point groups [33]. Another function
CalcConjClassCICF for calculating CI-CFs under point groups has also been developed
[34], where conjugacy classes are taken into consideration. These functions are applicable
to calculate the CI-CF of the RS-stereoisomeric group D, -+ by adopting Pg;xz;i (D2dsI).

To use the function CalcConjClassCICF, the file named CICFgenCC. func (Appendix A
of [34]) is beforehand loaded by means of the GAP command Read, because the source list
of the function CalcConjClassCICF is stored in this file. The CI-CF (CICF_D2dsI) of the

RS-stereoisomeric group D, -7 is calculated by applying the function CalcConjClassCICF

as follows:

gap> Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/CICFgenCC.gapfunc");
gap> genl := [(1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6)1;;
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gap> D2dsI := Group(genl);

Group([ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6) 1)

gap> Print("CICF_D2dsI,:=_,", CalcConjClassCICF(D2dsI, 4, 6), "\n");

CICF_D2dsI := 1/16%b_1"4+1/16%a_1"4+1/8*b_1"2%b_2+1/8%a_1"2%c_2+3/16%b_2"2+3/16%c_2"2+1/8%b_4+1/8*c_4

The format of each term of the resulting CI-CF obeys the GAP notation. Thus, the
symbol * represents a multiplication and the symbol ~ represent a power.

According to Fujita’s proligand method [24], the CI-CF (CICF_D2dsI) calculated above
o5 7-column
of Table 2 (cf. Eq. 46 of [29] and Eq. 49 of [30]). Because each element without (5,6)

is confirmed by examining the cycle structures of each term collected in the D.

corresponds to rotations, the identity element () means (1)(2)(3)(4) so as to provide a
product of sphericity indices (PSI) b_1"4 (b?), two elements of a 2-cycle (e.g., (2,4) mean-
ing (1)(2 4)(3)) provide a PSI 2xb_1"2%b_2 (2b%b,), two elements of two 2-cycles (e.g.,
(1,2)(3,4)) provide a PSI 2xb_272 (2b2), two elements of a 4-cycle (e.g., (1,2,3,4))
provide a PSI 2¥b_4 (2b,), and one elements of two 2-cycles (e.g., (1,2)(3,4)) provide a
PSIb_2°2 (b3). On the other hand, each element with (5,6) corresponds to a (roto)reflec-
tion with ligand reflections, where a ligand reflection is represented by an overline. Thus,
one element (5,6) means (1)(2)(3)(4) so as to provides a PST a_1"4 (a?), two elements of
a 2-cycle with (5,6) (e.g., (2,4) (5,6) meaning (1)(2 4)(3)) provide a PSI 2xa_1"2%c_2
(2a2cy), two elements of two 2-cycles with (5,6) (e.g., (1,2) (3,4) (5,6)) provide a PSI
2%c_2"2 (2¢2), two elements of a 4-cycle with (5,6) (e.g., (1,2,3,4)(5,6)) provide a
PSI 2*c_4 (2¢4), and one element of two 2-cycles with (5,6) (e.g., (1,3)(2,4)(5,6))
provide a PSI c_2°2 (c3). Then, the PSIs for the 16 operations of D, ;7 are summed up

and divided by the order |D, ;| (= 16), so as to give the CI-CF of D, 3
1
CL-CF(D, 7, %4) = o (b + 2b3bo + 303 + 2by + ay + 2afes + 3¢5 + 2¢4) (26)

which is equal to the CICF_D2dsI calculated above (and Table 3), where the symbol $,
represents a sphericity index (bg, aq, or ¢g).

By applying the function CalcConjClassCICF to the groups listed in Table 1, we are
able to obtain their CI-CFs, which are collected in Table 3. The CI-CFs listed in Table
3 are consistent with the CI-CFs reported previously, i.e., Egs. 42-45 of [29] and Egs.

4548 of [30], which have been calculated by an alternative procedure without relying on

the present computer-oriented representations.
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Table 3. CI-CFs of RS-stereoisomeric group D, -+ and its subgroups for charac-
terizing an allene skeleton.

group a list of generators, CI-CF
Doy D2d := Group( [ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6) 1)
(point group) CICF_D2d := 1/8%b_1"4+1/4xa_1"2%c_2+3/8%b_2"2+1/4*c_4

Dys D2s := Group( [ (1,3)(2,4), (1,2)(3,4), (1,3) 1)

(RS-permutation group) CICF_D2s := 1/8%b_1"4+1/4xb_1"2%b_2+3/8%b_2"2+1/4%b_4

D,; D2I := Group( [ (1,3)(2,4), (1,2)(3,4), (5,6) 1)
(ligand-reflection group) ~ CICF_D2I:= 1/8%b_1"4+1/8%a_1"4+3/8%c_2"2+3/8%b_2"2

D, D2 := Group( [ (1,3)(2,4), (1,2)(3,4) 1)
(normal subgroup) CICF_D2:= 1/4%b_1"4+3/4%b_2"2
D - D2dsI := Group( [ (1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6) 1)
2d5 1 CICF_D2dsI := 1/16%b_1"4+1/16%a_1"4+1/8%b_1"2%b_2+1/8%a_1"2%c_2

(RS-stercoisomeric group)  y3/1gxc_2~2+3/16%b_2-2+1/8xc_4+1/8%b_4

4.1.2 Enumeration of allene derivatives under D, . and its subgroups
For the enumeration of allene derivatives, we consider the following ligand inventory:
L={A,B,C,D;p,p.q,q 1,T,5,5}, (27)

where the uppercase letters A, B, C, and D represent achiral proligands, while a pair of
lowercase letters p/P, q/q, /T, or s/8 represents an enantiomeric pair of chiral proligands
in isolation (when detached). Suppose that a set of four proligands selected from the ligand
inventory L (Eq. 27) is placed on an allene skeleton 1 (Figure 1), which is considered to
belong to D, ;-5 and related subgroups (Table 1).

Theorem 7.14 of [27] for the point group can be applied to the present case under the
RS-stereoisomeric group D, -7 and its subgroups, because the coset decomposition of the
RS-stereoisomeric group D, -+ (Eq. 16) has parallel characteristics to that of the point
group Dy, (Eq. 18). It follows that the sphericity indices ($4: aq4, cq, and by) contained
in the CI-CFs (Table 3) are substituted by the following ligand-inventory functions:

ag = A+ B+ C?4+D? (28)

ca = AT+ B4 4 D4 22 4 2q¥2qh? 4 P2 4 9?2592 (29)

by = AY+B +C 4D +pl+ gt gt T s 5 (30)
This process is expressed symbolically as follows:

Eqs. 28-30

3" BieyWs = CLCF(G, $,) : (31)
6
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where the symbol G represents D, .7 or its subgroup; the symbol Wy represents the term
A*BPCDYpPRP g7 Ts°5°; and the symbol {Eqs_ 2550 TeDresents the introduction of Egs.
28-30. The expansion of the resulting equations gives generating functions, in which
the coefficient B(g)g of each term Wy = A"B*C°DpPpPqiq?r"T"s*s* represents the number
of quadruplets with the respective composition Wjy, which are inequivalent under the
respective groups G. The powers of the term Wy are non-negative integers which satisfy

the following relationship:
atbtctdrp+PHqrgrr+Trs+s=4 (32)

Note that a pair of compensated terms obtained by exchanging p and P, q and @, r and
T, as well as s and § simultaneously appears in the form of (A"B*C°D*pPpPqiqir' s s" +
ABPCeDIpPRPqiqi’T s°s*), which is regarded as representing a single quadruplet.

For the sake of simplicity, the number of derivatives is expressed to be the coefficient
By of the term W, = A*B*C°DppPqiqir'T's s*, so that it should be multiplied by 2
except that the powers satisfy p =p, ¢ = ¢, r =7, and s = 5. Because the terms in the
generating functions appear symmetrically, the term Wy = A°B*C°DIpPpPqlqir I s°5° can
be regarded as satisfying a > b>c>d;p>q>r>s;p>p,q>q,r>7,and s > 3.

After this simplification, the partition satisfying Eq. 32, i.e.,
6] = [a,b,¢,d,p, 5, 0,37, 7, 5,5, (33)

is used in place of the term Wj in the tabular collections of enumeration results.

The practices of enumeration are conducted by using the GAP function calcCoeffGen,
which has been developed and stored in the above-mentioned file named CICFgenCC. func
(Appendix A of [34]). The function calcCoeffGen gives the value of Bgy by inputting

the generating function CI-CF(G, $,) the ligand inventory as a list [A,B, ...],

‘Eqs. 28-30°
and the partition [f]. For example, the coefficients of the terms A’B (A~3%B) and A%B?

(A~2%B"2) appearing in the function £ (generated by introducing by = A4 + B? into
CI-CF(Dy,b,) (CICF.D2) shown in Table 3) are calculated by inputting the following

commands:

gap> Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/CICFgenCC.gapfunc");;

gap> A := Indeterminate(Rationals, "A");; B := Indeterminate(Rationals, "B");;
gap> £ := (1/4)*(A+B)"4 + (3/4)*(A"2+B"2)"2;

A"4+A"3%B+3*A"2*B~2+A*B~3+B"4

gap> coeff_A3B := calcCoeffGen(f, [A,B], [3,1]);

1

gap> coeff A2B2 := calcCoeffGen(f, [A,B]l, [2,2]);
3
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The coefficients of the generating functions derived from the CI-CFs for allene deriva-
tives (Table 3) can be calculated in a similar way to the source list reported as Appendix
A of [32]. The results are shown in Table 4, where the values with an asterisk should be

duplicated as described above. The data of the B(p,,)¢-column and the B(p_ __js-column

2d5T

of Table 4 are consistent with the data of Table 3 of [43], which have been calculated by an

alternative procedure without relying on the present computer-oriented representations.

Table 4. Enumeration of allene promolecules under the RS-stereoisomeric group
D, ;-1 and its subgroups.

numbers of promolecules

partition under respective groups

Biwye By Bwm,pe Bmsw  B,,pe
[0y = [4,0,0,0,0,0,0,0,0,0,0,0] 1 1 1 1 1
0l = [3,1,0,0,0,0,0,0,0,0,0,0] 1 1 1 1 1
0]s = [3,0,0,0,1,0,0,0,0,0,0,0]* 1/2 1 1/2 1 1/2
0la = [2,2,0,0,0,0,0,0,0,0,0,0] 2 2 3 3 2
[0]s = [2,0,0,0,2,0,0,0,0,0,0,0]* 3/2 2 3/2 3 1
0l¢ = [2,1,1,0,0,0,0,0,0,0,0,0] 2 2 3 3 2
07 = [2,1,0,0,1,0,0,0,0,0,0,0]* 3/2 2 3/2 3 1
[fls = [2,0,0,0,1,1,0,0,0,0,0,0] 2 2 3 3 2
0o = [2,0,0,0,1,0,1,0,0,0,0,0]x 3/2 2 3/2 3 1
0l = [1,1,1,1,0,0,0,0,0,0,0,0] 3 3 6 6 3
011 = [1,1,1,0,1,0,0,0,0,0,0,0]* 3 3 3 6 3/2
[0l12 = [1,1,0,0,2,0,0,0,0,0,0,0]* 3/2 2 3/2 3 1
0= [1,1,0,0,1,1,0,0,0,0,0,0] 4 3 3 6 2
014 = [1,1,0,0,1,0,1,0,0,0,0,0]* 3 3 3 6 3/2
[0]15 = [1,0,0,0,3,0,0,0,0,0,0,0]* 1/2 1 1/2 1 1/2
[0]16 = [1,0,0,0,2,1,0,0,0,0,0,0]* 3/2 2 3/2 3 1
07 = [1,0,0,0,2,0,1,0,0,0,0,0]* 3/2 2 3/2 3 1
018 = [1,0,0,0,1,1,1,0,0,0,0,0]* 3 3 3 6 3/2
[0l = [1,0,0,0,1,0,1,0,1,0,0,0]x 3 3 3 6 3/2
[0]20 = [0,0,0,0,4,0,0,0,0,0,0, 0] 1/2 1 1/2 1 1/2
[0]21 = 10,0,0,0,3,1,0,0,0,0,0,0]* 1/2 1 1/2 1 1/2
[0]22 = [0,0,0,0,3,0,1,0,0,0,0,0]* 1/2 1 1/2 1 1/2
[6]25 = [0,0,0,0,2,2,0,0,0,0,0,0] 2 2 3 3 2
[0]24 = [0,0,0,0,2,1,1,0,0,0,0,0]* 3/2 2 3/2 3 1
[0]25 = 10,0,0,0,2,0,2,0,0,0,0,0]* 3/2 2 3/2 3 1
[0]26 = [0,0,0,0,2,0,1,1,0,0,0,0]* 3/2 2 3/2 3 1
[02r = [0,0,0,0,2,0,1,0,1,0,0,0]x 3/2 2 3/2 3 1
[0l = [0,0,0,0,1,1,1,1,0,0,0,0] 3 3 6 6 3
[6]29 = [0,0,0,0,1,1,1,0,1,0,0,0]* 3 3 3 6 3/2
[6]30 = [0,0,0,0,1,0,1,0,1,0,1,0]* 3 3 3 6 3/2
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Let us confirm the results collected in the [0];;-row of Table 4 by examining the

corresponding stereoisograms shown in Figure 4.

1.

The value 3 appearing at the intersection of the B(p,,)s-column indicates the pres-
ence of six (= 3 x 2) pairs of enantiomers under the action of the point group Da,.
i.e., [8 8] and [9 9] in the first type-IIT stereoisogram; [10 10] and [11 11] in the
second type-III stereoisograms; as well as [12 12] and [13 13] in the third type-IIT

stereoisograms.

The value 3 appearing at the intersection between the [0];;-row and the B(p,,)6-
column of Table 4 indicates the presence of six (= 3 x 2) pairs of RS-diastereomers
under the RS-permutation group Dy, i.e., [8 9] and [8 9] in the first type-II1
stereoisogram; [10 11] and [10 11] in the second type-III stereoisogram; as well as

[12 13] and [12 13] in the third type-III stereoisogram.

The value 3 appearing at the intersection between the [6];;-row and the Bp,)e-
column of Table 4 indicates the presence of six (= 3 x 2) pairs of holantimers
under the RS-permutation group D,z i.e., [8 9] and [[8 9] in the first type-IIT
stereoisogram; [[10 11] and 10 11] in the second type-III stereoisogram; [12 13]
and [[12 13] in the third type-III stereoisogram. Note that a pair of triple square

brackets indicates a pair of holantimers.

The value 6 appearing at the intersection between the [f]1;-row and the B(p,)s-
column of Table 4 indicates the presence of twelve (= 6 x 2) promolecules, which

are contained in the three stereoisograms shown in Figure 4.

Finally, the value 3/2 appearing at the intersection between the [f];;-row and the
B(p, . ye-column of Table 4 indicates the presence of three (= 3/2 x 2) quadruplets
of RS-stereoisomers under the RS-stereoisomeric group D, 7, i.c., ([8 8] [9 9])m,
([10 10] [11 11))5y, and ([12 12] [13 13])p, each of which is found to be a set of
stereoisomers. These three sets of stereoisomers, which are themselves the sets of

RS-stereoisomers, construct a set of isoskeletomers shown in Eq. 25.

As a further illustrative example, Figure 5 shows the stereoisograms concerning the

[0]5-row of Table 4. The first type-II stereoisogram contains the promolecule 6 as a rep-

resentative, which corresponds to the coset Péi’i)f appearing in the right-hand side of Eq.

24. The second type-III stereoisograms contains the promolecule 14 as a representative,
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which corresponds to the coset Py (3 4), while the third type-III stereoisogram contains
the promolecule 16 (= 15) as a representative, which corresponds to the coset Pé:’f)f(Q 3).
Note that the second stereoisogram and the third stereoisogram are coincident with each

other because 16 is homomeric to 15.

s
A
plo | 2p p2_ | p
AJS ‘Ali
6 6
M@B3)4) MEHE3)
A A
e R S S
/\l A\l
i 6
c (ME4HE) ME)B)4)
$ $
A A A A
ARl P eon Py —‘A P %‘A o AP
P’ p P p
14 15 16 (= 15) 17 (= 14)
M3 4 MEe34) M2 3)() (1)(243)
A A A A
P jA o AP A Tjﬁ o P TjA
P b P b
14 15 16 (= 15) 17 (= 14)
c (D(234) W23 4) ¢ ((243) (D2 3)4)

Figure 5. Type-II stereoisogram (top) and coincident type-III stereoisograms (bot-

tom) with the composition A%2p? (or A?p?). They are equivalent under

the action of the reflective symmetric group SM% (84sI) as an isoskeletal

group, where the numbering of vertices is based on the reference promol-
ecule 6. The two type-III stereoisograms (bottom) are coincident with
each other.

1. The value 3/2 at the intersection between the [f]5-row and the B(p,,)s-column means
the presence of three (= 3/2 x 2) pairs of enantiomers, i.e., [6 6], [14 14], and
[15 15], under the action of the point group Dag.

2. The value 2 at the intersection between the [f]s-row and the B(p,,)p-column means

the presence of four (= 2 x 2) pairs of (self-) RS-diastereomers, i.e., [6], [6], [14 15],
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and [14 15], under the action of the RS-permutation group Dag.

3. The value 3/2 at the intersection between the [f]s-row and the B Dﬁ)g—column means
the presence of three (= 3/2 x 2) pairs of holantimers, i.e., [6 6, [14 T5], and
[15 14], under the action of the ligand-reflection group D,;-.

4. The value 3 at the intersection between the [f]5-row and the B(p,)e-column means
the presence of six (= 3 x 2) promolecules, i.e., 6, 6, 14, 14, 15, and 15, under the

action of the normal subgroup Ds.

5. Finally, the value 1 at the intersection between the [¢]s-row and the B(p, _.jp-column
means the presence of two (= 1 x 2) quadruplets of RS-stereoisomers, i.e., ([6 6])n1
and ([14 14] [15 15])y, under the action of the RS-stereoisomeric group D, 7.

5 Type—itemized enumeration of allene derivatives

Recently, CI-CFs modulated by type-IV or type-V quadruplets have been proposed to
conduct type-itemized enumerations of RS-stereoisomers [29,30], where they have been
calculated without relying on the present computer-oriented representations. Such mod-
ulated CI-CF can be calculated by starting directly from the CI-CFs of Table 3, which

are calculated by means of the present computer-oriented representations.

5.1 Type—itemized CI-CFs for an allene skeleton

According to the definition of modulated CI-CF's based on type-V quadruplets (Definition
1 of [30]), a modulated CI-CF of an allene skeleton (mCICF_D2d) is calculated on the basis

of computer-oriented representations. Let us start from CI—CFM(DME;) (Eq. 51 of [30]):

1
CLCFM(D,57) = Z(afcz — ajay — ascy + a3), (34)

which has been reported as a tentative CI-CF for calculating the number of type-V quadru-
plets. This CI-CF is used under the name CICF_Vx during the GAP calculation using the
present computer-oriented representations of Dy, (D2d). The corresponding modulated
CI-CF (mCICF_D2d), which relies on the present computer-oriented representations of Dy
(D2d), is calculated by CICF.D2d - CICF_Vx, as shown in the following GAP calculation:

gap> Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/CICFgenCC.gapfunc"); #Loading of CICFgenCC.gapfunc
gap> D2d := Group([(1,3)(2,4), (1,2)(3,4), (1,3)(5,6)1);;

gap> CICF_D2d := CalcConjClassCICF(D2d, 4, 6);

1/8%b_1"4+1/4%a_1"2%c_2+3/8*b_2"2+1/4*c_4

gap> a_1 := Indeterminate(Rationals, "a_1");; a_2 := Indeterminate(Rationals, "a_2");;

gap> c_2 := Indeterminate(Rationals, "c_2");;
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gap> CICF_Vx := (1/4)*(a_1"2xc_2 - a_1"2%a_2 - a_2%c_2 + a_2"2);
1/4xa_1"2xc_2-1/4%a_1"2%a_2-1/4%c_2%a_2+1/4%a_2"2

gap> mCICF_D2d := CICF_D2d - CICF_Vx;
1/8%b_1"4+1/4xa_1"2%a_2+1/4%c_2%a_2+3/8%b_2"2-1/4%a_2"2+1/4%c_4

The modulated CI-CF (mCICF_D2d) shown in the last line is consistent with the modulated
CI-CF reported previously (Eq. 52 of [30]).

In order to calculate type-itemized CI-CFs (denoted as CICF_I to CICF_V), the mod-
ulated CI-CF (mCICF_D2d) is combined with the CI-CFs collected in Table 3 (CICF_D2s,
CICF_D2I, CICF_D2, and CICF_D2dsI) according to Eqs. 7-11 of [30]. The CI-CFs (CICF_I
to CICF_V) calculated by the GAP system are listed in Table 5. They are consistent
with the CI-CFs reported previously for characterizing type-1 to type-V stereoisograms
(Egs. 53-57 of [30]), where these previous results have been obtained without relying
on the present computer-oriented representations. It should be noted that CICF_V (Ta-
ble 5) is identical with CICF_Vx, which has been used to calculate the modulated CI-CF
(mCICF_D2d) in the above GAP code.

Table 5. Type-itemized CI-CFs under the action of the RS-stereoisomeric group
D, 7 on an allene skeleton.

Type (Type Index) CI-CF under the RS-Stereoisomeric Group D, ;-7
Type I gap> CICF_I := -mCICF_D2d + CICF_D2I;; Print("CICF_I:=_", CICF_I, "\n");
<[7171a]) CICF_I := 1/8%a_1"4-1/4*a_1"2%a_2+3/8xc_2"2-1/4xc_2xa_2+1/4xa_2"2-1/4%c_4
Type 11 gap> CICF_II := -mCICF_D2d + CICF_D2s;; Print("CICF_II,:=,", CICF_II, "\n");
([=ra,=]) CICF_II := 1/4*b_1"2%b_2-1/4*a_1"2*a_2-1/4xc_2xa_2+1/4%a_2"2-1/4%c_4+1/4%b_4
gap> CICF_III := mCICF_D2d - CICF_D2dsI;; Print("CICF_III,:=_,", CICF_III, "\n");
Type IIT

CICF_III := 1/16%b_1"4-1/16%a_1"4-1/8%b_1"2%b_2-1/8%a_1"2*c_2+1/4*a_1"2*xa_2

(==-D -3/16%c_2"2+1/4xc_2*a_2+3/16%b_2"2-1/4%a_2"2+1/8%c_4-1/8%b_4
Type IV gap> CICF_IV := -CICF_D2 + 2#mCICF_D2d;; Print("CICF_IV,:=,", CICF_IV, "\n");
(la, a,a]) CICF_IV := 1/2%a_1"2%a_2+1/2%c_2%a_2-1/2%a_2"2+1/2*xc_4
Type V gap> CICF_V := CICF_D2 - mCICF_D2d - CICF_D2s - CICF_D2I + 2%CICF_D2dsI;;
Y

Print ("CICF_V,:=.,", CICF_V, "\n");
(la,==D CICF_V := 1/4*xa_1"2xc_2-1/4%a_1"2%a_2-1/4%c_2*a_2+1/4%a_2"2

5.2 Type-itemized enumeration of RS-stereoisomers derived
from an allene skeleton

The ligand ligand-inventory functions shown in Eqgs. 28-30 are introduced to the type-
itemized CI-CFs (CICF_I to CICF.V of Table 5). The resulting equations are expanded to

give the corresponding generating functions, where the coefficient of each term (Wj) in
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the generating functions is calculated by using the GAP function calcCoeffGen described
above. The coefficients of the respective terms (Wp: [0]1 to []30) represent the numbers
of allene derivatives as listed in Table 6, where the values with an asterisk should be

duplicated as described above.

Table 6. Type-itemized enumeration of RS-stereoisomers under D, 7.

type-itemized numbers

partition I II III IV 'V total
0, = [4,0,0,0,0,0,0,0,0,0,0,0] 0 0 0 1 0 1
0= [3,1,0,0,0,0,0,0,0,0,0,0] 0 0 0 1 0 1
0= 1[3,0,0,0,1,0,0,0,0,0,0,0}« 0 1/2 0 0 0 1/2
0ls = [2,2,0,0,0,0,0,0,0,0,0,0] 1 0 0 1 0 2
s = [2,0,0,0,2,0,0,0,0,0,0,0+ 0 1/2 1/2 0 0 1
0= [2,1,1,0,0,0,0,0,0,0,0,0] 1 0 0 1 0 2
;= 12,1,0,0,1,0,0,0,0,0,0,0}«x 0 1/2 1/2 0 0 1
s = [2,0,0,0,1,1,0,0,0,0,0,0] 1 0 0 1 0 2
0o = [2,0,0,0,1,0,1,0,0,0,0,0}« 0 1/2 1/2 0 0 1
0] = [1,1,1,1,0,0,0,0,0,0,0,0] 3 0 0o 0 0 3
[0]11 = [1,1,1,0,1,0,0,0,0,0,0,0]% 0 0 3/2 0 0 3/2
[0]12 = [1,1,0,0,2,0,0,0,0,0,0,0]«x 0 1/2 1/2 0 0 1
03 = [1,1,0,0,1,1,0,0,0,0,0,0] O 0 1 0 1 2
[0]1a = [1,1,0,0,1,0,1,0,0,0,0,0]« O 0 3/2 0 0 3/2
[0]15 = [1,0,0,0,3,0,0,0,0,0,0,0]«x 0 1/2 0 0 0 1/2
016 = [1,0,0,0,2,1,0,0,0,0,0,0]x 0 1/2 1/2 0 0 1
0.7 = [1,0,0,0,2,0,1,0,0,0,0,0]x 0 1/2 1/2 0 O 1
[0]:s = [1,0,0,0,1,1,1,0,0,0,0,0]% 0 0 3/2 0 0 3/2
[0]19 = [1,0,0,0,1,0,1,0,1,0,0,0]x 0 0 32 0 0 3/2
[0]20 = 10,0,0,0,4,0,0,0,0,0,0,0]« 0 1/2 0 0 0 1/2
[6]21 = 0,0,0,0,3,1,0,0,0,0,0,0]« 0 1/2 0 0 0 1/2
[0]22 = 10,0,0,0,3,0,1,0,0,0,0,0]x 0 1/2 0 0 0 1/2
[0]23 = 10,0,0,0,2,2,0,0,0,0,0,0] 1 0 0 1 0 2
[0]24 = 0,0,0,0,2,1,1,0,0,0,0,0]x 0 1/2 1/2 0 0 1
[0]2s = 10,0,0,0,2,0,2,0,0,0,0,0]«x 0 1/2 1/2 0 0 1
[0]26 = 10,0,0,0,2,0,1,1,0,0,0,0]«x 0 1/2 1/2 0 0 1
0] = 0,0,0,0,2,0,1,0,1,0,0,0]x 0 1/2 1/2 0 0 1
[0]s = [0,0,0,0,1,1,1,1,0,0,0,0] 3 0 0 0 0 3
[6]29 = 10,0,0,0,1,1,1,0,1,0,0,0]« 0 0 32 0 0 3/2
[0]30 = [0,0,0,0,1,0,1,0,1,0,1,0]x 0 0 3/2 0 0 3/2
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The source list for obtaining the data of Table 6 is attached as Appendix A. The
data of Table 6 are consistent with the previous data of Eqs. 126 and 127 of [21] (via the
symmetry-itemized enumeration without the present computer-oriented representations)
and those of Eqgs. 59-63 of [29] (without the present computer-oriented representations).

Let us examine the [6];;-row of Table 6 by referring to Figure 4. The three stereo-
isograms of type IIT with the composition ABXp ([f]11) shown in Figure 4 are counted
to give a value 3/2, which appears at the intersection between the asterisked [6];;-row
and the III-column in Table 6. The value should be duplicated to give 3 (= 3/2 x 2)
as the number of type-III stereoisograms, which are represented to be ([8 8] [9 9])m,
([10 10] [11 11])1yy, and ([12 12] [13 13])iy, as found in Eq. 25.

Let us next examine the [f]5-row of Table 6 by referring to Figure 5. Table 6 contains
the value 1/2 at the intersection between the [f]5-row and the II-column and the value 1/2
at the intersection between the [8]5-row and the III-column. These values after duplication
indicate the presence of one type-1I stereoisogram and one type-I1I stereoisogram, i.e.,

([6 6])ir and ([14 14] [15 15])11, as depicted in Figure 5.

6 Enumeration of inequivalent sets of stereoisomers
and inequivalent sets of isoskeletomers

6.1 Enumeration of inequivalent sets of stereoisomers

As discussed in Subsection 3.1, the RS-SIG (PS™) for allene derivatives is equal to

Dyast
the SIG for allene derivatives (Eq. 22). To discuss stereoisomerism under the SIG, the
pairwise proligands (e.g., p and D) of an enantiomeric pair are equalized to be a graph

(e.g., D =p =D). Then, the enumeration under the SIG (the same as Péf") ) is conducted

T

by using the following ligand-inventory functions:

ag=cqg=bg=A%+B+ C?+ D+ p? + {4 + ¢ + &, (35)

where the SIs (aq, ¢4, and by) are equalized to treat proligands and promolecules as graphs.
The ligand-inventory function (Eq. 35) is introduced into CI-CF(D,,;,$4) (CICF_D2dsI
in Table 3) to give a generating function, in which the coefficient of the term W; represents

the number (B’

D, ) ;) of sets of stereoisomers with the weight Wy as follows:
2dal

> Bip, iWi = CLCF(Dyy57,84) ’ (36)
6 Eq. 35
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The weight Wj is represented by the symbol A®BPCDYPq9FE% | where g represents the
following partition:

0= [a,b,c,d,p,q,7, 5. (37)

Note that the number B’ (D, i is calculated under the condition that a set of stereoisomers
2da I

is counted once. The results are collected in the BEDM ) j-column of Table 7, where the
value at the intersection with the [6];-row indicates the number of inequivalent sets of
stereoisomers with [f]; under the action of the stereoisomeric group (SIG). The data of
Table 7 are consistent with those of Table 10 of [43], which has been obtained without

the computer-oriented representations.

Table 7. Enumeration of allene derivatives under stereoisomeric and isoskeletal

groups.
numbers of allene derivatives
partition under respective groups

Bwui Bo,eni o, 00 Bisiy

(Eq. 42) (Eq. 41) (Eq.36) (Eq.43)
[0 = [4,0,0,0,0,0,0,0] 1 1 1 1
[0, = [3,1,0,0,0,0,0,0] 1 1 1 1
s = [3,0,0,0,1,0,0,0] 1 1 1 1
0= 12,2,0,0,0,0,0,0] 2 2 2 1
05 = [2,0,0,0,2,0,0,0] 5 4 2 1
0ls = [2,1,1,0,0,0,0,0] 2 2 2 1
0z = [2,1,0,0,1,0,0,0] 3 2 2 1
[0]s = [2,0,0,0,1,1,0,0] 6 4 2 1
[flo = [1,1,1,1,0,0,0,0] 3 3 3 1
[0 = [1,1,1,0,1,0,0,0] 6 3 3 1
[fln = [1,1,0,0,2,0,0,0] 7 4 2 1
[0l = [1,1,0,0,1,1,0,0] 12 6 3 1
[0]1s = [1,0,0,0,3,0,0,0] 4 3 1 1
[6]a = [1,0,0,0,2,1,0,0] 12 7 2 1
[0]15 = [1,0,0,0,1,1,1,0] 24 12 3 1
[0 = [0,0,0,0,4,0,0,0] 4 4 1 1
[z = 10,0,0,0,3,1,0,0] 8 ; 1 1
[0l = 1[0,0,0,0,2,2,0,0] 15 11 2 1
[0lio = [0,0,0,0,2,1,1,0] 24 14 2 1
[0]20 = [0,0,0,0,1,1,1,1] 48 24 3 1

The next task is to compare the number B’ under SIG (Eq. 37) with the cor-

(Dyys7)0
responding number B p ) under the RS-SIG, Wthh is calculated under the condition
2do
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that a quadruplet of stereoisomers is counted once. For this purpose, another set of ligand-
inventory functions is calculated by introducing p = p = P to the original ligand-inventory

functions (Egs. 28-30):

@ = AT4B!4C? 4D (38)
ca = AT+ Bl DY+ 2p? + 2q7 + 2 + 287 (39)
ba = A+ B4 0?4+ D+ 257+ 24 + 2+ 287, (40)

In place of the single ligand-inventory function (Eq. 35), the ligand-inventory functions
(Egs. 38-40) are introduced into CI-CF (D, -+, $4) (CICF_D2dsI in Table 3). The resulting
equation is expanded to give a generating function:
Z B(DME;)éWé = CI-CF(D,57; $a) , (41)
) Eqgs. 38-40
Note that the number B(D2d5f>é is calculated under the condition that a quadruplet of
RS-stereoisomers is counted once. The results are collected in the B(DZ(m)é—column of
of Table 7, where the value at the intersection with the [#],-row indicates the num-
ber of inequivalent quadruplets of RS-stereoisomers with [Q]l under the action of the
RS-stereoisomeric group (RS-SIG).
For further comparison, the ligand-inventory functions (Egs. 38-40) are introduced
into CI-CF(Dyg4, $4) (CICFD2d in Table 3). The resulting equation is expanded to give a

generating function:

Z Bp,iWij = CI-CF (D, $4) . (42)
9 Eqs. 38-40

Note that the number Bp, ;5 is calculated under the condition that a pair of enantiomers
or an achiral allene derivative is counted once. The results are collected in the Bp, y4-
column of Table 7, where the value at the intersection with the [é]i—row indicates the
number of inequivalent pairs of enantiomers with [9]7 under the action of the point group

(PG).
6.2 Enumeration of inequivalent sets of isoskeletomers

As discussed in Subsection 3.2, the reflective symmetric group S([f% is formulated as an
isoskeletal group (ISG) for allene derivatives. Hence, the enumeration of inequivalent
sets of isoskeletomeric allene derivatives is conducted under the action of the reflective
symmetric group S{[f%. The corresponding CI-CF, i.e., CI—CF(S?%, $4) (CICF_S4sI), is
calculated by the GAP system as follows:
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gap> Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/CICFgenCC.gapfunc");
gap> S4sI := Group([(1,2,3,4), (1,2), (5,6)1);;
gap> CICF_S4sI := CalcConjClassCICF(S4sI, 4, 6);
1/48+b_1"4+1/48%a_1"4+1/8¥b_1"2¥b_2+1/8%a_1"2%c_2+1/6%b_1¥b_3+1/6%a_1%a_3
+1/16%b_2"2+1/16%c_2"2+1/8+b_4+1/8%c_4

Let the symbol Bésm)é be the number of inequivalent sets of isoskeletomeric allene

oT
derivatives under the action of Sl[f} (ISG). The ligand-inventory function (Eq. 35) is in-
troduced into the CI-CF calculated above (CICF_S4sI). Thereby, the number stm)g is
oT
obtained as the coefficient of the weight W as follows:
/ o [4]
> B, o) ;Wi = CL-CF(S'2,$4) . (43)
7 p

Eq. 35

The results are listed in the stm)é—column of Table 7.

ol

6.3 Isomer—classification diagram for comparing different
sets of ligand—inventory functions

Isomer-classification diagrams proposed by Fujita [41,42] are useful to discuss the enu-
meration results collected in Table 7. Thereby, we are able to explain these results due
to different sets of ligand-inventory functions (Eqs. 38-40 vs. Eq. 35) diagrammatically.

For example, Figure 6 shows an isomer-classification diagram for allene derivatives
with the compositions A%p?/A?p? and A?pp, which corresponds to the values appearing
in the [f]s-row of Table 7. The value 5 at the intersection with the B p,,yj-column is
confirmed by the five pairs of square brackets in Figure 6, which indicates that the five
pairs of (self-)enantiomers, i.c., [6, 6], [7], [14, 14], [15,15], and [18,18], are inequivalent
under the point group Dsg. Note that the pair of self-enantiomers [7] means the single
membership of an achiral promolecule 7, which shows an equivalence class under the point
group Dy,. The value 4 at the intersection with the B(ngai)g—column is confirmed by the
four pairs of parentheses, i.e., ([6,6])1, ([7])1v, ([14,14] [15,15])11, and ([18, 18]);, which
correspond to quadruplets of RS-stereoisomers of the respective suffixed types. These four
quadruplets are inequivalent with one another under the action of the RS-stereoisomeric
group D, -+ (RS-SIG), so that they are characterized by the respective stereoisograms

(cf. Figure 5). The value 2 at the intersection with the BED A)é—column is confirmed by
2dal

the two pairs of angle brackets in Figure 6, i.e.,

((16.8)u ([Thrv) and (([14,14] [15,15])m ([18,18))), (44)
which correspond to inequivalent sets of stereoisomers under the action of the stereoiso-

meric group (SIG). Note that the SIG is identical with the RS-stereoisomeric group D, -+
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(RS-SIG) from a viewpoint of groups, but a different ligand-inventory function (Eq. 35 in

place of Eqgs. 38-40) is used during the calculation of the BZD 5 jcolumn. Finally, the
2de 1
value 1 at the intersection with BE sl TOW is confirmed by the one pair of braces {--- } in

ol
Figure 6, which corresponds to the presence of one set of isoskeletomers under the action

of the reflective symmetric group S([i]? as an isoskeletal group (ISG).

- A A q r A
(P
A A A/m A v
6 6 7
- A A 4 A A
<( A—|—P p—|—A P—|—A A— F} )
L P J p P 11
1 14 15 15
A A
(RSl
T P T
18 18

Figure 6. Isomer-classification diagram for allene derivatives with the compositions
A2p?/A%p? and A%pp.

Because the partition [f]5 of Table 7 is the sum of the partitions [0]5 and [6]s of Table
4, the isomer-classification diagram of Figure 6 is capable of explaining the data of the
[0]5-row and the [f]g-row of Table 4. Thus, the value 3/2 at the intersection between
the [f]s-row and the B(p,,)s-column corresponds to the three (= 3/2 x 2) pairs of square
brackets, which show the presence of three pairs of enantiomers, i.e., [6, 6], [14,14], and
[15,15]. The value 2 at the intersection between the [f]s-row and the B(p,,)-column
corresponds to the two pairs of square brackets, which show the presence of two pairs of
(self-)enantiomers, i.e., [7] and [18,18].

On the other hand, the value 1 at the intersection between the [f]s-row and the
Bp,,.;o-column of Table 4 corresponds to the two (=1 x 2) pairs of parentheses, which
show the presence of two quadruplets, i.c., ([6,6]);r and ([14,14] [15,15])m. The value 2
at the intersection between the [f]s-row and the B(p, _.j-column of Table 4 corresponds
to the two pairs of parentheses, which show the presence of two quadruplets, i.e., ([7])1v
and ([18,18]);.

The isomer-classification diagram of Figure 6 is also capable of explaining the data of
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the [f]5-row and the [f]s-row of Table 6. Thus, the [f]5-row of Table 6 indicates one type-1I
and one type-III stereoisograms, which corresponds to ([6,6]);; and ([14,14] [15,15])y;.
The [f]s-row of Table 6 indicates the presence of one type-I and one type-IV stereoisogram,

which corresponds to ([18,18]); and ([7])1v.

7 Conclusion

After the combined-permutation representations proposed as computer-oriented represen-
tations of point groups [33] are extended to cover RS-stereoisomeric groups (RS-SIGs)
and stereoisomeric groups (SIGs), they are applied to the combinatorial enumeration of
allene derivatives by starting from an allene skeleton. Although the RS-SIG and the
SIG for the allene skeleton are identical with each other, they are differentiated by using
different sets of ligand-inventory functions. The combined-permutation representations
after extension are also applied to the combinatorial enumeration of allene derivatives un-
der the corresponding isoskeletal group (ISG). The cycle indices with chirality fittingness
(CI-CFs) for the RS-SIG, the SIG, and the ISG are calculated by using the GAP function
CalcConjClassCICF developed previously [34]. Then, the resulting data are reported in

tabular forms, which are itemized with respect to compositions or partitions.
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Appendix A. Source List for Type-Itemized Enumer-
ation

This source list is stored in a file named enumType-D2dsI.gap, which is loaded by copying
the first line (commented) after the command prompt gap>. In order to use the GAP
functions CalcConjClassCICF and calcCoeffGen, the file CICFgenCC.gapfunc [32] is
loaded by means of the GAP function Read during the execution. Each pair of letters
without and with an overline (e.g., p and P) is replaced by a pair of a lowercase and an
uppercase letters (e.g., p and P). The output due to this source list (written down into
the log file named enumType-D2dsIlog.txt) provides the data for constructing Table 6

for type-itemized enumeration.

#Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/enumType-D2dsI.gap") ;

### Log file ###
LogTo("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/enumType-D2dsIlog.txt");
###Loading of CICFgenCC.gapfunc for using the function calcCoeffGen ###
Read("c:/fujita0/fujita2016/D2dsI-GAP/calc-GAP/CICFgenCC.gapfunc") ;

### Definition of the computer-oriented representations ###

### Calculation of CI-CFs for subgroups ###

gen_D2d := [(1,3)(2,4), (1,2)(3,4), (1,3)(5,6)];; D2d := Group(gen_D2d);;
CICF_D2d := CalcConjClassCICF(D2d, 4, 6);

gen_D2s := [(1,3)(2,4), (1,2)(3,4), (1,3)];; D2s := Group(gen_D2s);;
CICF_D2s := CalcConjClassCICF(D2s, 4, 6);

gen_D2I := [(1,3)(2,4), (1,2)(3,4), (5,6)];; D2I := Group(gen_D2I);;
CICF_D2I := CalcConjClassCICF(D2I, 4, 6);

gen_ D2 := [(1,3)(2,4), (1,2)(3,4)];; D2 := Group(gen_D2);;

CICF_D2 := CalcConjClassCICF(D2, 4, 6);

gen_D2dsI := [(1,3)(2,4), (1,2)(3,4), (1,3)(5,6), (5,6)]1;; D2dsI := Group(gen_D2dsI);;
CICF_D2dsI := CalcConjClassCICF(D2dsI, 4, 6);

### Setting of vartables for CI-CFs ###

b_1 := Indeterminate(Rationals, "b_1"); b_2 Indeterminate(Rationals, "b_2");

b_3 := Indeterminate(Rationals, "b_3"); b_4 := Indeterminate(Rationals, "b_4");
a_1 := Indeterminate(Rationals, "a_1"); a_2 := Indeterminate(Rationals, "a_2");
a_3 := Indeterminate(Rationals, "a_3"); a_4 := Indeterminate(Rationals, "a_4");



c_2 := Indeterminate(Rationals, "c_2"); c_4
### modulated CI-CF of D2d ###
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:= Indeterminate(Rationals, "c_4");

I:=,", CICF_I, "\n");

", CICF_IV, "\n");

CICF_Vx := (1/4)*(a_1"2%c_2 - a_1"2%a_2 - a_2*c_2 + a_2"2);

mCICF_D2d := CICF_D2d - CICF_Vx; Print("mCICF_D2d,:=_,", mCICF_D2d, "\n");
### Type-itemized CI-CFs ###

CICF_I := -mCICF_D2d + CICF_D2I; Print("CICF_

CICF_II := -mCICF_D2d + CICF_D2s; Print("CICF_II,:=_", CICF_II, "\n");
CICF_III mCICF_D2d - CICF_D2dsI; Print("CICF_III,:=,", CICF_III, "\n");
CICF_IV := -CICF_D2 + 2*mCICF_D2d; Print("CICF_IV,:

CICF_V

Print ("CICF_Vy:=,", CICF_V, "\n");

:= CICF_D2 - mCICF_D2d - CICF_D2s - CICF_D2I + 2*CICF_D2dsI;

### Setting variables for ligand-inventory functions ###

A := Indeterminate(Rationals, "A"); B := Indeterminate(Rationals, "B");

C Indeterminate(Rationals, "C"); D Indeterminate(Rationals, "D");

P Indeterminate(Rationals, "p"); P Indeterminate(Rationals, "P");

q Indeterminate(Rationals, "q"); Q Indeterminate(Rationals, "Q");

r Indeterminate(Rationals, "r"); R Indeterminate(Rationals, "R");

s := Indeterminate(Rationals, "s"); S := Indeterminate(Rationals, "S");

### Ligand-inventory functions ###

aa_l := A+B+C+D; aa_2 := A2 + B"2 + C°2 + D23
A"3 + B"3 + C"3 + D73; aa_4 := A4 + B™4 + C™4 + D743
A+B+C+D+p+q+r+s+P+Q+R+S;
A"2 + B"2 +C°2+D°2+p"2+QqQ2+1r°2+s"2+P2+Q2+R2+872;
A"3 +B°3+C3+D°3+p3+q3+1r3+s3+P3+Q3+R3+873;
A"4 + B4 +C4+D4+p4+q4+1r3+s3+P4+Q4+R4+S874;

:= A"2 + B"2 + C72 + D72 + 2%p*P + 2%q*Q + 2%r*R + 2%s%S;

cc_4 := A"4 + B4 + C74 + D74 + 2%p~2+P72 + 2%q72%Q"2 + 2%r"2%R72 + 2%s72%572;

### Generating functions for type I to type V ###

f£_I := Value(CICF_I, [a_1, a_2, a_3, a_4, b_1, b_2, b_3, b_4, c_2, c_4],

[aa_1, aa_2, aa_3, aa_4, bb_1, bb_2, bb_3, bb_4, cc_2, cc_4]);;

£_IT := Value(CICF_II,

[a_1, a_2, a_3, a_4, b_1, b_2, b_3, b_4, c_2, c_4],

[aa_1, aa_2, aa_3, aa_4, bb_1, bb_2, bb_3, bb_4, cc_2, cc_4]);;

f_IIT := Value(CICF_III, [a_1, a_2, a_3, a_4,

b_1, b_2, b_3, b_4, c_2, c_4],

[aa_1, aa_2, aa_3, aa_4, bb_1, bb_2, bb_3, bb_4, cc_2, cc_4]);;

f_IV Value(CICF_IV,

[a_1, a_2, a_3, a_4, b_1, b_2, b_3, b_4, c_2, c_ 4],

[aa_1, aa_2, aa_3, aa_4, bb_1, bb_2, bb_3, bb_4, cc_2, cc_4]);;

f_V := Value(CICF_V,

[a_1, a_2, a_3, a_4, b_1, b_2, b_3, b_4, c_2, c_4],

[aa_1, aa_2, aa_3, aa_4, bb_1, bb_2, bb_3, bb_4, cc_2, cc_4]);;
### Generating function for total isomer numbers ###

f_total := Value(CICF_D2dsI,
[a_1, a_2, a_3, a_4, b_1, b_2, b_3, b_4, c_2,

c_4],

[aa_1, aa_2, aa_3, aa_4, bb_1, bb_2, bb_3, bb_4, cc_2, cc_4]);;
### Definition of function for outputting in a tabular form ###

list_partitions :=[];

calcCoeffGenType := function(list_partitions)
local list_ligand_L, 1_pp;

list_ligand_L := [A,B,C,D,p,P,q,Q,r,R,s,S];
1_pp := list_partitions;

Print("$", 1_pp, "$.&.",

calcCoeffGen(f_I, list_ligand_L, list_partitions), ", &.",
calcCoeffGen(f_II, list_ligand_L, list_partitions), ", &.",

calcCoeffGen(f_III, list_ligand_L, list_parti
calcCoeffGen(f_IV, list_ligand_L, list_partit
calcCoeffGen(f_V, list_ligand_L, list_partiti

tions), " &.",
ions), "uL&u",
ons), "L&.",

calcCoeffGen(f_total, list_ligand_L, list_partitions), "_\\\\L\n");

end;

### Output of results of type-itemized enumeration ###

#"Print A4";
calcCoeffGenType([4,0,0,0,0,0,0,0,0,0,0,01);
#"Print A3";
calcCoeffGenType([3,1,0,0,0,0,0,0,0,0,0,01);
#"Print A2";

calcCoeffGenType([2,2,0,0,0,0,0,0,0,0,0,01);
calcCoeffGenType([2,1,1,0,0,0,0,0,0,0,0,01);
calcCoeffGenType([2,0,0,0,1,1,0,0,0,0,0,01);
#"Print A1";

calcCoeffGenType([1,1,1,1,0,0,0,0,0,0,0,01);
calcCoeffGenType([1,1,0,0,2,0,0,0,0,0,0,01);
calcCoeffGenType([1,1,0,0,1,0,1,0,0,0,0,01);
calcCoeffGenType([1,0,0,0,2,1,0,0,0,0,0,01);
calcCoeffGenType([1,0,0,0,1,1,1,0,0,0,0,01);
#"Print A0";

calcCoeffGenType([0,0,0,0,4,0,0,0,0,0,0,01);

calcCoeffGenType([3,0,0,0,1,0,0,0,0,0,0,0]);

calcCoeffGenType([2,0,0,0,2,0,0,0,0,0,0,0]);
calcCoeffGenType([2,1,0,0,1,0,0,0,0,0,0,0]);
calcCoeffGenType([2,0,0,0,1,0,1,0,0,0,0,0]);
calcCoeffGenType([1,1,1,0,1,0,0,0,0,0,0,0]);
calcCoeffGenType([1,1,0,0,1,1,0,0,0,0,0,0]);
calcCoeffGenType([1,0,0,0,3,0,0,0,0,0,0,0]);
calcCoeffGenType([1,0,0,0,2,0,1,0,0,0,0,0]);
calcCoeffGenType([1,0,0,0,1,0,1,0,1,0,0,0]);

calcCoeffGenType([0,0,0,0,3,1,0,0,0,0,0,0]);



calcCoeffGenType([0,0,0,0,3,0,1,0,0,0,0,01);
calcCoeffGenType([0,0,0,0,2,1,1,0,0,0,0,01);
calcCoeffGenType([0,0,0,0,2,0,1,1,0,0,0,0]);
calcCoeffGenType([0,0,0,0,1,1,1,1,0,0,0,01);
calcCoeffGenType([0,0,0,0,1,0,1,0,1,0,1,01);

LogTo();
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