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Abstract

The atom-bond connectivity index (ABC) of a graph G is defined as the sum over all pairs
of adjacent vertices v;, v; of the terms \/(d; + dj — 2)/(d; d;), where d; is the degree of the vertex
v;. Recently, in the paper M. Hemmasi, A. Iranmanesh, Some inequalities for the atom—bond
connectivity index of graph, J. Comput. Theor. Nanosci. 12 (2015) 2172-2179, lower and
upper bounds on ABC' in terms of Randi¢ index, first Zagreb index, second Zagreb index, and
modified second Zagreb index were reported. Several of these bounds were erroneous. We now
correct these results.*

1 Introduction

Let G = (V, E) be a simple connected graph with vertex set V(G) = {v1, v, ..., v,} and

edge set E(G), where |V(G)| = n and |E(G)| = m. Let d; be the degree of the vertex v;
fori=1,2,..., n. The maximum and minimum vertex degrees are denoted by A and 9,

respectively. A vertex of a graph is said to be pendent if its neighborhood contains exactly

*It, would be usual and reasonable to communicate these corrections in the same journal in which
the erroneous results were published. Unfortunately, the Journal of Computational and Theoretical
Nanoscience charges a “manuscript-processing fee” of 980 US$ per article from all countries. The
present authors were not in position, and were not willing, to cover this exorbitant publication cost.
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one vertex. The number of pendent vertices will be denoted by p. The complement of a
graph G is denoted by G.
The atom-bond connectivity index ABC' is one of the popular degree-based topolog-

ical indices in chemical graph theory [26], and is defined as

d;i +dj —

ABC = ABC(G)= Y ad, (1)

v €E(G)
The ABC' index has proven to be a valuable predictive index in the study of the heat of
formation in alkanes [20,21,33]. The mathematical properties of this index were reported
in numerous papers, e.g., in [1,2,6,9,10,13,16-19,22-25,29, 30, 36, 39-41, 43].
The first Zagreb index M;(G) and the second Zagreb index Ms(G) are defined as

follows:

M(G) =) d} and My(G) = > did;.
i=1

v v €B(G)
Some results on the Zagreb indices can be found the papers in [4,5,7,8,11,12,14,15,27,32]
and in the recent surveys [3,26,31].
The modified second Zagreb index M;(G) is equal to the sum of the reciprocal products
of degrees of pairs of adjacent vertices [42], that is,

. 1
M;(G) = Z d.d. "
i d;

viv; €EE(G)

In 1975, Randié¢ proposed topological index based on the degree of the vertices of an

edge which defined as:

1
1O v
We refer to the monographs [28,37] and the survey article [38] for the various results on
the Randi¢ index.

Let G = (V,E). If V(G) is the disjoint union of two nonempty sets V;(G) and V2(G)
such that every vertex in V4(G) has degree r and every vertex in V5(G) has degree s
(r > s), then G is an (r, s)-semiregular graph. When r = s, then G is a regular graph.

In [34], Hemmasi and Iranmanesh gave some lower and upper bounds on the ABC
index in terms of Randié¢ index, first Zagreb index, second Zagreb index, and modified
second Zagreb index. Several of these bounds were erroneous. In this paper we offer

corrected versions of these results.
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2 Main Results

First we correct a typo in Theorem 3.1 of [34]. The correct statement is the following.

Theorem 1. Let G be a connected graph with m edges, maximum degree A, and minimum
degree §. Then

m\/2A5—2 < ABC(G) < m\/25A—2

with equality holding if and only if G is regular.

Theorem 3.2 in [34] is not true. The correct statement is as follows. We omit the

proof because it is similar to the proof of Theorem 3.2 in [34].

Theorem 2. Let G be a connected graph with m edges, mazimum degree A, and minimum
degree §. Then
R(G)vV2)—2< ABC(G) < R(G)V2A -2

with equality holding if and only if G is regular.

Theorem 3.3 in [34] is not correct because the authors used the wrong Lemma 2.1

(Chebyshev’s inequality). First we state Chebyshev’s inequality:

Lemma 1. (Chebyshev’s inequality) Let a1 > ay > -+ > an, and by > by > --- > b, be

real numbers. Then

i=1
with equality holding if and only if a; = ay =---=a, and by =by =--- =b,.

So Lemma 2.1 in [34] is not correct. In general, we cannot use this lemma for finding
the result stated in [34] as Theorem 3.3. Moreover, another mistake in this theorem is
that n should be replaced by m.

In [34], in connection with Theorem 3.4 the Diaz—Metcalf inequality is mentioned.

Lemma 2. (Diaz-Metcalf inequality). If a; and b; are real numbers such that ha; < b; <
Ha; fori=1,2,..., m, then

m m

S H Y < )Y il
i=1 i=1 i=1

with equality holding if and only if b; = ha; or by = Ha; fori=1,2,..., m.
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Theorem 3.4 in [34] is not correct. For example, if G is an r-regular graph (r > n/2),

then
Mi(G) —2m+2A6\/(A-1)(0—1) (n +2r) r—1
AV2(A —1)+6,/2(6 - 1) T
Q(T’,;l).%:ABC(G)‘

Using the same technique in the proof of Theorem 3.4 in [34], we now give its correct

statement:

Theorem 3. Let G be a simple connected graph with n vertices and m edges. Then

Mi(G) —2m+2A6 M3 (G)/(A-1)(0—1)
AV2AAN 1) +6/2(5 -

with equality holding if and only if G is regular.

< ABC(G) 2)

Proof. Setting that in Lemma 2, each ¢ corresponds to an edge vjv, € E(G) and

bjk:\/dj+dk—2 , Gk = h:6\/2((5—1) 3 H:A\/Q(A—l)

1
N

we get

Yoo it+di—2)+285/(A-1)(E-1) >

d dk
vjur€E(G) vjuR€EE(G)
d; +dy —2
< [5\/2(6—1)+A\/2(A—1)] 3 7 (’;k (3)
v €E(G)

From the above, we arrive at the required result (2). The first part of the proof is done.
Suppose that equality holds in (2). Then the inequality in (3) must be equality. By

Lemma 2, for each edge v;u; € E(G), we have
djdy (dj +dp —2) =28%(6 — 1) or didy, (dj +dp —2) = 2A% (A - 1)

that is,
dj:dk:5 or dj:dk:A.

Since G is connected, it must be d; = A = ¢ for v; € V(G). Hence G is a regular graphs.

Conversely, one can see easily that the equality holds in (2) for regular graph. O



-463-

Corollary 3. Let G be a simple connected graph with n vertices and m edges. Then

y — -
Mi(G) —2m+nd+/(A—-1) < ABC(G)
AV2(A =1)+6+/2(5

with equality holding if and only if G is regular.

(4)

Proof. Since

1< 1 1 n
Y X o agrﬁ

=1 vj:vv;€E(G) did

from (2), we get the required result (4). Moreover, equality holds in (4) if and only if G
is regular. |

In [34], the following inequality is mentioned:

Lemma 4. (Pélya—Szegd inequality, according to [34]) Suppose a; and b; are positive real

numbers fori=1,2,...,m, such that a < a; < A and b < b; < B, then

n

> at 3 H
G

The inequality becomes an equality if and only if

. Ala and B/b

e o=/

P=Aja+Bb" Ala+B/b"

are integers, a1 = Ay = -+ =0, =@, Qpy1 = Qp—p = - =0 = A, by = by =+ =b, =
B, and by, = byyo=--+-=b, =0.

This lemma is wrongly written. The inequality is correct, but the characterization of
the equality case is not. Forodd n witha =ay =---=a,=Aandb=0b,=---=b, = B,
the equality holds in (5), but the characterization in the lemma is not correct (p and o
are not integers). Moreover, Theorem 3.5 in [34] is wrong. Using Lemma 4, we obtain

the following result (this is the corrected statement of Theorem 3.5 in [34]):

Theorem 4. Let G be a simple connected graph with n vertices and m edges. Then

VBES\/(M(G) — 2m) M3 (@) TA -1 (0~ 1)
AV2(A = 1) +64/2(0 - '

ABC(G) > (6)

In [34], in Theorem 3.6, Hemmasi and Iranmanesh gave an upper bound on ABC(G),
but did not characterize the extremal graphs. Here we characterize the extremal graphs.

For completeness we also include the upper bound.
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Theorem 5. Let G be a connected graph with n vertices and m edges. Then

[My(G) — 2m] M3(G) > ABC(G)* (7)

with equality holding if and only if G is a regular graph or G is a bipartite semiregular
graph.
Proof. By the Cauchy—Schwarz inequality, we have

2

d+d,—2 1
[ditdi =2 _ d+d; —2
Z d; d; = Z (di +d; ) Z d; d;
viv; €EE(G) . vv; EE(G) v;v; €EE(G)

from which inequality (7) straightforwardly follows.

Suppose that equality holds in (7). Then by the Cauchy—Schwarz inequality,

for any edges v;v;, v;v, € E(G), that is,

(dj—dk)(di+dj+dk—2):0

that is, d; = dj, for any edges v;v;, v;u, € E(G). Hence we conclude that G is a regular
graph or a bipartite semiregular graph.
Conversely, one can see easily that the equality holds in (7) for regular graph or

bipartite semiregular graph. |

In [34], the equality in Theorem 3.9 is not correct. From the proof, we can get the

correct statement as follows:

Theorem 6. Let G be a connected graph with m edges, maximum degree A, and minimum

degree §. Then
cm (A+9)

ABC(G) —

In [34], the inequality in Theorem 3.10 is correct, but the equality case is not. The
proof is same as the proof of Theorem 3.10 of [34], but the inequality is strict because this

proof depends on the inequality in Theorem 6. The correct statement is the following:

Theorem 7. Let G and G be a connected graphs of order n. Then

n\ k2 +1
2 k

ABC(G) + ABC(G) < <
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i A n—1-4
c=max<\/—, \/——— ¢ -
o 0’ Vn—-1-A
In [34], in Theorem 3.12 the following upper bound for ABC' is claimed to hold:

4B0G) < o170 (8)

where p, A, and § are the number of pendent vertices, the maximum degree, and the

where

minimum degree of the graph G, respectively.

The right-hand side of (8) is always equal to zero, implying the impossible inequality
ABC(G) <0.

Indeed, if the minimum degree 0 is greater than 1, then p = 0 and thus the right-hand
side of (8) is equal to zero. Otherwise, d = 1, and thus /(6 — 1)/A = 0.

Besides, the proof of Theorem 3.12 in [34] is totally wrong.

References

[1] M. B. Ahmadi, D. Dimitrov, I. Gutman, S. A. Hosseini, Disproving a conjecture on
trees with minimal atom-bond connectivity index, MATCH Commun. Math. Com-
put. Chem. 72 (2014) 685-698.

[2] M. Bianchi, A. Cornaro, J. L. Palacios, A. Torriero, New upper bounds for the ABC
index, MATCH Commun. Math. Comput. Chem. 76 (2016) 117-130.

[3] B. Boroviéanin, K. C. Das, B. Furtula, I. Gutman, Zagreb indices: Bounds and
extremal graphs, MATCH Commun. Math. Comput. Chem., in press.

[4] B. Borovi¢anin, B. Furtula, On extremal Zagreb indices of trees with given domina-
tion number, Appl. Math. Comput. 279 (2016) 208-218.

[5] K. C. Das, Maximizing the sum of the squares of the degrees of a graph, Discr. Math.
285 (2004) 57-66.

[6] K. C. Das, Atom—bond connectivity index of graphs, Discr. Appl. Math. 158 (2010)
1181-1188.

[7] K. C. Das, On comparing Zagreb indices of graphs, MATCH Commun. Math. Com-
put. Chem. 63 (2010) 433-440.

[8] K. C. Das, I. Gutman, Some properties of the second Zagreb index, MATCH. Com-
mun. Math. Comput. Chem. 52 (2004) 103-112.



[9]

(10]

(11]

(12]

(13]

(16]

(17]

(18]

(19]

[20]

(21]

22]

(23]

-466-

K. C. Das, I. Gutman, B. Furtula, On atom-bond connectivity index, Chem. Phys.
Lett. 511 (2011) 452-454.

K. C. Das, I. Gutman, B. Furtula, On atom bond connectivity index, Filomat 26
(2012) 733-738.

K. C. Das, I. Gutman, B. Horoldagva, Comparison between Zagreb indices and Za-
greb coindices, MATCH Commun. Math. Comput. Chem. 68 (2012) 189-198.

K. C. Das, I. Gutman, B. Zhou, New upper bounds on Zagreb indices, J. Math Chem.
46 (2009) 514-521.

K. C. Das, N. Trinajsti¢, Comparison between first geometric-arithmetic index and
atom-bond connectivity index, Chem. Phys. Lett. 497 (2010) 149-151.

K. C. Das, K. Xu, I. Gutman, On Zagreb and Harary indices, MATCH Commun.
Math. Comput. Chem. 70 (2013) 301-314.

K. C. Das, K. Xu, J. Nam, Zagreb indices of graphs, Front. Math. China 10 (2015)
567-582.

D. Dimitrov, Efficient computation of trees with minimal atom-bond connectivity
index, Appl. Math. Comput. 224 (2013) 663-670.

D. Dimitrov, On structural properties of trees with minimal atom—bond connectivity
index, Discr. Appl. Math. 172 (2014) 28-44.

D. Dimitrov, On structural properties of trees with minimal atom—bond connectivity
index II: Bounds on B;— and Bsy-branches, Discr. Appl. Math. 204 (2016) 90-116.

D. Dimitrov, Z. Du, C. M. da Fonseca, On structural properties of trees with minimal
atom-bond connectivity index III: Trees with pendent paths of length three, Appl.
Math. Comput. 282 (2016) 276-290.

E. Estrada, Atom-bond connectivity and the energetic of branched alkanes, Chem.
Phys. Lett. 463 (2008) 422-425.

E. Estrada, L. Torres, L. Rodriguez, I. Gutman, An atom-bond connectivity index:
modelling the enthalpy of formation of alkanes, Indian J. Chem. 37TA (1998) 849-855.

B. Furtula, A. Graovac, D. Vuki¢evi¢, Atom-bond connectivity index of trees, Discr.
Applied Math. 157 (2009) 2828-2835.

B. Furtula, I. Gutman, K. C. Das, On atom-bond connectivity molecular structure
descriptors, J. Serb. Chem. Soc. 81 (2016) 271-276.



(24]

(25]

[26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

-467-

Y. Gao, Y. Shao, The smallest ABC' index of trees with n pendent vertices, MATCH
Commun. Math. Comput. Chem. 76 (2016) 141-158.

M. Goubko, C. Magnant, P. Salehi Nowbandegani, I. Gutman, ABC' index of trees
with fixed number of leaves, MATCH Commun. Math. Comput. Chem. 74 (2015)
697-702.

I. Gutman, Degree-based topological indices, Croat. Chem. Acta 86 (2013) 351-361.

I. Gutman, An exceptional property of the first Zagreb index, MATCH Commun.
Math. Comput. Chem. 72 (2014) 733-740.

I. Gutman, B. Furtula (Eds.), Recent results in the theory of Randi¢ index, Univ.
Kragujevac, Kragujevac, 2008.

I. Gutman, B. Furtula, Trees with smallest atom-bond connectivity index, MATCH
Commun. Math. Comput. Chem. 68 (2012) 131-136.

I. Gutman, B. Furtula, M. Ivanovi¢, Notes on trees with minimal atom-bond con-
nectivity index, MATCH Commun. Math. Comput. Chem. 67 (2012) 467-482.

I. Gutman, B. Furtula, Z. Kovijani¢ Vuki¢evi¢, G. Popivoda, On Zagreb indices and
coindices, MATCH Commun. Math. Comput. Chem. 74 (2015) 5-16.

I. Gutman. M. K. Jamil, N. Akhter, Graphs with fixed number of pendent vertices
and minimal first Zagreb index, Trans. Comb. 4(1) (2015) 43-48.

I. Gutman, J. Tosovié¢, S. Radenkovié¢, S. Markovi¢, On atom—bond connectivity index
and its chemical applicability, Indian J. Chem. 51A (2012) 690-694.

M. Hemmasi, A. Iranmanesh, Some inequalities for the atom—bond connectivity index
of graph, J. Comput. Theor. Nanosci. 12 (2015) 2172-2179.

B. Horoldagva, K. C. Das, On comparing Zagreb indices of graphs, Hacettepe J.
Math. Stat. 41 (2012) 223-230.

S. A. Hosseini, M. B. Ahmadi, I. Gutman, Kragujevac trees with minimal atom-bond
connectivity index, MATCH Commun. Math. Comput. Chem. 71 (2014) 5-20.

X. Li, I. Gutman, Mathematical Aspects of Randié-type Molecular Structure Descrip-
tors, Univ. Kragujevac, Kragujevac, 2006.

X. Li, Y. Shi, A survey on the Randi¢ index, MATCH Commun. Math. Comput.
Chem. 59 (2008) 127-156.



-468-

[39] W. Lin, J. Chen, C. Ma, Y. Zhang, J. Chen, D. Zhang, F. Jia, On trees with minimal
ABC' index among trees with given number of leaves, MATCH Commun. Math.
Comput. Chem. 76 (2016) 131-140.

[40] C. Magnant, P. Salehi Nowbandegani, I. Gutman, Which tree has the smallest ABC'
index among trees with k leaves?, Discr. Appl. Math. 194 (2015) 143-146.

[41] J. L. Palacios, A resistive upper bound for the ABC' index, MATCH Commun. Math.
Comput. Chem. 72 (2014) 709-713.

[42] P. S. Ranjini, V. Lokesha, I. N. Cangul, On the Zagreb indices of the line graphs of
the subdivision graphs, Appl. Math. Comput. 218 (2011) 699-702.

[43] R. Xing, B. Zhou, Z. Du, Further results on atom-bond connectivity index of trees,
Discr. Appl. Math. 158 (2010) 1536-1545.



