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Abstract

The geometric-arithmetic index (GA index for short) is a newly proposed graph invari-
ant, based on the end-vertex degrees of all edges of a graph, in mathematical chemistry.
Du et al. [On geometric arithmetic indices of (molecular) trees, unicyclic graphs and
bicyclic graphs, MATCH Commun. Math. Comput. Chem. 66 (2011), 681-697] deter-
mined the first six maximum values for the GA indices of trees. In this paper, we will
present a further ordering for the GA indices of trees, and determine the first fourteen
maximum values. In particular, the trees with the first fourteen maximum GA indices
are all molecular trees.

1 Introduction

Molecular descriptors play a significant role in mathematical chemistry, especially in the
QSPR/QSAR investigations. Among them, special place is reserved for the so-called
topological indices [2]. Nowadays, there exists a legion of topological indices that found

some applications in chemistry [6].
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The Randi¢ connectivity index [5] is one of the most well-known topological indices,

which is based on the end-vertex degrees of all edges in a graph. Motivated by Randié
connectivity index, Vukicevi¢ and Furtula [7] proposed another topological index based
on the end-vertex degrees of all edges in a graph, which is named geometric-arithmetic
index (GA index for short).

Let G be a simple graph with vertex set V(G) and edge set E(G). For u € V(G), let
d,, denote the degree of vertex v in G. The GA index of the graph G is defined as [7]

o0/dod,
GAG) = dytd,’

weE(GQ)

where the summation extends over all edges uv in G.
It is noted in [7] that the predictive power of GA index for physico-chemical properties
(e.g., boiling point, entropy, enthalpy and standard enthalpy of vaporization, enthalpy of

formation, acentric factor) is somewhat better that the one of Randi¢ connectivity index.

In [7], Vukicevi¢ and Furtula established some lower and upper bounds for the GA
index of graphs, and identified the trees with the minimum and the maximum GA indices,
which are the star and the path, respectively. In [8], Yuan et al. gave the lower and upper
bounds for the GA index of molecular graphs in terms of the numbers of vertices and
edges, they also determined the n-vertex molecular trees with the minimum, the second
minimum and the third minimum, as well as the second maximum and the third maximum
GA indices.

Since then, the GA index received considerable attention of mathematicians also, but
there are few papers about it dedicated to molecular graphs [3,4]. In [1], the authors
collected all hitherto obtained results on the GA index of graphs.

Recently, Du et al. [3] determined the trees with the first six maximum GA indices.
In this paper, we will extend this ordering, and determine the trees with the first fourteen

maximum GA indices.

2 Preliminary Results

Note that for an edge uv of a graph G,

2v/d,d, <1
dy+d, ~

with equality if and only if d,, = d,. This fact will be used frequently in our proof.
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A pendant vertex is a vertex of degree one. A pendant edge is an edge incident with
a pendant vertex. A path ujus---u, in a graph G is said to be a pendant path at wu; if

dy, >3,d,, =2for2,...,r—1and d,, =1.

Lemma 1 [3] If there are k pendant paths in an n-vertez tree G, then

GA(G) < (2‘5/6+2‘f>k+n12k.

Among the n-vertex trees with n > 4, the path P, is the unique tree with the maximum
GA index, which is equal to n — 3 + 4:—‘3/57 see [7].

The following results were obtained in [3].

Theorem A [3] Among the set of n-vertex trees,

(i) formn > 17, the trees with a single vertex of mazimum degree three, adjacent to three
vertices of degree two, are the unique trees with the second mazimum GA indez,

which is equal ton — 7+ L\S/E +2v/2,

(¢7) forn > 7, the trees with a single vertex of mazimum degree three, adjacent to one
vertex of degree one and two vertices of degree two, are the unique trees with the

third mazimum GA index, which is equal to n — 6 + 4%? + @ + %,

(#ii) for n > 10, the trees with exactly two adjacent vertices of mazimum degree three,

each adjacent to two wvertices of degree two, are the unique trees with the fourth

maximum GA index, which is equal to n —9 + Ssﬁ + 8—‘3@,

(iv) for n > 10, the tree with a single vertex of mazimum degree three, adjacent to two
vertices of degree one and one vertex of degree two, is the unique tree with the fifth

maximum GA index, which is equal to n — 5+ 27‘/5 +v3+ %ﬁ,

—
<
=

for n > 11, the trees with exactly two vertices of mazimum degree three, each ad-
jacent to three vertices of degree two, are the unique trees with the sixth mazimum

GA index, which is equal to n — 11 + %\/g + %.
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3 Main Results

In this section, we present our main theorem.
Theorem 1 Among the set of n-vertex trees,

(i) for n > 11, the trees with exactly two adjacent vertices of mazimum degree three,
one is adjacent to two vertices of degree two, and the other is adjacent to one vertex
of degree two and one vertex of degree one, are the unique trees with the seventh

mazimum GA index, which is equal to n — 8 + 65& + ? +2v/2,

(i2) forn > 13, the trees with exactly three vertices of mazimum degree three, say u,v,w,
where both u and v, and v and w are adjacent, each of u,w is adjacent to two vertices
of degree two, and v is adjacent to one vertex of degree two, are the unique trees

with the eighth mazimum GA index, which is equal to n — 11 + 2v/6 + 103—‘/5,

(i11) for n > 13, the trees with exactly two non-adjacent vertices of mazimum degree
three, one is adjacent to three vertices of degree two, and the other is adjacent to
two vertices of degree two and one vertex of degree one, are the unique trees with

the ninth mazimum GA index, which is equal to n — 10 + 2v/6 + ? +2V2,

(iv) for n > 13, the trees with exactly two adjacent vertices of mazimum degree three,
each adjacent to one vertex of degree two and one vertex of degree one, or one is
adjacent to two vertices of degree two, and the other is adjacent to two vertices of

degree one, are the unique trees with the tenth maximum GA index, which is equal

ton—7+408 /34 42

(v) forn > 14, the trees with exactly three vertices of mazimum degree three, say u,v, w,
where u and v are not adjacent, and v and w are adjacent, u is adjacent to three
vertices of degree two, each of v,w is adjacent to two vertices of degree two, are the

unique trees with the eleventh maximum G A index, which is equal to n — 13+ % +

10v2
3 )

(vi) forn > 14, the trees with exactly three vertices of mazimum degree three, say u,v,w,
where both u and v, and v and w are adjacent, each of u, w is adjacent to two vertices
of degree two, and v is adjacent to one vertex of degree one, or u is adjacent to two

vertices of degree two, v is adjacent to one vertex of degree two, and w is adjacent
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to one vertezx of degree two and one vertex of degree one, are the unique trees with

the twelfth mazimum G A index, which is equal to n — 10 + 8‘[ + f + 8‘[

(vi) for n > 14, the trees with a single vertex of mazimum degree four, adjacent to four
vertices of degree two, and without vertices of degree three, are the unique trees with

the thirteenth maximum GA index, which is equal to n — 9 + %,

(viii) forn > 14, the trees with exactly two non-adjacent vertices of mazimum degree three,
each adjacent to two vertices of degree two and one vertex of degree one, or one is
adjacent to three vertices of degree two, and the other is adjacent to two vertices
of degree one and one vertex of degree two, are the unique trees with the fourteenth

maximum GA index, which is equal to n — 9 + BE,ﬁ +V3+ 43ﬁ,

Proof: Let G be an n-vertex tree different from the six types of trees mentioned in
Theorem A with the first six maximum GA indices, where n > 11. Obviously, there are
at least four pendant paths in G.

If there are £ > 6 pendant paths in G, then by Lemma 1, we have

GA(G) < <2\5/6+ f>k+  — 1 —2k
2/6 22
< <5+3> +n—-—1-2-6

< n—-9+ % +v3+ 4\[

Case 1. There are exactly four pendant paths in G.

In the following, there are still two subcases need to be considered.
Subcase 1.1. There are exactly two vertices of maximum degree three in G, and other
vertices are of degree one or two.
Subcase 1.2. There is a single vertex of maximum degree four in GG, and other vertices
are of degree one or two.

Suppose that Subcase 1.1 holds. Denote by u and v the two vertices of maximum
degree three in G.

First suppose that there is exactly one pendant path of length one in G. If u and v
are adjacent in GG, then we have

GA(G) = 178+M+§+2ﬂ.
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If u and v are non-adjacent, then we have
3
GA@) :n710+2\/6+§+2\/§4

Next suppose that there are exactly two pendant paths of length one in G. If v and

v are adjacent in G, then we have

GA(G) =n 77+M+W+4‘[

If u and v are non-adjacent, then we have

GA(G)—n—9+£+\[+4\[

Suppose that there are exactly three or four pendant paths of length one in G. Denote
by k the number of pendant paths of length one in G. Clearly, k = 3,4. Then

90/ 3 o013 233
< . _
GAG) < k=5 + k)< 1+2 2+3>

+(n—-1)—(8—k)
(2L

2 3 5 3
< (ﬁMM+1>3+ f9+i+—f
2 3 5
< n79+i+\[+ f

Now suppose that Subcase 1.2 holds. Denote by k the number of pendant paths of
length one in G. Clearly, k =0,1,2,3. Then

Nﬂ e k)<2\/ﬁ Nﬁ)

Il
B

GAG) 112 T 241

- (9 4ﬁ>k+ SFRLLY

If £ =0, i.e, all the four pendant paths in G are of length at least two, then

GA(G) =n 79+167f

If k=1,2,3, then
9 4{) 16v/2
+n
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5 3 3
8 4
< n—9+T\[+\f+ V2,

Case 2. Suppose that there are exactly five pendant paths in G.

(9_4ﬁ) gy l6v2

In this case, there are three subcases need to be considered.
Subcase 2.1. There are exactly three vertices of maximum degree three, and other
vertices are of degree one or two.
Subcase 2.2. There is a single vertex of maximum degree five in GG, and other vertices
are of degree one or two.
Subcase 2.3. There is exactly one vertex of degree three, one vertex of maximum degree
four, and other vertices are of degree one or two.

Suppose that Subcase 2.1 holds. Note that there are at most two pairs of adjacent
vertices both of maximum degree three.

First suppose that there are exactly two pairs of adjacent vertices both of maximum
degree three. Denote by k the number of pendant paths of length one in G. Clearly,
0 <k <5. Then

GAG) = k-

113 1+2 ' 2+3
+(n—1)— (10 — k)

= <\/§2\[2\[+1>k+n11+2\/6+103\/§.

VAR I <2m+ wm)

2 3

If £ =0, i.e., all the five pendant paths in G are of length at least two, then

GAG) =n—11+2V6 + —— 10[

If k =1, i.e., there is exactly one pendant path of length one in G, then

GAG) = 10+M g 8?.

If k = 2,3,4,5, then

GAG) = (?2\{2\[+1>k+7111+2\/6+m§/§

<\/§2\/§2\5/6+1>2+n11+2\[+10\[
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8v/6

4
< n79+7+\f \[

Next suppose that any two vertices of maximum degree three are not adjacent. Denote

by k the number of pendant paths of length one in G. Clearly, 0 < k < 5. Then

aae - kKT eoon (HHET)
2v2-3
+4 - 553 +(n—1)— (14 —k)
(f?{?fﬂy+lwmfuf
< 715+ﬁ+M —9+&+W+4\[

Now suppose that there is exactly one pair of adjacent vertices both of maximum
degree three. Denote by k the number of pendant paths of length one in G. Clearly,
0 <k <5. Then

2v/1-3 24/ 2\/2~3
GAG) = kgt 6 k)<1+2 2+3>
22
2. -1)—-(12—-k
w2 220 -1 - (12—
2
= @_7f_2\/6+1 k+n— 15—5—714\/» 10\/54
2 3 5 5 3
If £ =0, i.e., all the five pendant paths in G are of length at least two, then
14 10v2
GAG) = ‘[ 0?:[ 4

If £k =1,2,3,4,5, then
2v2 2 14 10v/2
GAG) = <\g§—\3f— \5[ >k+n—13+\[ 0v2

3
(ﬁ?f?fﬂyM1wmfwﬂ
2 3 5 3
< 79+i+\f \[

Suppose that Subcase 2.2 holds. Denote by k the number of pendant paths of length

one in G. Then

1+2 245

B (. R IO
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= §_72\/§_72\/ﬁ+1 /c-i—n—ll—O—10\/5—&-710\/§
3 3 7 7 3
< 71—11+10\7/ﬁ+10;[ —9+78\[ V3+ 4\[

Now we suppose that Subcase 2.3 holds. Denote by ki (Ko, respectlvely) the num-
ber of pendant paths of length one attached to the unique vertex of degree three (four,

respectively) in G. Clearly, k; = 0,1,2 and ks = 0,1,2,3. Then

BENGE 2vV1-2 223
GAG) < h-Tg (2—k1)<1+2 + 2+3)
2V1-4 Gk 2V1-2 224
21+74 Y\ 112 2+4

+(n—1)— (10 — ky — k)
= (\/5_2\/5_2\5/6+1>k1+<§_4\3/§>k2

2 3
4 16v/2
+n —11+i 6;)[
4 1 4
< n_11+7f+ 6:;[ —9+8\—[ V3+ f.

Finally, it is easy to check that

7179+—‘[ f+i< 9+16%@
710+M+§+£ 713+ﬂ 10;)@

<nf7+T\[+\/§+£<n710+2\/6+§+2ﬁ

<n711+2\[+10\[ —8+T\[+§+2x/§.

From the above arguments, if GA(G) is not equal to one of these eight values, then

GA(G) < 79+¥+W+4‘!

Now the result follows easily. |

The trees with the smallest number of vertices in Theorem 1 are listed in Appendix.
4 Conclusions

In this paper, we presented a further ordering for the GA indices of trees, and determined

the first fourteen maximum GA indices of trees. In particular, in our proof, we mainly
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investigated the GA indices of trees with exactly four or five pendant paths. If one want
to order more trees with large GA indices, it need only to consider the trees with more

pendant paths (e.g., the trees with exactly six or seven pendant paths).

Acknowledgement: This work was supported by Guangdong Provincial Natural Science
Foundation of China (Grant No. 2014A030310277) and the Department of Education of
Guangdong Province Natural Science Foundation of China (Grant No. 2014KQNCX224).
The research of the second author was supported by the Fundamental Research Grant
Scheme (FRGS), Minister of Higher Education of Malaysia (Grant Vot. 59433).

References

[1] K. C. Das, I. Gutman, B. Furtula, Survey on geometric—arithmetic indices of graphs,
MATCH Commun. Math. Comput. Chem. 65 (2011) 595-644.

[2] J. Devillers, A. T. Balaban (Eds.), Topological Indices and Related Descriptors in
QSAR and QSPR, Gordon & Breach, Amsterdam, 1999.

[3] Z. Du, B. Zhou, N. Trinajsti¢, On geometric-arithmetic indices of (molecular) trees,
unicyclic graphs and bicyclic graphs, MATCH Commun. Math. Comput. Chem. 66
(2011) 681-697.

[4] M. Mogharrab, G. Fath-Tabar, Some bounds on GA; index of graphs, MATCH
Commun. Math. Comput. Chem. 65 (2011) 33-38.

[5] M. Randi¢, On characterization of molecular branching, J. Amer. Chem. Soc. 97
(1975) 6609-6615.

[6] R. Todeschini, V. Consonni, Handbook of Molecular Descriptors, Wiley—VCH, Wein-
heim, 2000.

[7] D. Vukicevié¢, B. Furtula, Topological index based on the ratios of geometrical
and arithmetical means of end-vertex degrees of edges, J. Math. Chem. 46 (2009)
1369-1376.

[8] Y. Yuan, B. Zhou, N. Trinajsti¢, On geometric-arithmetic index, J. Math. Chem. 47
(2010) 833-841.



-385-

5 Appendix

In the following, the trees with the smallest number of vertices in Theorem 1 are listed.

e SO

Figure 1: The tree in Theorem 1 (i) with n = 11.

Figure 2: The tree in Theorem 1 (ii) with n = 13.

DS Sl

Figure 3: The tree in Theorem 1 (iii) with n = 13.

e

Figure 4: The tree in Theorem 1 (iv) with n = 13.

Figure 5: The tree in Theorem 1 (v) with n = 14.



-386-

D= & S

Figure 6: The tree in Theorem 1 (vi) with n = 14.

N

Figure 7: The tree in Theorem 1 (vii) with n = 14.

e

Figure 8: The tree in Theorem 1 (viii) with n = 14.



