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Abstract

Given a graph G = (V, E), the variable first and second Zagreb indices are de-
fined by MMi(G) = Y, ey P and *Ma(G) = 33, , cpd} - d}, where d; is the
degree of the vertex v; and A is any real number. Let G, be the class of connected
graphs with cyclomatic number v (v > 1). In this paper, we give a lower bound on
AMo(G) — *M;(G) in terms of v and A in G, for all A € (0, 1] and characterize the
extremal graphs.

1 Introduction

edges. For v; € V(G), d; is the degree of the vertex v; of graph G, i =1, 2,..., n. The
average of the degrees of the vertices adjacent to vertex v; is denoted by ;. A pendant
vertex is a vertex of degree one. The cyclomatic number of a connected graph is equal to
v=m—n+1, 1 e, its number of independent cycles. Clearly, v > 0 for all connected

graphs. If a graph G has v = 0, v = 1 and v = 2, then it is called tree, unicyclic and
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bicyclic, respectively. We denote the class of connected graphs with cyclomatic number
v>1byG,.

The vertex independence number of a graph, often called simply “the” independence
number, is the cardinality of the largest independent vertex set (no two vertices in the
independent set are adjacent), i.e., the size of a maximum independent vertex set. The

independence number is most commonly denoted by a(G). Formally,
a(G) =max{|U| : U C V(G) independent}

for a graph G, where V(G) is the vertex set of G and |U| denotes the cardinal number of
the set U. The cycle graph with n vertices is called C,,.

The classical first Zagreb index M; and second Zagreb index My of graph G (see [6,10,
18-20] and the references therein) are among the oldest and the most famous topological
indices and they are defined as

Mi(G) =) d} and My(G)= Y di-d;.
veV 00 €E
Caporossi and Hansen [3,4] conjectured that, for all connected graphs G it holds that

]WlTEG) < A[ir(LG) (1)

and the bound is tight for complete graphs.

Although this conjecture is disproved for general graphs [11], it is true for chemical
graphs [11], trees [24], unicyclic graphs [16], bicyclic graphs except one class [22], and
graphs with small difference between the maximum and minimum vertex degrees [23].
Moreover, it has been shown that for every v > 2, there exists a connected graph in which
the inequality (1) does not hold [13] and (1) holds for some special kind of graphs [7,14].
Nowadays the relation (1) is usually referred to as the Zagreb indices inequality.

The Zagreb indices have been generalized to variable first and second Zagreb indices
defined as

M(G) = Y dP and MMy(G)= > d)-d).
eV viv€E
The generalization of the Zagreb indices inequality to the variable Zagreb indices has been

analyzed, namely for which X it holds that

*M;(G) . wm(c) , @
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where )\ is any real number.
If A € [0,1] then it is true for chemical graphs [25], trees [26], unicyclic graphs [12],
graphs with small difference between the maximum and minimum vertex degrees [17]. If

A € [0,4/2/2], then (2) holds for all graphs [1,2,25].

Recently, much attention is being paid to the comparison of M; and M, of graph
G. Direct comparisons were obtained on the Zagreb indices for trees [8,21] and cyclic
graphs [5]. Recently, the difference of the classical first and second Zagreb indices of a
graph G has been studied in [9,15] and determined a few basic properties of the reduced
second Zagreb index.

The classical Zagreb indices were directly compared in the above mentioned few papers,
but the variable Zagreb indices were not directly compared. From this point of view, we
characterize the graphs G' € G, with minimum value of the difference of the variable first
and second Zagreb indices for all A € (0, 1] and give a lower bound on *M(G) — *M;(G)

in terms of v and A € (0, 1].

2 Difference of the variable Zagreb indices of graphs

Let a pendant vertex vy, be adjacent to a vertex v, of connected graph G, different from

the star graph. Then we consider the following inequality

> A >2+d—2, where Xe (0, 1] (3)

vp: vpur€E

which is used in the proof of Lemma 1 of [12]. It is easy to see that if dy s — dy > 2, then
the inequality in (3) is strict.
Hence we reformulate the Lemma 1 in [12] as follows.
Lemma 1. Let A € (0,1] and G be a connected graph, possessing two adjacent vertices v;
and vj of degree greater than one. Also let a pendant vertex vy, be adjacent to a vertez v.
Let the graph G’ be obtained from G by adding edges v;vy, and vpv; in G — vv; — VY .

(l) ]fdgp,z — d[ = 1, then

AMy(G) — MM(G) > *My(G') — My (G).

(lZ) If dg He — dg Z 2, then
AMy(G) — AMi(G) > *My(G') — *My(G).
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Lemma 2. Let G be a graph in G, and X € (0,1]. If *My(G) — *Mi(G) is minimum,
then G does not contain any pendant vertex.

Proof. We prove this result by contradiction. For this let G be a graph with at least
one pendant vertex in G, and A € (0, 1] such that *M5(G) — *M;(G) is minimum. Let
v, be a pendant vertex that is adjacent to a vertex v, in G. Also let v; and v; be two
adjacent vertices in a cycle of G. Then, clearly d; > 2 and d; > 2. We now apply the
transformation considered in Lemma 1 to G. Let the graph G’ be obtained from G by
adding edges v;v, and v;v in G — v;v; — vve. Then G’ € G, and by Lemma 1,

AMy(G) — *Mi(G) > *My(G') — My (G).

If G’ contains a pendant vertex, then we repeat the above transformation and non-
increase the value *M, — *M;. We continue this process and after several times, we can
obtain a graph G** in G, such that d; > 2 for all v; € V(G**). Let G* be a graph with
exactly one pendant vertex in G, such that

AMy(G) — *Mi(G) > *My(G') — *M(G') > -+ > *My(G*) — My (G)
> AMy(G*) — AM(G*).
Thus G** does not contain any pendant vertex and G* contains exactly one pendant

vertex v, with v, v € E(G*), (say), such that ds s > ds + 2 for v, € V(G*) (Otherwise,

G** contains a pendant vertex, a contradiction). By Lemma 1, we have

AMy(G*) — MM (G*) > AMy(G™) — My (G™).
Therefore

AMy(G) — My (G) > *My(G™) — My (G™).
This inequality is strict then it contradicts the fact that *Ms(G) — *M;(G) has minimum
value. This completes the proof of the lemma. |
Lemma 3. Let G be a graph in G, and X € (0, 1]. Also let *My(G) — *M,(G) be
mangmum. If d; > 3, then d; =2 for all v;, v;v; € E(G).
Proof. Once again, we prove this result by contradiction. Assume that there are two
adjacent vertices v; and v; in G such that d; > 2 and d; > 2. We denote by G’ the

graph obtained from G — v; v; by inserting a new vertex vy such that v; v, € E(G’) and

vj v, € E(G'). Then clearly G’ € G, and d(v;,) = 2. Therefore, we have

M (G) — MM (G) = =22 (4)
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and

A A AN oA (A 4 A
My(G) = PMy(G) = d> > — 2 (&) + ). (5)
From (4) and (5) we obtain

AMy(G) — MMi(G) — (Ma(G') — *My(G))) = d}d) —2*(d} +d}) + 22

(d} —2Y)(d} —2%) >0,
since d; > 2, d; > 2 and X € (0, 1]. Thus
AMy(G) — *My(G) > My(G') — MMy (GY).

This contradicts the fact that *My(G) — *M;(G) is minimum. Hence d; < 2 or d; < 2.
By Lemma 2, we have that G does not contain any pendant vertex. Since G is connected,
we conclude that d; = 2 and/or d; = 2 for any edge v;v; € E(G). This completes the
proof. |

An edge e of a graph G is said to be contracted if it is deleted and its end vertices are

identified, the obtained graph is denoted by G - e.
Lemma 4. Let e be an edge with end vertices of degree two in a graph G. Then

AMy(G) — *My(G) = My(G - e) — *M (G -¢e)  forall A€ R.
Proof. By an elementary calculation, we have

AM(G) — *M(G-e) = 2% and *My(G) — *My(G - e) = 222,
From the above results, we get the required result. |
Lemma 5. For fived X € (0, 1],

fla, A) = a1 or — g2 — g 9?1
Then f(x, A) is an increasing function on x > 4.
Proof. Let us consider a function
glz, \) = (A +1)2> —2x2 ML

Then ¢'(x, A) = 2X (1 —A)2*72 > 0 for z > 4 and hence ¢/(z, ) is an increasing function
on x > 4. Therefore we have

gz, \) > g4, ) =(A+ 12 =224 =22 A+ 1A > 20 > 1
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Since z > 4, using the above result, we have
Fia, \) = 2 [()\ T 12— 2/\x)\—1] C 9T s A 92215 920 92Xl

Hence we get the required result. |

Figure 1. Subdivision of the Petersen graph.

Let T’ be a class of graphs H = (V, E) in G, such that 2 < d; < 3 (there exists a
vertex vx in H such that dj, = 3) for all v; € V(H) and the set of vertices of degree three
is an independent set in H. Therefore any graph in I' is a molecular graph (recall that a
connected graph with maximum degree at most 4 belongs to a family of molecular graphs
depicting carbon compounds).

It is not difficult to illustrate the graphs in I" with cyclomatic number v. The subdivi-
sion graph of a graph G is obtained by inserting new vertices of degree two on each edge
of G. Hence a subdivision of any 3-regular graph with cyclomatic number v is in I". For
example, a subdivision of the Petersen graph is 6-cyclic graph and is in I" (see Figure 1).
We now calculate the difference between the variable Zagreb indices for the graphs G in

I
Lemma 6. Let G be a graph in I'. Then
MM(G) — AM(G) = (v —1) (322 — 2.3 —3.2%).

Proof. We denote by G; the graph obtained from G (2 C,,) by contracting all edges with
end vertices of degree two. Then G, contain vertices of degree two and three, and vertices
of degree two are adjacent to vertices of degree three. Let k be the number of vertices
of degree three in the graph G;. Therefore the number of vertices of degree two is 3k/2
as the number of edges in G is 3k. Moreover, the cyclomatic number of G is v and by

Lemma 4, we have

AMa(G) — MMy (G) = *My(Gy) — *My(Gy).
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Now,
AM(Gh) =32k +3-227 k and *My(Gy) = 3M1 20 k.

Since G; has 5k/2 vertices and 3k edges, therefore v — 1 = k/2 for Gy. Thus, we obtain
MUy(Gh) — MM(Gy) = g (2/\+13A+1 _9.3 _3. 22)\)
=(—1) (MM —2.3% —3.2)

From the above, we get the required result. |
Now we are ready to give a lower bound on *M,; — *M; in G, for all A € (0,1] and
characterize the extremal graphs.
Theorem 1. Let G be a graph in G, and A € (0,1]. Then

AMy(G) — AM(G) = (v—1) (M2 — 2.3 —3.2%) (6)
with equality holding if and only if G = C,, or G € T

Proof. For G = C,,, v = 1 and hence the equality holds in (6). Otherwise, G 2 C,,. Since
G € G,, we must have A > 3. The first variable Zagreb index can also be expressed as
MG = Y (P +dP ).
Z)i’U]EE
By Lemma 2, if *M5(G) — *M;(G) is minimum, then G has vertices of degree two or
more. Again by Lemma 3, if *M5(G) — *M;(G) is minimum, then G has for any edge
vvj € E(G), d; = 2 or/and d; = 2, that is, the set of vertices of degree greater than 2 (if

exists), is an independent set. Therefore, we have

ML(G) = AMY(G) = D ddy = Y (P +d)

Vv €E v €E

- Y @)
Vv €E

2 Z dz (d;\ 2)\ _ d?)\—l _ 22)\—1) (7)
v, €V, d;>2

because d} d} — ™ — 31 =0 for d; = d; = 2, viv; € E.
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Figure 2. Graphs of two functions.

Consider the function
flz, Ny =aM2d — g — 2921 2 >3 and e (0,1].

By Lemma 5, f(z, A) is an increasing function for > 4. From Figure 2, one can easily

see that f(4, A) > f(3, A). Hence

ML(G) = AM(G) = Y (M2 -3 322

v €V, di>2

Suppose that

ML(G) = MG = Y (3MT2N -3 - 3.2

v eV, d;i>2

Let m (m') and n (n’) be the number of edges and vertices in G (G'), respectively. Since
G,G' €G,, wehave v —1=m —n=m'—n'. Since G’ has vertices of degree 2 and 3,

then the number of vertices of degree 3 is exactly 2(m’ —n’) in G’. Then we have
AMy(G) = AMy(G) = 2(m! —n) (3N 2 =3 —3. 22T
= (v—1) (3712 —2.3 —3.2)
The first part of the proof is done.

Suppose that equality holds in (6) with G 2 C,. By Lemmas 2 and 3 with the above
results, we conclude that all the vertices in G have degree 2 or 3 and the set of vertices

of degree 3 is an independent set in G, that is, G € I'.

Conversely, one can easily see that the equality holds in (6) for G € ', by Lemma 6. W
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Finally, note that the main result of [12] and one result of [5] directly follow from
Theorem 1 when v =1 and A = 1, respectively.
Corollary 7. [12] Let G be a unicyclic graph of order n. For all X € (0,1], we have
AMy(G) >* My (G) with equality holding if and only if G = C,.
Corollary 8. Let G be a graph in G,. Then My(G) — M(G) > 6(v — 1) with equality
holding if and only if G € C, or G €T.
Corollary 9. [5] Let G (€ G,) be a graph of order n with m edges. If n > 5(v — 1), then
My(G) — My(G) > 6(v — 1) = 6m — 6n with equality holding if and only if G € C, or
Gel.

Acknowledgement: The authors would like to thank the anonymous referee for his/her
valuable comments which lead to an improvement of the original manuscript.
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