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Abstract

Gutman index Gut(G) of a graph G is defined as } ¢, 1y () deg(@)deg(y)d(z, y),
where V(G) is the vertex set of G, deg(x), deg(y) are the degrees of vertices z and
y in G, and d(z,y) is the distance between vertices x and y in G. We show that for
finite connected triangle—free graphs of order n and minimum degree J, where § is
a constant, Gut(G) < 5%56 n® + O(n*). Our bound is asymptotically sharp for every
0 > 2 and it extends results of Mazorodze, Mukwembi and Vetrik [On the Gutman
index and minimum degree, Discrete Math. 173 (2014) 77-82].

1 Introduction

Let G = (V, E) be a finite simple connected graph. We denote the order of G by n. The
degree of a vertex v € V(G) is denoted by deg(v). The distance, dg(u,v), is defined as
the length of a shortest u — v path in G.

A real number related to structural graph of a molecule is called a topological index.
For instance, the first Zagreb index and the second Zagreb index [9], the Wiener index [16],
the weighted version of the Wiener index known as Schultz index or degree distance [5,8]
and the Schultz index of the second kind known as the Gutman index [8]. A topological

index related to distance is known as “distance-based topological index”, for instance, the

*Corresponding author.



-232-

Wiener index and its invariant, the Gutman index. Topological indices have received a lot
of attention, partly because of their numerous applications in chemistry, see for instance,
[8,10,12,16]. The topological and graph invariants based on distances between vertices
of a graph are widely used for characterizing molecular graphs, establishing relationships
between structures and properties of molecules, predicting biological activities of chemical
compounds and making their chemical applications, see [13-16].

The Gutman index, Gut(G), of a graph G was introduced in [8] and is defined as

Z deg(z)deg(y)d(z,y). A question on whether theoretical investigations on the
{zy}CV(G)
Schultz index of the second kind, focusing on the more difficult case of polycyclic molecules

can be done, was posed. Afterwards, a number of authors [2-4,6,7,11,12] researched on

the Gutman index. The following upper bound on the Gutman index was presented in [4];

Theorem 1 [/] Let G be a connected graph of order n. Then
4

Gut(G) < %n‘r’ +0 (77%)

and the coefficient of n® is best possible.

Mukwembi [12] improved the bound in Theorem 1 by replacing O(n2) by O(n*). His result
in [12] is best possible. In 2014, Mazorodze, Mukwembi and Vetrik [11] investigated on
the upper bound of Gutman index based on order and minimum degree. Precisely, they

proved the following theorem;

Theorem 2 [11] Let G be a finite simple connected graph with minimum degree § and

order n. Then
2¢.3

n® 40 (n4)

and the bound is asymptotically sharp.

The purpose of this paper is to improve Theorem 2 for triangle—free graphs for § > 2.
Moreover, our bound is asymptotically tight.

No doubt that research on the Gutman index is an on going process. Attracted by
applications of topological indices, Chen and Liu [2,3] studied the maximal and minimal
Gutman index of unicyclic graphs as well as minimal Gutman index of bicyclic graphs.
In [1], it was shown that the star graph has a minimal Gutman index, apart from other

results presented. Pauraja and Sheeba [13] concentrated on the Gutman indices of the
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Cartesian product and wreath product of graphs. Recently, Kazemi and Meimondari [10],
were motivated by structural properties of many molecule which are tree like, to work
on the expected value and variance of the Gutman index and degree distance in random
trees. In this paper, we continue to investigate upper bounds on the Gutman index in

triangle—free graphs.

2 Results

First we present Lemma 1, which will be used in the proof of our main result.

Lemma 1 Let G be a connected triangle-free graph of order n, diameter d and minimum

degree §. Let v,v' be any vertices of G.
(1) Then deg(v) <n— % +24.
(2) If d(v,v") > 3, then deg(v) + deg(v') < n — % + 46.

Proof. Let P :vg,vy,..., vg be a diametric path of G. Let S C V(P) be the set

S::{vi:izlor2(mode4)1§i§d}.

For each u € S, choose any ¢ neighbors uy, us, . .., us of u and denote the set {uy,us, ...,
us}t by M(u). Let A = UyesM (u). Then
|Al > %d :
Let v be any vertex of G. We denote by N(v) the open neighbourhood of v, which is the
set that consists of neighbours of v. Note that if v ¢ A, then v can be adjacent to at most
one vertex in S and to neighbours of at most 2 vertices of S. Hence v is adjacent to at
most 20 vertices in A since G is triangle-free. If v € A, then it can be checked that v can
be adjacent to at most 20 vertices in A. In both cases we obtain |[A N N (v)| < 26 which
implies
n>|Al+ |N@)]|—|ANN()| > +% + deg(v) — 20.

Rearranging the terms, we have deg(v) < n — % + 24, which completes the proof of (1).

Now we prove the statement (2). If v, v are any two vertices of G, such that d(v,v") >
3, then N(v) N N(v') = 0. It follows that

n = |A[+[N@)|+ [N@)| - [ANN(@)| - AN
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> % + deg(v) + deg(v') — 2(26).

Therefore deg(v) + deg(v') < n — % + 4. |

Now we present our main result.

Theorem 3 Let G be a connected triangle-free graph of order n and minimum degree §,
where 0 is a constant. Then

2
Gut(G) < %n" +O(n*),

and this bound is asymptotically sharp.

Proof. We denote the diameter of G by d. Let P : vy, vy, ...,vq be a diametric path
of G and let S C V(P) be the set

S::{vi:iEIOIQ(mode@lgigd}

For each v; € S, choose any 0 neighbours uy, us, . . ., us of v; and denote the set {uy, ua, .. .,
us} by M(v;). Let A = U,,esM(v;). Since G is triangle-free, M (v;) N M(v;) = @ for any
v;,v; € 5. Since S contains about £ vertices, we write |S| = ¢ + O(1). Then
od
Al =24 o0). 1)

Now let V = {{x,y} : x,y € V}. We partition V as follows:
V=PUAUDB,
where
P:={{z,y} - zcAandyeV(@)}, A:={{z,y} €eV-P : d(z,y) >3}

and

B:={{z,y} e V-P : d(z,y) <2}.

Setting |A| = a, |B| = b, we have

(4

—

%) =|P|+a+b, and so from (1), a+ b=
(n— A0~ |A] = 1)]

n— %) + O(l)] [(n - ﬁ) + O(l)]
n— (%d)? + O(n). (2)

A~~~ 1 —
/N

NN = N~
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Note that
Gut(G) = Z deg(z)deg(y Z deg(z)deg(y)d(z,y)
{z,y}eA {z,y}eB
+ Y deg(x)deg(y)d(z, y)-
{z,y}ecP

We bound each term separately.
Claim 1 Assume the notation as above. Then
> deg(w)deg(y)d(z,y) < O(n?).

{zy}eP
Proof of Claim 1: We partition S as S = 57 U S, U S3U Sy since G is triangle-free, where
}7
}7
}7
1.

S

{v; | i=1 (mod 8), d
Sy = {v; |1 =2 (mod 8),2<i<d
S; = {v;|i=5 (mod8),5<i<d
S4 ( ) d

{v; | 1 =6 (mod 8),6 <i<
It follows that
A = (Upyes, M(0)) U (Upes, M (0)) U (Upess M (0)) U (Upes, M (v)).

For each vertex z in A, define the score s(z) of z as

) =Y deg(z)deg(y)d(x, y).

yev

Then

Z deg(z)deg(y)d(z,y) <Z Z s(x)

{zy}eP zEA 2€(Upes; M(v))
+ Z s(x) + Z s(x) + Z s(x).
2€(Upes, M(v)) 2€(Upesy M (v)) z€(Upes, M(v))

We now consider U,eg, M (v). For each u,v € Si, u # v, we have M(u) N M(v) = 0 and
the neighbourhoods of M (u) and M (v) are also disjoint.

Write the elements of Sy as S; = {wy,ws,...,ws,}. For each w; € Sy, let M(w;) =
{w{,wé, e wg}, where w! wi, . .. ,wg are neighbours of w;. Since dg(w,w’) > 8 for any
w,w’ € Sy, then

n > deg(w) 4 deg(ws) + - - - + deg(wys,)|)
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and for t =1,2,...,0,

n > deg(w}) + deg(w? -+ deg(w!™.

Summing we get
on > Z deg(z) + 9| S1].
2€(Unes, M(u))
That is,
Z deg(z) < on — 6|5
z€(U,,ESl ]W(u))
Similarly,

Y deg(x) < 0n—0]Sl,

o€ (Uuesy, M(u))
> deg(x) < on—4]Ss|
2€(Uues; M(u))
and
Z deg(z) < dn — §|Syl.
2€(Uyes, M(u))

Now from Lemma 1, for every x € A, we have

s(z) = deg(x) <Zdeg(y)d(x,y)> < deg(x) (Z (n — %d + 26) d,>

yev yev

deg(z) (nd(n - %d + 2(5))4

This, in conjunction with (3), (4), (5), (6) and the fact that ¢ is a constant, yields

S deg(r)destr)doay) < YD [dea(o)[na(n— 2+ 25)]

{zy}eP 2€(Uves; M(v))

S [aent@) [od(n— %+ 29)]]

e (Uses, M(v)

IN

+

+ Z [dcg‘( ) {nd(n - — + 26)“
2€(Uvesz M(v))

+ Z [dcg(x) {nd(n - — + 2(5)“
2€(Uves, M(v))

= nd(n - %d + 26) < Z deg(x) + Z deg(z)

€ (Uyes, M(v) 2€(Ues, M(v)

+ Z deg(z) + Z deg(w))

2€(Uyesy M(v)) 2€(Uvesy M(v))
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nd(n - %d + 25) [(m — 8|Sy| + 6n — 8|Ss| + n — 8|Ss| + on — 5|s4|]

od
- nd(n—7+26> {45n—5(\51\+|52|+\53\ + 18] = omY,

IN

as claimed.

Now we bound those pairs of vertices, which are in B.

Claim 2 Assume the notation as above. Then
> deg(w)deg(y)d(x,y) < O(n*).
{zy}eB
Proof of Claim 2: Note that if {z,y} € B, then d(x,y) < 2. This, together with Lemma
1 and the fact that b = O(n?), gives

IN

Y deglo)degd(ey) < Y 2(n—Sy +25)

{z,y}teB {z,y}eB

= Qb(n - % +25)2 =0(n"),

so Claim 2 is proven.

Finally, we study pairs of vertices, which are in .A.

Claim 3 Assume the notation above. Then

d A
(o )< L0 1y
Z deg(z)deg(y)d(z,y) < 16 (71 5 ) + O(n%)
{zy}ed
Proof of Claim 3: Let {w, z} be a pair in A, such that deg(w) + deg(z) is maximum. Let
deg(w) + deg(z) = t. Since deg(w)deg(z) < 1(deg(w) + deg(z))?, we have
deguw)deg(2) < ;7 @

Now we find an upper bound on a = |A|. From (2) we have

_(—lAD@—|AI-1)

Since |A| > %, then

—b (8)

Note that all pairs {z,y},z,y € M(w) — A and all pairs {z,y},z,y € M(z) — A (where

M (w) and M(z) are the open neighbourhoods of w and z respectively). are in B. Since
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w (and z) can be adjacent to at most one vertex in S and to neighbours of at most 2
vertices of S, it follows that w (and z) is adjacent to at most 20 vertices in A. Then we

have

deg(w) — 260 deg(z) — 20
= () (M)
- §<Meg< )7+ deg(2)?) — “ (deg(u) + dog(2)) +46% +25
> it 7462+1f+462+26

Hence from (8), we get

L= HE=Y-n 1, w41
- 2 4

t+46% + 26.

From (7), we have

t?d  t%ad
Y. deg(a)deg(y)d(z,y) < Y =

4
{z,yteA {z,yteA
2d|(n—9n-%-1) 1 45 +1
< = 2 2 — =~ Tt 407 + 25|
- 4 2 4 2 + +

By Lemma 1, ¢t <n — % + 44. Subject to this condition

2 _Sdy(,_dd_
%‘i [W - itZ - 4‘57“15 +40% 4+ 25| . is maximized for t = n — % + 49 to give

Y. deg(a)deg(y)d(,y)

A B F ) - S o

— %(n— %>4+O(n4).

which completes the proof of Claim 3.
From Claims 1, 2 and 3, we get

Gut(G@) = Z deg(z)deg(y)d(z,y) + Z deg(z)deg(y)d(z,y)

{z,y}eA {z,y}eB
+ ) deg(x)deg(y)d(x,y)

{z,y}eP

1 A
< —gf(n_2® 4 4 4
< 16d(n 2) + O(n®) + O(n*) + O(n*)
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The term
1 0d\4
-)
16°\" " 2

is maximized, with respect to d, for d = %‘ to give

25

55¢

Gut(G) < —=n"+ O (n"),

as desired.
It remains to show that the bound is asymptotically sharp. We construct the graph
G, 45 for d =1 (mod 4). Let V(G') = Go + Gy + ... + Gq, where

K51 if i=0orl(mod4) 4<i<d-2

K, if i=2o0r3(mod4) 2<i<d-2
Gi= Ky sun, ifi=1lord—1,

K if =0 ord.

K 5(d—5
L3 (=25
Let d = % be an integer. Then the graph G, m s has order n, minimum degree ¢ and the

20 + O(nY). ]

5

Gutman index is
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