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Abstract

An (m,n)-graph G is a simple graph with n vertices and m edges. Let A1,..., A,
be the eigenvalues of its adjacent matrix. The Estrada index of G, denoted by
EE(Q), is the sum of the terms e*. The first Zagreb index, denoted by Zg;(Q), is
the sum of the terms dlz., where d; is the degree of v;,i = 1,2,...,n. In this paper,
we prove that m +n < EE(G) for every (m,n)-graph, and establish a new upper
bound for FE(G) in terms of the first Zagreb index.

1 Introduction

Let G be a graph without loops and multiple edges. Let m and n be, respectively, the
number of vertices and edges of G. Such a graph will be referred to as an (m,n)-graph.
Let A(G) be the adjacent matrix of G, which is a symmetric (0; 1) matrix. The spectrum
of G consists of the eigenvalues of its adjacency matrix, denoted by Ay, Ag, ..., An-

A graph-spectrum-based invariant, put forward by Estrada [4], is defined as
EE = EE(G) =) _e™.
i=1

FEFE is usually referred as the Estrada index. Although invented in 2000, the Estrada
index has found numerous applications. It was used to quantify the degree of folding of
long organic molecules, especially proteins [5,6]. Another, fully unrelated, application
of the Estrada index was put forward by Estrada and Rodriguez—Veldzquez [7,8]. They

showed that E'E provides a measure of the centrality of complex (communication, social,
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metabolic, etc.) networks. It was also proposed as a measure of molecular branching [9].
Therefore, it is natural to investigate the relations between the Estrada index and the
graph-theoretic properties of G.
Some mathematical properties of the Estrada index were established. One of most
important properties is the following:
EE(G)=Y" M’;c(!G)

k>0

where My = M(G) = Y1, A¥ is the k-th spectral moment of the graph G. It is well
known that M (G) is equal to the number of closed walks of length k£ in G. The question
of finding the lower and upper bounds for FE and the corresponding extremal graphs
attracted the attention of many researchers.

In [3], the authors established lower and upper bounds for EF in terms of the numbers
of vertices and edges, and showed that v/m?2 +m < EE(G)<n-1 +eV?m The equalities
hold if and only if G is an empty graph. In [18], Zhou generalized the above theorem.
In [2], the authors showed that n + (2m/n)? + (2m/n)*/12 < EE(G). In [1], Bamdad
improved the lower bounds, and showed that v/m2 + 2mn + 2nt < EE(G), where t is the
number of triangles in G.

If graph parameters other than m and n are included into consideration, further bounds

for the Estrada index were deduced. In [18], Zhou showed that
eVP/m 4 (n - 1)67ﬁv bin < EE

with equality holds if and only if G is an empty graph or a complete graph, where D =
> wev @2 Lower bounds for EE in terms of nullity were also communicated [10, 14].

For a survey on Estrada index see [12].

The first Zagreb index, one of the oldest vertex—degree—based structure descriptors, is
defined as Zg1 = Zgi(G) = 3,y d2.

The first Zagreb index was first considered in [15] and since then studied in numerous
paper [11,13,16,17,19]. It reflects the extent of branching of the molecular carbon-atom
skeleton, and can thus be viewed as a molecular structure descriptor. We encourage the
readers to consult [11,13,15-17,19] for historical background, computational techniques

and mathematical properties of the Zagreb indices.

In this article, we present a new lower bound for EFE in terms of the numbers of
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vertices, edges, triangles, and squares. Also, we obtain a upper bound for E'E in terms of

Zgl(G)-
2 Main results

First, we list some well known lemmas here, which will be used later.

Lemma 2.1 For any non-negative real z, e* > 1+ x + % + %d + %. Equality holds
if and only if x = 0.

Lemma 2.2 Let G be an (m, n)-graph G with eigenvalues Ay, ..., \,, with ¢ triangles
and h squares. The number of closed walks of length 1,2, 3,4 is

Moo= S n=o, (1)
i=1

My

Z )\f =2m, (2)

i=1

My = > X =6t (3)
=1

M,

SN =2 di—2m+8h=2Zg(G)—2m+8h = H. (4)

i=1 i=1
where d; is the degree of v;.

Theorem 2.1 Let G be an (m,n)-graph with ¢ triangles and h squares, then

1
m+n§\/n2+2mn+2nt+ﬁnH+m2SEE(G)Sn—l—&-eﬁ‘

Equalities hold if and only if G is the empty graph K,,.
Proof. Lower bound:
From Lemma 2.1 and the definition of the Estrada index, we have

n n

(EE(G)? = Y ) eMth

i=1 j=1
> ZZ(l—F/\i-F)\]"‘r 2 + 6 + 24
i=1 j=1

e M2 ()2 )3
= ZZ(1+Ai+Aj+( ) +/\i/\j+( )
o 2 2 6
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oy J iy
6 2 2 24 24 4 6 6
By (1)-(4), we have the following equations:

iZA + ) —WZ/\ +7)Z)\ =0

i=1 j=1

ii( ) = 2

i=1 j=1

ZZAA 7Z>\ ZA =0

i=1 j=1

ii (()‘é)g + (’\—é)g) =2nt

. ()\j)3+/\?)\j NAZONE AT AN /\‘fAj_’_x\M?).

From above equations, we get

1
m+n < \/n2+2mn+2nt+ ﬁnH—O—rn? < FE(G)

So the inequalities of left hand hold.
Upper bound:

00 1 n Ik [eS] 1 k o0 4H \ﬂ’ﬁ
gn+;E(ZAi)4 :77’+ZHH4 :7),—1+ZT:17/—1+@
— i=1 )

Equality is attained if and only if A; = 0 for all i« = 1,2,...,n, which means that
G2K,. |



-705-

Corollary 2.1 Let G be an (m,n)-graph, and assume that there are no two squares

that share one common edge in G, then

EE <n—1+ 4eV?29(@)

Proof. Since there are no two squares that share one common edge in G, m > 4h.

Therefore,

H=2Zg,(G) — 2m +8h < 2Z¢,(G) .

By Theorem 2.1,

EE <n—1+ V2200

Acknowledgement: The project was supported by Hunan Provincial Natural Science Foun-
dation of China(13JJ4103) and The Education Department of Hunan Province Youth
Project (12B067).

References

1]

H. Bamdad, New lower bounds for Estrada index, Bull. Malays. Math. Soc. 39 (2015)
683-688.

K. C. Das, S. G. Lee, On the Estrada index conjecture, Lin. Algebra Appl. 431 (2009)
1351-1359.

J. A. de la Pefia, I. Gutman, J. Rada, Estimating the Estrada index, Lin. Algebra
Appl. 427 (2007) 70-76.

E. Estrada, Characterization of 3D molecular structure, Chem. Phys. Lett. 319
(2000) 713-718.

E. Estrada, Characterization of the folding degree of proteins, Bioinf. 18 (2002)
697-704.

E. Estrada, Characterization of the amino acid contribution to the folding degree of
proteins, Proteins Struct. Funct. Bioinf. 54 (2004) 727-737.

E. Estrada, J. A. Rodriguez—Veldzquez, Subgraph centrality in complex networks,
Phys. Rev. E 71 (2005) 122-133.

E. Estrada, J. A. Rodriguez—Veldzquez, Spectral measures of bipartivity in complex
networks, Phys. Rev. E 72 (2005) #046105.



[9]

(10]

(11]

12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

-706-

E. Estrada, J. A. Rodriguez—Veldzquez, M. Randi¢, Atomic branching in molecules,
Int. J. Quantum Chem. 106 (2006) 823-832.

I. Gutman, Lower bounds for Estrada index, Publ. Inst. Math. (Beograd) 83 (2008)
1-7.

I. Gutman, K. C. Das, The first Zagreb index 30 years after, MATCH Commun.
Math. Comput. Chem. 50 (2004) 83-92.

I. Gutman, H. Deng, S. Radenkovi¢, The Estrada index: an updated survey, in:
D. Cvetkovié¢, I. Gutman (Eds.), Selected Topics on Applications of Graph Spectra,
Math. Inst., Belgrade, 2011, pp. 155-174.

I. Gutman, B. Furtula, Z. Kovijani¢ Vukiéevié¢, G. Popivoda, On Zagreb indices and
coindices, MATCH Commun. Math. Comput. Chem. 74 (2015) 5-16.

I. Gutman, S. Radenkovié¢, A lower bound for the Estrada index of bipartite molecular
graphs, Kragujevac J. Sci. 29 (2007) 67-72.

I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total m-electron
energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

M. Liu, A simple approach to order the first Zagreb indices of connected graphs,
MATCH Commun. Math. Comput. Chem. 63 (2010) 425-432.

B. Zhou, Zagreb indices, MATCH Commun. Math. Comput. Chem. 52 (2004)
113-118.

B. Zhou, On Estrada index, MATCH Commun. Math. Comput. Chem. 60 (2008)
485-492.

B. Zhou, I. Gutman, Further properties of Zagreb indices, MATCH Commun. Math.
Comput. Chem. 54 (2005) 233-239.



