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Abstract

The eigenvalue of a graph G is the eigenvalue of its adjacency matrix. The energy E(G) of
G is the sum of absolute values of its eigenvalues. A natural question arises: How the energy
of a given graph G can be related with the graph obtained from G by means of some graph
operations? In order to answer this question, we have considered two graphs namely, splitting
graph S'(G) and shadow graph D(G). Tt has been proven that E(S'(G)) = v5 E(G) and
E(Dy(G)) =2E(G).

1 Introduction

All graphs considered here are simple, finite and undirected. For standard terminology
and notations related to graph theory, we follow Balakrishnan and Ranganathan [2] while
for algebra we follow Lang [7].

The adjacency matrix A(G) of a graph G with vertices vy, vg, ..., v, is an n X n matrix
[a;;] such that, a;; = 1 if v; is adjacent to v;, and 0 otherwise.

The eigenvalues A1, Ag, ..., A, of the graph G are the eigenvalues of its adjacency
matrix. The set of eigenvalues of the graph with their multiplicities is known as spectrum
of the graph.

In 1978 Gutman [5] defined the energy of a graph G as the sum of absolute values of

the eigenvalues of graph G and denoted it by E(G). Hence,

E(G)=3_ I\l
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In 2004, Bapat and Pati [3] proved that if the energy of a graph is rational then it must
be an even integer, while Pirzada and Gutman [9] established that the energy of a graph
is never the square root of an odd integer. A brief account of graph energy is given in [1]
as well as in the books [4,8]. Some fundamental results on graph energy are also reported
in the thesis of Sriraj [10].
The present work is intended to relate the graph energy to larger graphs obtained
from the given graph by means of some graph operations.
Let A € R™*" B € RP*4. Then the Kronecker product (or tensor product) of A and
B is defined as the matrix
anB -+ a, B
A®B= L :
amB - apB
Proposition 1.1. [6] Let A € M™ and B € M™. Furthermore, let A be an eigenvalues
of matriz A with corresponding eigenvector x, and p an eigenvalue of matriz B with
corresponding eigenvector y. Then A is an eigenvalue of A ® B with corresponding

eigenvector T X y.

2 Energy of Splitting Graph

The splitting graph S'(G) of a graph G is obtained by adding to each vertex v a new
vertex v/, such that v’ is adjacent to every vertex that is adjacent to v in G. We prove

the following result.

Theorem 2.1. E(S'(G)) = V5 E(G).

Proof: Let vy, vs,...,v, be the vertices of the graph G. Then its adjacency matrix is
given by
Vi V2 VU3 :c Up
(1 0 ajz a1z e QA1p
V2 | a2 0 ap - ay
AG)= w3 |az axn 0 - as
Un LAt Gn2 any -+ 0
Let uy,us,. .., u, be the vertices corresponding to vy, vs,...,v,, which are added in G to

obtain S'(G), such that, N(v;) = N(u;), i =1,2,...,n. Then A(S'(G)) can be written

as a block matrix as follows
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v1 V2 25 Un uy uz us = Un

vi [0 a2 a3z -+ an : 0 a2 a3 - an]
v2 |az 0 a3 -+ @zt a0 a3 - az,
vs |az; azz O © o agn : azg;  azxp 0 - as,

: l :

Un [Gn1  Ap2  Gp3 S 0 : Upl  Ap2  Gp3 0

AS'(@G)) = ] [ R £
U 0 a1 a3 S A1p : 0 0 0 0
ug a1 0 az3 a2n | 0 0 0 0
us asl as2 0 a3n : 0 0 0 0

: :
Un lan  Gny Gpz - 0 10 0 0 0

That is,

Hence,

1+5 1-5
spec(S'(GQ)) = ( 2 )Ai < 2 )Ai

n n

1++v5
where \;, i = 1,2,...,n, are the eigenvalues of G, while ( 2\6> are the eigenvalues

of L (ﬂ Here,
(1¢\[> Z|’\|

:ﬁim =V5E(G).

E(S'(G)) = Z

i=1

f+1 f—l}

2

Ilustration 2.2. Consider the cycle Cy and its spitting graph S'(Cy). It is obvious that
E(Cy) =4 as spec(Cy) = ( 2 ? (2))

Vig————9V4 v] vy

Cy S'(Cy)

Figure 1
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vy vz V3 vy V] v, vy VY
v O 1 0 1 0 1 0 17
vy |1 0 1 0 1 0 1 0
vy | 0 1 0 1 0 1 0 1
v, 1 0 1 0 1 0 1 0

AS(C)) = vil 0 1 0 1 0 0 0 0

'v; 1 0 1 0O 0 0O 0 0
vg 0 1 0 1 0o 0 0 0
oLt 0 1 0 0 0 0 o0l

Therefore, spec(S'(Cy))= (

Hence,

146 1-v5 —=1-V5 —1+V5 0
1 1 1 1 4)

E(S'(Cy)) = 4V5 = V35 E(Cy).

3 Energy of Shadow Graph

The shadow graph D»(G) of a connected graph G is constructed by taking two copies
of G, say G' and G”. Join each vertex «’' in G’ to the neighbors of the corresponding

vertex v’ in G”.
Theorem 3.1. E(Dy(G)) = 2E(G).

Proof: Let vy, vy,...,v, be the vertices of the graph . Then its adjacency matrix
is same as in the proof of Theorem 2.1. Consider the second copy of graph G with
vertices uy, ug, uz, ..., u, to obtain Dy(G), such that, N(v;) = N(w;),i = 1,2,...,n.

Then A(Dy(G)) can be written as a block matrix as follows:

U1 U2 U3 Un U1 U2 us Un
vi [0 a2 a3 a1n : 0 a2 a3 - ain]
v2 faz 0 ag agn 1 @21 0 ags [
vz |az; a2 0 azn | azi az 0 agn
. | .
3 1 :
Un |Gm1 Gn2 ang - 0 lam Gnz anz oo 0
AD:(G)= L ___ s ce s o
w1 | 0 a2 a3z - an : 0 a2 a3 - am
uz a1 0 ags asn 1 a1 0 ags a2n
I
us |az; azz O agn | az1 azz 0 asn
S
o
Un Lant  Gn2  aps - 0 : Gn1  Gp2  Gpg -+ 0
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That is,

A(D2<G)):[A(G§ A(G)} = E ﬂ@A(G).

Hence,

spec((Do(@) = (0 2\

n ), where \;, 7 = 1,2,...,n, are the eigenvalues of G, while 0, 2

. 11
are eigenvalues of e

Here,

E(Dy(G)) =>_ |2\ = 22 || = 2B(G).

i=1

Ilustration 3.2. Consider the cycle Cy and its shadow graph Dy(Cy). From the previous

example it is known that E(Cy) =4 and spec(Cy) = (_12 ? (2))

Ve Vg v] vy
V1 v,
2 V3
Ve V3 v} vy
I D,(Cy)
Figure 2
vy Uy V3 Uy U] U, Uy U
v»70 1 0 1 0 1 0 17
v2 (1 0 1 0 1 0 1 0
v (O 1 O 1 O 1 0 1
1 0o 1 0 1 0 1 O
ADo(Cy)) = ™4
o1 0 1 0 1 0 1
Wt 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1
Ll o 1 0 1 0 1 o0l
Therefore, (9])€C(D2(C4)):<11 714 2) Hence,

E(D,(Cy)) =8 = 2E(Cy).
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4 Concluding Remarks

The energy of a graph is one of the emerging concept within graph theory. This concept
serves as a frontier between chemistry and mathematics. The energy of many graphs is
known. But we have take up the problem to investigate the energy of a graph obtained
by means of some graph operations on a given graph and it has been revealed that the

energy of the new graph is a multiple of energy of a given graph.
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