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Abstract

An extensively studied quasi-order, defined in terms of matching numbers of graphs, is
investigated further in this paper and applied it to graph complements. Some transforma-
tions on the complements of graphs are presented. As an application, we determine the
maximum and minimum graphs with respect to the quasi-order in the set of the comple-
ments of unicyclic graphs with given order and in the set of unicyclic graphs with given
order and girth, respectively.

1 Introduction

All graphs considered in this paper are undirected and simple (i.e., no multiple edges
and loops). Let G = (V(G), E(G)) be such a graph, with vertex set V(G) and edge
set E(G). A matching of G is a set of pairwise nonadjacent edges in E(G). A k-
matching is a matching consisting of k edges. By m(G, k) we denote the number of
k-matchings of G. It is both consistent and convenient to define m(G,0) =1 as well

as m(G, k) =0 for k <0 and k > n/2, where n = |V(G)| is the order of G.
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Many results pertaining to the matching numbers could be expressed by means
of the matching polynomial 7], which is usually defined as
a(GN) =D (=1)fm(G, k) A2
k>0
Details of the theory of matching polynomial can be found in the monographs [5,14].

There is a natural ordering with respect to the matching numbers, introduced in
the 1970s by Gutman [10,11] and eventually elaborated in cooperation with Zhang
(19,20, 33-35]. If for two graphs Gy and Gy the relations m(Gi, k) > m(Ga, k) are
satisfied for all k, then we write G; = Gy (or Go <X G1). If G; = Gy and m(Gy, k) >
m(Go, k) for some k, then we write G; > Go (or Go < G1). If both G; = G5 and
G4y = G hold, then we write G ~ Gb.

As a binary relation on graphs, =< is reflexive and transitive, but not anti-symmet-
ric because there are non-isomorphic graphs G and G5 such that G; ~ Gs. Hence
=< is a quasi-order. Since there exist graphs for which neither G; > G5 nor Gy = G
holds, which means that G; and G5 are incomparable w.r.t. the relations >, the
ordering implied by this relation is not complete.

The quasi-order was extensively used since introduced, especially in connection

with the energy of trees [17,25], for which the relation
2 (™1
E(T) = 7/ —1In [Zm(T, k) m%} dz . (1)
0

was shown to hold [10]. The integral on the right hand side of Eq. (1) is increasing
in all the coefficients m(G, k). From Eq. (1), it immediately follows that if Ty = T
holds for two trees T} and Ty, then E(T}) > E(Ts).

Another straightforward application of the quasi-order is for comparing Hosoya
indices. The Hosoya index of a graph G is defined as the total number of matchings in
G, ie., as Z(G) =Y, m(G, k); for details and further references see [29,36]. At this
point it is worth noting that via the Hosoya index, the matching numbers m(G, k)
have been related also to certain types of entropy [6,21,24,27].

In 2012, Gutman and Wagner [18] extended the applicability of formula (1) to all
graphs, by conceiving the concept of matching energy, defined as

ME(G) = %/Ooo %ln {Z m(G, k) x%} dr . (2)

k>0
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Evidently, if G is a tree, then M E(G) = E(G). The matching energy is nowadays
the subject of extensive studies, see the survey [15], the recent papers [1-4,23], and
the references cited therein.

The quasi-order > has been studied for various classes of graphs: acyclic [10,11],
unicyclic [12], bicyclic [12,13], tricyclic [16], and many others [19,28,30,31]. For these
classes the maximal and minimal elements with respect to = could be determined.
In particular, the maximum and minimum elements in the class of connected graphs
with n vertices are the complete graph K, and the star S,, respectively [18]. So and
Wang [28] determined the minimum elements among all connected graphs of order n
andsizemfornfl§m§2n73and@f(an) Smﬁ@A

This paper is the continuation of the work of [22], which presents some transfor-
mations on the complements of graphs, one of which concerns grafting two pendent
paths attached at different vertices. The corresponding problem of grafting of two
pendent paths attached at a vertex has been solved in [22]. Combining all these
results enables us to find the maximum and minimum graphs with respect to the
quasi-order in the set of the complements of all unicyclic graphs with given order and

in the set of all unicyclic graphs with given order and girth, respectively.

2 Main results

First a few necessary definitions and auxiliary lemmas are provided. Let u and v be
two distinct vertices of a graph G. A path P = uwjws...ww between u and v is
called an internal path from u to v in G if all internal vertices are of degree two, i.e.,
dg(w;) =2 for ¢ = 1,...,t. The length of the path P is ¢ + 1. If the internal path
between u and v is of length one, then u and v are actually adjacent. If v is of degree
one, the internal path wwws - - wyw is also said to be a pendent path (attaching at
u) of length ¢ + 1. For a graph G with u a non-isolated vertex, let G(u;as,...,a:)
denote the graph obtained from G by attaching ¢ pendent paths of length a4, ...a,
respectively at the vertex u. Especially when a; = -+ = a; = 1, G(u;aq,...,a;) is
simply written as G(u;*t). Similarly, the notation G(u,v;a,b) stands for the graph
obtained from G by attaching two pendent paths of length a and b at u and v,
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respectively.
Recall a standard notation in graph theory. For a graph G and v a vertex of G,

let N (v) denote the set of vertices in G adjacent to v.

Lemma 1. [5,14] If e = wv is an arbitrary edge of G with end vertices u and v, then

for all non-negative integers k,

m(G, k) =m(G —e, k) +m(G—u—v,k—1) (3)
m(G, k) =m(G —u, k) + Z m(G—u—v,k—1). (4)
vENG(u)

The following result can be immediately obtained by applying (3) of Lemma 1 on

edges incident with u, whose proof is simple and so omitted.

Lemma 2. If u is an arbitrary vertex of G, then for any vertices vy, ..., vs adjacent

to u in G and all non-negative integers k, we have
m(G, k) = m(G — un, —~~-—uvs,k)+Zm(G—u—v,;,k— 1).
i=1

As usual, by G we denote the complement of the graph G. Let K, be the complete
graph of order p. By straight observation we can get some simple properties on the

matching numbers of the complement.

Lemma 3. For any simple graph G of order n, with H as its subgraph on t vertices,
the following results hold.

(1) If H is a spanning subgraph of G, then H = G with equality if and only if H = G.
(2) If H is an induced subgraph of G, then H < G with equality if and only if
G=HV K, ;.

Proof. If H is a spanning subgraph of G, then V(H) = V(G) and E(H) C E(G). Tt
is easy to see that E(H) 2 E(G) and then m(H, k) > m(G, k) for all k. In this case,
m(H,1) = m(G,1) if and only if H = G.

If H is an induced subgraph of G, then H is an induced subgraph of G too. Thus
m(H,k) < m(G,k) for all k. If m(H,1) = m(G,1), then E(H) = E(G) and so

G=HU(n—t)P,. Therefore G=G=HU(n—t)P,=HV K,_,. O
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In the theory of matching polynomials it has been shown that the matching poly-

nomial of G can be computed from the matching polynomial of the graph G as follows.

Lemma 4. [8] Let G be the complement of the graph G. Then

@A) = D m(Gk)a(Ky o, \) (5)
k>0
1 T
m(G k) = —mM—— « « ok e’v/? .
@H = g @,/ (G Koz, V) 2 N (6)

Formulas (5) and (6) were discovered by Zaslavsky [32] and Godsil [8], respectively.
Directly from Eq. (5) we get

Lemma 5. [26] Let G be a simple graph with n vertices and G its complement. Then
m(G,k) =Y (1) m(G, 0) m(K a0, k = (). (7)

£>0
Some results on the matching numbers of the complement have been obtained in

our earlier paper [22], some of which will be used in the paper and listed here.

Theorem 1. Let u and v be adjacent vertices of a graph G. If Gy (resp., Ga) is the
graph obtained from G by inserting t vertices into the edge uv (resp., by joining the
vertez u to an end vertex of a path P;) then G1 = Gs. If in addition de(u) > 2, then
G = Gs.

Recall some notations from [22]. For an arbitrary edge e = uv of a graph G with
dg(u) > 1 and dg(v) > 1, let G(uowv) denote the graph obtained from G by deleting
the edge e and then identifying v and v, and adding a pendent edge at the identified
vertex.

Theorem 2. Let G be a simple graph and uwv an edge of G such that Ng(u)NNg(v) =

0, and dg(u),dg(v) > 1. Then G = G(uow).

For two graphs G and H, the notation G(u,v)H stands for the graph obtained by
identifying the vertex u of G and the vertex v of H.
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Theorem 3. Suppose that G is an arbitrary graph and T is a tree with t+ 1 vertices,

with u being a vertex of G and v a vertex of T. Then

G(u;*t) < G(u,v)T = G(u;t)

where the left-hand side equality holds if and only if T = S;11 with v as its center
whereas the right-hand side equality holds if and only if T = P,1; with v as its end

vertex.

Theorem 4. Let G, H' and H" be three connected graphs, u,v € V(G), v’ € V(H')
and v" € V(H"), where |V(H')|,|V(H")| > 2. Let Gy, be the graph obtained from
G, H' and H" by identifying u with v, and v with v”, and G, (resp., G,) be obtained
by identifying u (resp., v) with both v’ and u". If G —u = G — v, then Gy, = G,.

The following result comes from the proof of Theorem 5 in [22] and will be used

several times here.

Lemma 6. Let G be a simple graph and u be a non-isolated verter of G. Let a,b (a <
b) be two positive integers and G(u;a,b) defined as previously. Then m(G(u;a,b), k)—
m(Gusa—1,0+1),k) = (=1)* 3 cngy M(G—u—u'U P,k —a—1) and equal to

zero for k =0,1,... a.

Edge grafting on two pendent paths attached at a vertex was investigated in our
paper [22]. Now we shall discuss the general case and the case of grafting two pendent

paths at two adjacent vertices will be given first as follows.

Lemma 7. Let G be a simple graph and uv an edge of G with dg(u) > 1 or dg(v) > 1.

Then for any positive integers a and b, we have

G(u,v;a,b) < G(v;a+b) and G(u,v;a,b) < G(u;a+b).

Proof. For convenience, let G; = G(u,v;a,b) and Go = G(v;a + b), and assume
that G; (and so G3) has n vertices. If dg(v) = 1, then dg(u) > 1 must hold by
the condition that u and v cannot both be pendent vertices. In this case, note that
G1=G(u;a,b+ 1) and Gy = G(u;a + b+ 1), and so G; < Gz by Theorem 5 in [22].

Now assume that dg(v) > 2. By Lemma 1, we have

m(Gr, k) =m((G — wv)(u,v;a,b), k) + m(P,UPRUG —u—v,k—1)
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=m(P, U (G —uv)(v;b), k) + m(P,—1 U (G —u)(v;b), k — 1)

+m(P,UPRUG —u—v,k—1)

m(P, U (G —uv)(v;b), k) + m(P,UP,UG —u—wv,k—1)

(Fa
(
m(Ga, k) =m(P, UG(v;b),k) + m(Paoy UG(0,b— 1),k — 1)
m(Fa
+m(F,

G UG(w;b—1),k—1).
Consequently, we have
m(G1, k) —m(Ga, k) = m(Pae1U(G—u)(v;b), k—1)—m(P,_1UG(v; b—1),k—1) . (8)

Note that @ > 1 and b > 1. If b = 1, then in this case G(v;0) = G. Since m(Gy,£) =
m(Go,?) for £ = 0,1, and by Lemma 5 and Eq. (8), we have

m(Gi, k) — m(Gig7 k)

= (=D m(Ep o, k= 0)(m(Gy, ) = m(Gs, 1))
>0
= Z Cm(Ko o,k — O)m(Py_y U (G —u)(v;1),£—1)
1
,Z Ky 90,k —0)m(P,_q UG, L —1)
>1
= D) (K sk = 1= ) m(Pyy U (G = u)(v31), )
>0
_Z 1”+1 fL22Z/k_1_E,) (alUGE,)
>0

=-m(Pm1 U(G—u)(v;1),k—1) +m(Pm1 UG,k —1).

Let us observe that (G —u)(v; 1) can be obtained from G by deleting all edges but uv
incident with u in G, so (G — w)(v; 1) is a proper spanning subgraph of G. Thus by
Lemma 3, P,_; U(G —u)(v;1) = P,y UG. Thus m(G1,k) < m(Ga,k), and strict

inequality holds for at least one k, say k = 2. Thus we are done in this case.
Then we may assume that b > 2 hereafter. By Lemma 1, we have
m(Py_1 U (G —u)(v;b), k—1)
=m(P,mi U(G —u)(v;b—1),k — 1) + m(Pamy U (G — u)(v;0—2),k —2)
=m(P,o1 UG —u)(v;b—1),k—1)+m(P,cqUG —u—vU P4,k —2)

+ Z m(P, 1 UG —u—v—vUPy9,k—3) (9)
v'€Ng(v)\{u}



-676-

where the last equality follows by applying Lemma 2 on P, U (G — u)(v;b — 2) to
all edges but wv incident with v in G, and

m(Py UG(v;b—1),k — 1)

=m(Pay U(G—u)(v;0—1),k=1)+ > m(Pur U(G—u—v')(v;b—1),k—2)

u'€Ng(u)
=m(Po1 U(G—u)(v;b—1),k—1)+m(P,_1UG —u—vUP,_1,k—2)
+ Z m(P,o1 U(G—u—u)(v;b—1),k—2). (10)

u'€Ng(u)\{v}

Substituting (9) and (10) into Eq. (8), we come to

m(Gr, k) — m(Ga, k)
= Z m(P, 1 UG —u—v—v UPy 9,k—3)

v'ENG(v)\{u}
- ) mPaa UG —u—u)(v;b— 1),k —2). (11)
weNG (w)\{v}
Note that m(Gy,0) = 1 = m(G>,0) obviously and m(Gq,1) = |E(G,)| = |E(G2)| =
m(Gz,1). From the first equality above we know that m(Gy,2) = m(Gz,2) since
m(Py_1 U (G —u)(v;b),1) = m(Pa—y UG(v;b — 1),1). As the convention m(-,k) = 0

for k < 0 is adopted, the above formula is valid for any k. By Lemma 5,

m(G1, k) — m(Gy, k)
=) (1) ' m(Ep—ae, k = 0) (m(G1,£) — m(Ga, 0))

>0

= Z(fl)[ m(Kp—oe, k — 0) Z m(Pa g UG —u—v—0"UPy 5,0 —23)

>3 v'€Ng(v)\{u}
=D D Kk =0 > m(PaaU(G—u—u)(v;b—1),0—2)
>2 u'€Ng (u)\{v}

=— Z m(Pioi UG —u—v—0"UPBy 9,k —3)
v'€Ng(v)\{u}
- Z m(Pao1 U (G —u—u)(v;b—1),k—2).
wENg(u)\{v}

Thus we have m(G1, k) — m(Ga, k) < 0 and is strictly less than zero for at least one

k, say k = 3. Therefore we proved that G(u,v;a,b) < G(v;a + b).

By the same way, G(u,v;a,b) < G(u;a + b) can be proved. d
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By a more subtle method, we can get main result on grafting two pendent paths

at two vertices connected by an internal path.

Theorem 5. Let G be a simple graph and u,v be its two vertices with dg(u) > 1
or dg(v) > 1. If there exists an internal path between u and v, then for all positive

integers a,b we have

G(u,v;a,b) < G(u;a+1b), if a>2

and

G(u,v;a,b) < G(v;a+b), if b>2.

Proof. For convenience, let G1 = G(u,v;a,b) and Gy = G(v;a+b), and assume that
G (and so G5) has n vertices. By the same reason as in the proof of Lemma 7, we
can always assume that dg(u) > 1 and dg(v) > 1. Suppose the shortest internal path
between u and v is of length ¢. Choose a shortest internal path P between u and v,
say P = wwyw; - - - wyw. Assume the two pendent paths in G(u,v;a,b) attached at u
and v are uuy - - - u, and vvy - - - vy, respectively, and the pendent path in G(v;a + b)
attached at v is vvy - - - Vo 4p-
If t = 1, the conclusion follows from Lemma 7.

Now assume that ¢ > 1. By Lemma 1, we have

m(Gy +wv, k) =m(G1, k) + m(P,UP, UG —u —v,k —1)

=m(Ga, k) + m(P,UP,UG —u—v,k—1)

(
m(Gy + uv, k) =m(Ga, k) + m(Payy UG —u — v,k — 1)
(
+m(P,

a— 1UP}7 1UG—U—’U k—2)
By Eq. (11) in the proof of Lemma 7,

m(Gy + uv, k) — m(Gs + uv, k)
= Z m(P,oiUG —u—v—0"UP, g, k—3)
v'€Ng(v)

- Z m(P,_1U(G—u—u)(v;b—1),k—2).

u'€Ng(u)
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Consequently, we have

m(G1, k) — m(Ga, k)
=m(Gy + uv, k) — m(Ga + uv, k) + m(P,mq U Py UG —u — v,k — 2)
= Z m(P, UG —u—v—vUPy 9, k—3)

v'€Ng(v)

— > m(PaU(G—u—u)(v;b—1),k—2)
w'€Ng(u)

+m(Pocy UPB UG —u—v,k—2)

=m(P1 U (G —u)(v;b—2),k —2)
= D mPa V(G -u— )b =1) k= 2) (12)

uw'€Ng(u)

where the last equality follows by observing

m(Pae U (G —w)(v;0—2),k —2)
= Z m(P, 1 UG —u—v—v"UPy 9, k—3)

v'ENg(v)
+m(P,_y,UP,_ UG —u—v,k—2)

which can be obtained by applying Lemma 2 on P,_; U (G — u)(v; b — 2) to all edges
incident with v in G.

Now we distinguish it in two cases according to the values of ¢ and b.

Case 1. t <b— 1. Eq. (12) continues as

m(G1, k) — m(Ga, k)
=m(Pa1 U (G —u)(v;0—2),k —2) —m(Pay U(G —u—wy)(v;0— 1),k — 2)

- Y mPaUG-u—u)(vb—1),k—2).
u'€Ng(u)\{w:1}
For convenience, let G = (G — P\ {v}) U P,_;. Then we observe that P,_; U (G —

w)(v;b—2) 2 Gvit,b—2) and Py U (G —u—wy)(v;b— 1) = Guit — 1,b—1). If

t < b— 2, then by Lemma 6, we have

m(G(v;t,b—2),k—2) —m(Gv;t —1,b— 1),k — 2)
=(-1" Y m@-v—vUP_k—t—3)

v'ENg(v)
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which is equal to zero for any k = 2,...,t + 2 and is identically zero for any k if

t = b— 1 because é(v; t,b—2) = @(v;t —1,b—1) in this case. Further by Lemma 5,

we have
m(Gy, k) — m(Ga, k) = Z(—l)g m(Ky—a0, k — £) (m(G1,£) — m(Ga, ())
0
= Z (=1 m (g, k — £)(—1)" Z m(G—v—0UPyy 5,0 —1t—3)
£2>t43 v'ENg(v)
D V' mKan k=0 > m(Paa UG —u—u)(v;ib—1),{—2)
>2 u'€Ng (u)\{w1}
=— Z m(G—v— v UP__o,k—t—3)
v'ENg(v)
- Z m(Po1 U (G —u—u)(v;b—1),k—2).
w'€Ng(u)\{w1}

Thus m(Gi, k) — m(Ga, k) < 0 and is strictly less than zero at least for k = 2 and
k =t + 3. Therefore G; < Gs.
Case 2. t > b. Choose an arbitrary vertex @ € Ng(u) \ {w1}. From Eq. (12), we
have
m(Gr, k) — m(Ga, k)
=m(P,o1 U (G —u—u)(v;b—2),k—2)
+ Y mPaU(G—u—i—1)(0;b—2),k - 3)

' €Ng (@)\{u}
- Z m(Po U (G —u—u)(v;0—1),k—2)
uw'eNg(w)\{u}
—m(Poo1 U(G—u—14)(v;b—1),k—2). (13)
Let us observe that in the above equality the last term m(P,—; U (G —u — @) (v; b —

1),k — 2) ca be expressed as

m(Pyo1 U (G —u—a)(v;b—1),k—2)
=m(P,o1U (G —u—1u)(v;b—2),k—2)+m(Poq U(G—u—1a)(v;b—3),k—3).
Since b > 2 and if b = 2, (G —u —u)(v;—1) = G —u — 4 — v can be understood
without confusion. Meanwhile, in the right-side of Eq. (13) the third term can be
expressed as

Z m(Po1 U (G —u—u)(v;b—1),k —2)

w'ENg(u)\{u}
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= Z m(Po U (G —u—u)(v;0—1),k—2)
u' €Ng(u)\{u,wi}
+m(Pooy U (G —u—wp)(v;b— 1),k —2)

= Z m(P,o1 U (G —u—u)(v;b—1),k—2)

w' €Ng(u)\{u,wi}

+m(Pioy U(G —u—w; —a)(v;b— 1),k —2)

+ > m(Pa UG —u—w —i—i)(0;b— 1),k —3). (14)
W ENG (i) \{u}

Thus the equation (13) continues as

m(Gl, k’) — m(Gg, k‘)

= > m(PaaUG—u—i—i)(v;b—2),k—3)
W €Ng () \{u}

- > mPaU(G—u—u)(v;b—1),k—2)
u'€Ng (w)\{i,wi }

—m(Pmi U (G —u—wy —u)(v;b— 1),k —2)

- Z m(P, 1 U(G—u—w, —u—1)(v;b—1),k—3)
W €NG (i)\{u}
—m(P,o1 U (G —u—u)(v;b—3),k—3).
For convenience, let Gy = P,_y U (G — P\ {v} — @ — ) and then we observe that
P, U(G—u—tu—1u)(v;b—2) = Gy (v;0—2,t) and P, U(G—u—w; —iu—4)(v;0—1) =
Gy (v;b—1,t—1).

On the one hand, by Lemma 6, we have

(m(Gu(v;b—2,t),k—3) —m(Gy(v;b—1,t — 1),k — 3))

W eNg(u)\{u}
= > (=1 > mGu-v—vUP,k—b-3).
WeNG(\ U} veNa, (v)

On the other hand, if b > 3 and then ¢ > 3 (since ¢t > b), we have

m(P,_1 U (G —u—1)(v;b—3),k—3)
=m(P,1U(G—u—1a—w)(v;b—3),k—3)

+m(Pm1 U (G —u—t4—w —ws)(v;b—3),k—4)
=m(P,mi U(G —u—1a—w; —ws)(v;b—3),k—3)

+m(Pm1 U (G —u—td—w —ws —ws)(v;b—3),k—4)
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+m(P,oy U (G —u— 14 —wy —wy)(v;b—3),k—4)
and then

m(P,m1 U (G —u—w —4)(v;b—1),k —2)

+m(P,oy U (G —u— 14 —w, —wy)(v;b—3),k—3)

=m(Pa1 U (G —u—wy —a)(v;b— 1) + wavp_o, k — 2)

which follows by applying Lemma 1 to the edge wsovy_s in

P, 1 U(G—u—w; —u)(v;b— 1) + wavp_a.

If b = 2, we have

Mm(Pas U (G —u—wy — ) (v; 1),k —2)

+m(Pmq U(G—u—14—v),k—3)

m(Pa1 U (G —u—wy —a)(v;1), k — 2)
+m(Pmi U (G —u—td—v—wp), k—3)
+m(Po i U (G —u—td—v—w —wsy), k—4)
=m(Poe1 U (G —u—wy —a)(v;"2), k —2)
m(F,

1 U (G —u—0—v—w —ws), k—4)

where the last equality follows by applying Lemma 1 to one of two pendent edges at
vin Py U (G —u—wy —u)(v;*2).

Combining all these arguments above, we have if b > 3

( 1’k) m(G27 )

= > (=1 > mGy-v-V)UP,k—b-3)

weNa@\u)  veNg, )
- m(P, 1 U (G —u—u)(v;b

—1),k—2)+Q
wENG (u)\{u,wi1}

(15)

where if b = 2,

Q=m(P1 U (G —u—w —u)(v;"2),k—2)

+m(P U(G—u—td—v—w —ws), k—4)
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and if b > 3,

Q=m(P, 1 U(G—u—w; —u)(v;b—1) + wavp_o,k —2)
+m(P,o1 U (G —u—1—w; —wy —ws)(v;b—3),k—4)

+m(P,o1 U (G —u—10—w; —ws)(v;b—3), k—4).
By Lemma 5 and Eq. (15), we have if b > 3

m(Gr, k) — m(@, k)

= (=D m(Kpooe, k — ) (m(Gy, £) = m(Ga, 0))
>0

= > (D) (K k—0) Y > m(Gw—v—v'U Py, (—b-3)
£2b+3 weNg(w)\{u} v'ENg,, (v)

= (=D m(Kna, k — €) > m(Pa UG —u—u)(v;b—1),0~2)
0>2 w' €Ng(u)\{t,w1}

- Z Cm(Kn—ae, k— O m(PLUP,_ 1 U(G —u—w —a)(v;b—1)
>2

Fwapg k= 2),0=2) =Y (1) m(K a0,k — 0)-

>4
mPLUP,1U(G—u—1u—w —wy—w;3)(v;b—3),k—4),0—4)

—Z(—l)l m(Kpoe, k—0) m(Poy U (G—u—t—w;—ws)(v;b—3), k—4),(—4)
>4
=— Z Z m(Gy —v—v' UP_p,k—b—3)
W €NG(i)\{u} v'ENG,, (v)
- > mPa UG —u—u)(v;b— 1),k —2)
wENG(u)\{u,w1}

—m(PLUP, 1 U(G—u—w; —4)(v;0— 1) + wavp_2,k — 2)

—m(PLUP,_1U(G—u—10—w —wy—ws)(v;b—3),k—4)

—m(Po1 U (G —u—u—w —we)(v;b—3),k—4)

where P, is added in two places of the third and fourth terms because in this situation
the order of Py U P,y U (G —u — wy — u)(v;b — 1) + wavp_g, k — 2) is equal to
n—20+2({—2) =n—4and that of P,UP,_ U (G —u—10—w —ws—ws)(v;b—3)
isequal ton —20 +2(¢ —4) =n—8, and if b =2

m(Gq, k) — m(Gs, k)



-683-

= (=1)!'m(K,_a, k — £) (m(G1,£) — m(Ga,¢))

>0

= (D)'m(Kpo k=0 > > m(Gy —v—v'UP g (—5)
>5 @ €Ng(@)\{u} v'€NG ,, (v)

= (=) 'm(Kpyan, k= 0) > mPaU(G—u—u)(v;1),0 - 2)
>2 ' €Ng (u)\{w,w1 }

= (=D m(Knan k= ) m(Pacy U (G = u—wy — ) (057 2),£ - 2)
>2

- Z(—l)e m(Ky—00,k —O)m(P,q U (G —u— i —v—w —wsy),l —4)
>4
= - Z Z m(Gy —v—v' UP,_5,k—5)
WeNG(@)\{u} veNG,, (v)
- Yo mPay UG —u—u)(v;1),k—2)
u'€Ng (u)\{iwi}
—m(Poy U (G —u—wy; —4)(v;*2),k —2)

—-m(P,iU(G—u—t—v—w —ws),k—4).

From above, it follows immediately that m(Gy, k) < m(Gs, k) for all k and strict

inequality holds for at least one k, say k = 2. Therefore G; < G5 is proved.

Similarly, G(u,v;a,b) < G(u;a + b) can be shown. O

Theorem 6. Let G be a simple graph and u,v be its two vertices with dg(v) = 2. If

there exists an internal path between w and v, then for all positive integers a we have

G(u,v;a,1) < G(v;a+1).

Proof. Choose a shortest internal path P from u to v, say P = uwy ---wyw, and we
can assume ¢ > 1 by Lemma 7. Then as in Case 2 of Theorem 5, choose a vertex

i € Ng(u) \ {wr}, by Eq. (13), we have

m(Gy, k) — m(Ga, k)
=m(P,oi UG —u—1t4—uv,k—2)

+ Z m(P,_1UG —u—1u—14 —v,k—3)
W ENg (1) \{u}
- ) mPaU(G—u—u)k-2)
w'€Ng (u)\{u}
—m(Py 1 U(G —u—1a),k—2). (16)
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By Lemma 1,

m(Poo1 U (G —u—1u),k—2)=m(P,-1 U(G—u—1u—v),k—2)
+ Z (PoaU(G—u—u—v—0),k=3).
v'€Ng(v)

Together with Eq. (14), the Equation (16) continues as

m(Gl, k) - m(Gg, k)

= Z m(P, 1 UG —u—1u—1 —v,k—3)
' €Ng ()\{u}

- Z m(P,miU(G—u—u),k—2)

weNG(u)\ i}

—m(Pooy U (G —u—wy; — ),k —2)

- > mPaU(G—u—w —i—1)k—3)
WeNg(i)\{u}

= Y mPa UG —u—i—v—v)k=3). (17)

V€N (v)
With the condition that dg(v) = 2, we can assume that Ng(v) = {w;, v}. Add a new
vertex ¢ and join it to v and ¥ in P,y U (G — u — w; — %), and denote by H the
resulting graph obtained from P,_; U (G — v — w; — @) with two new edges vv and

0. Applying Lemma 1 to the vertex ¢ in H, we have

m(H, k—2) = —0,k—=2)+mH—-0—-0,k—=3)+m(H -0 —v,k—3)

m(H
m( a— 1U(G—u—w1—u),k—2)

+m(P,oyU(G—u—td—v—20),k—23)

(F
m(PqU(G—u—1—v—wp),k—3)

where the last equality follows by observing that H —9—v = P,_1U(G—u—u—v—10)
and H—0—v =P, 1 U(G—u—14—v—uw).

Thus the equation (17) continues as

m(Gr, k) — m(Ga, k)

= Z m(Poy UG —u— i — ' — v,k —3)
' €N ()\{u}
— m(P, U (G —u—1u),k—2)

wENG(u)\{a,w1}
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—m(H, k—2)
- Y mPaaU(G—u—w —u—i)k—3). (18)

w€Ne(w)\{u}
By Lemma 5 and Eq. (18), we have
TTL(GT k) - m(G727 k)
= Z(fl)[ m(Kn—ae, k — L) (m(G1,£) — m(Ga, 1))

>0
= Z(*l)[m(Kn,y,k*Z) Z m(P, 1 UG —u—14—1 —v,{—3)
>3 WeNG(@)\{u}
= > (=D m(Kna, k — €) > mPaU(G—u—u), (-2
€2 @ eNg(w)\{&w}
- Z(fl)[ m(Ky_o0, k —L)m(H, { —2)
2
D N mKank =0 Y m(Paa UG —u—wy — i —i),(—3)
3 W ENG(w)\{u}
=— Z m(P,oi UG —u—14—40 — v,k —3)
w €Ng () \{u}

— z m(Po1 U(G—u—u),k—2)—m(H,k—2)
w' €Ng (u)\{tw1}

+ Z m(PqU(G—u—wy —a—4),k—3).
W' eNg (@)\{u}

Note that G—u—u—14'—v can be obtained from G—u—w;—u—14' by deleting all edges

except vw, incident with v, then P, UG —u—1u—14'—v is a proper spanning subgraph

of P,yU(G—u—w —4—1) and thus by Lemma 3, B,_ UG —u—u— 0 —v >

P,.1U(G —u—w; —u— ). This implies that

m(Poo1U(G—u—wy —u—1),k)—m(Poot UG —u—14—u —v,k) <0

for all k. Therefore m(G1, k) — m(Gs, k) < 0 and is less than zero for at least one k,

say k=2or k =4. O

Theorem 7. Let G be a (not necessarily connected) simple graph and u,v,w € V(G),
where dg(u) = 1, dg(w) > 2, and u and w are adjacent to v in G. If v € V(G) and

T # u,v,w, then G+ zw < G + zu.
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Proof. By Lemma 1, we have

m(G + zw, k) =m(G, k) + m(G —z —w —uv, k — 1)
+m(G—z—-—w—u—vk—2)

m(G + zu, k) = m(G, k) + m(G —z —u—vw, k —1)
m(G—x—u—v—wk—2).

Consequently,

m(G + zw, k) — m(G + zu, k)
=m(G—-z—w—-—uw,k—1)—m(G—z—u—ovwk—1)
=— Z mG-—z—u—w-—w,k—2)

w’€Ng(w)\{v}
where the last equality follows by applying Lemma 1 of deleting the vertex w in
G-z —u—ow.

Further by Lemma 3, we have

m(G + zw, k) — m(G + xu, k)
=> (=1 ' m(Kp. k= 0)(m(G + zw, £) — m(G + zu, ()

>0
:—Z K o0,k — 1) Z m(G—az—u—w—w,l—2)
22 w'€Ng(w)\{v}

T Z Z D2 (K aan k=2 = )m(G =z —u—w — ', (')

w/'€Ng(w)\{v} £'>0
=— Z m(G—z—u—w-—uw,k—2).

w'€Ng(w)\{v}

Therefore G + zu = G + zw and we are done. O

3 Applications

Unicyclic graphs are connected graphs with equal number of vertices and edges. Ob-
viously unicyclic graphs have a unique cycle. Denote by U, the set of unicyclic graphs
with n vertices. Denote by U,, 4 the set of unicyclic graphs with order n and girth g.
C(r1,ma,...,7y) and c (11,72, ..., 14) stand for the unicyclic graphs obtained from

a cycle Cy = v1v; ... vyv; by attaching r; pendent edges and a pendent path of length
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r; at v; respectively, for i = 1,2,...,g. For convenience, Cj(n — g,0,...,0) and

Cyln—g,0,..., 0) are denoted simply by Cj(n — g) and C,(n — g), respectively.

Theorem 8. For any graph G € U, we have
Cin—-3)<G=C,

where the left equality holds if and only if G = C5(n — 3) and the right equality holds
if and only if G = C,,.

Proof. For any G € U, assume the unique cycle of G is Cy = v1v...v4v1, and the
attached tree at v; is of order r; + 1, for i = 1,..., g, where g+ 7, +--- 4+ 7, =n. By
Theorem 3, when an attached tree is transformed into a path and a star (centered at

the root), its matching numbers of the complement increase and decrease accordingly,

so we can assume that G is of the form C;('I‘h To,...,Tg) if G is the maximal graph
and is of the form Cj(ry,7a,...,1y) if G is the minimal graph.
By Theorem 1, we know that if a nontrivial pendent path in C;(Tl, Ty ..., Tg) IS

integrated into the cycle, its matching numbers of the complement increase strictly,
and so m =< C,. Since the matching numbers of the complement in-
crease strictly in this process, together with the arguments previously, we conclude
that C,, attains uniquely the maximum matching numbers among all the complements
of unicyclic graphs of order n.

Now if G is the minimal graph, then G is of the form C’;(Tl, Ta,...,T4) as pointed
out preciously. By Theorem 2, G > G(v; o v;1) for any i (1< i < g, Vg41 = v1) and
s0 we can assume that G = Cj(r, 75, 75) With 7} + 75 4+ 75 = n— 3. Let H denote the
graph C5(r7,0,0). Then H with 75 pendent edges at vy and 74 pendent edges at v;
is exactly G. Since H — v, & H — v3, by Theorem 4, we have G > m
Using this transformation once again, we show that Cj(n — 3) is the minimum graph
with respect to the quasi-order in the set of the complements of unicyclic graphs on

n vertices. [
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Theorem 9. For any graph G € U, 4, we have

Ci(n—g) 2 G < Cy(n—g)
where the left equality holds if and only if G = C;(n — g) and the right equality holds
if and only if G = C;(n —g).

Proof. For any graph G € U, 4, assume that the unique cycle of G is Cy = v1v; ... v4v1,
and the attached tree at v; is of order r; +1, fori =1,..., g, where g+71 447, =
n. As in the proof of Theorem 8, we can always assume that G is of the form
C;(Tl,rz, ...,Ty) if G is the maximal element and is of the form Ci(ri,ra, ... 1rg) if
G is the minimal element by Theorem 3.
By Lemma 1, we have
m(C';(rl7 T, ... Tg), k)

=m(Cy(0,7a,...,1g) Uri P k) +rim(C5(0,79,...,rg) =01 U (1 — 1) P,k — 1)

=m(CyU (n —g)P1, k) +rim(Cy(0,7a,...,rg) =01 U (1 — 1) P,k — 1)
oA g am(Ch(0,0,. . rg) —vg U (r A g — D) Pk — 1)
+rym(PpyU(n—g—1)P,k—1)
and by the same way
m(Cy(n — g), k) =m(Cy U (n — g) P, k) + (n — g)m(Pyp1 U(n—g—1)P,k—1).
By Lemma 3, we have
m(Cx(r1,ma,...,7,), k)
= Z(—l)ém(Kn,Qg, k—Om(Cy(r1,ma,. .., 1g),€)

£>0

=m(CyU(n—g)P1, k) —rim(C;(0,7q,...,rg) =01 U (ry — )P,k — 1)

=t ream(Cr(0,0,. 1) — vy U(ri+ .o+ rg = 1)PLE—1)

—rgm(Py_1U(n—g—1)P,k—1)

and

m(Cx(n —g), k) =m(Cy U (n — g) P, k) — (n —g)m(Pyp1U(n—g—1)P,k—1).
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Observe that P,_y U (n — g — 1) P is a spanning subgraph of
Co(0,0 1, 0,miq1, s mg) =i U(ri +. ..+ = )P foralli = 1,..., g, and is a proper
subgraph if i # g. Then by Lemma 3, for i =1,...,g — 1, we have

PpaUn—g—1P=C:0,...,0,ri1,...,7g) —v; U (r1+ ...+ = 1)P1.

Thus my(Cy(r,7a, ... ,7)) = mp(Ci(n — g)) and strict inequality holds for some £,
say k = 2. Therefore for any G € U, 4, m = G and equality holds if and only
it G=Cj(n—g).

Next the proof of the maximal case is relatively simple due to Theorem 5 and
Theorem 6. First by Theorem 3 we can assume that G = C’;(h, ra,...,Ty) when G is
the maximal graph. After applying Theorem 5 or Theorem 6 to any two consecutive
pendent paths in G, the resulting graph has larger complement matching numbers
but with the number of pendent paths decreased by one. Finally we come to the

graph with maximum complement matching numbers and only one pendent path,

which is exactly C;(n —9). O
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