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Abstract

Let m be an integer and W = {w1, w2, . . . , wn−1} be a positive sequence. Denote by
T (n,m) the set of all weighted trees of order n with positive integral weights and fixed
total weight sum m. Let further T (n,W ) be the set of all weighted trees of order n with
weight sequence W. We first introduce a new method to investigate the energy of weighted
graphs, then using this method we determine the unique tree achieving maximal energy in
T (n,W ) for w1 ≥ w2 ≥ w3 ≥ w4 > w5 = · · · = wn−1, which supports a conjecture of the
present authors in MATCH Commun. Math. Comput. Chem. 75 (2016) 267. Finally, we
determine the unique tree having maximal energy in T (n,m) with n ≤ m ≤ n+3, which
supports a conjecture by Brualdi et al., Lin. Multilin. Algebra 60 (2012) 1255.
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1 Introduction

We consider graphs on n vertices in which to each edge a positive weight is assigned.

The sequence of the weights of all edges of a weighted graph is referred to as the weight

sequence of such a graph. Let W = {w1, w2, . . . , wn−1} be a sequence, not necessarily

integral, such that wi ≥ 1 , i = 1, 2, . . . , n − 1. Denote by T (n,W ) the set of all

connected weighted trees of order n with weight sequence W. Let m be an integer such

that m ≥ n− 1. Denote by T (n,m) the set of all weighted trees of order n with positive

integral weights and fixed total weight sum m. A graph whose each edge has weight 1 is

said to be un-weighted. Then, evidently, each element in T (n, n − 1) is an un-weighted

tree.

The energy of a (weighted) graph G of order n is defined as

E(G) =
n∑

i=1

|λi|

where λ1, λ2, . . . , λn are the (real) eigenvalues of the (nonnegative, symmetric) adjacency

matrix A of G. More information on (weighted) graph energy can be found in [2–6, 11–

13,16,18,19,21,24,28].

In [3], Brualdi et al. investigated the extremal energies in T (n,m). They showed that

the path with weight sequence {2, 1, . . . , 1}, where the weight of one of the pendent edges

equals 2, is the unique integral weighted tree in T (n, n) (n ≥ 5) with maximal energy.

For m ≥ n, they conjectured the structure and distribution of weights of the unique

maximum–energy tree in T (n,m) as follows:

Conjecture 1. [3, Conjecture 9] Let n ≥ 5 and m ≥ n. The path with weight sequence

{m − n + 2, 1, . . . , 1}, where the weight of one of the pendent edges equals m − n + 2, is

the unique integral weighted tree in T (n,m) with maximal energy.

Let Ê(n,W ) = max{E(T ) : T ∈ T (n,W )} and Ê(n,m) = max{E(T ) : T ∈ T (n,m)}

be the maximal energies of trees in T (n,W ) and T (n,m), respectively.

In [7], Gong et al. showed that the tree having maximal energy among T (n,W ) is a

path, they also conjectured the weight distribution of such a path as follows:
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Conjecture 2. [7, Conjecture 11] Let n ≥ 3 and W = {w1, w2, . . . , wn−1} be a sequence

of positive numbers with w1 ≥ w2 ≥ · · · ≥ wn−1, and let P = u1e1u2e2 . . . un−1en−1un be

the path having energy Ê(n,W ). Suppose w(e1) ≥ w(en−1). Then for i = 1, 2, . . . , n− 1,

w(ei) =

 wi if either i ≤
⌈
n−1
2

⌉
and i is odd, or i >

⌈
n−1
2

⌉
and n− i is even;

wn+1−i, otherwise.

In this paper, we continue to investigate the trees with energies Ê(n,W ) and Ê(n,m).

* * * * *

The paper is organized as follows. In Section 2, we introduce some notation and

preliminary results. In Section 3, we first introduce a new method to investigate the

energy of a weighted graph, then using this method we determine the weighted paths

achieving the maximal energy in T (n,W ) for w1 ≥ w2 ≥ w3 ≥ w4 > w5 = · · · = wn−1,

which supports Conjecture 2. Then in Section 4 we determine the unique path having

maximal energy in T (n,m) with m ≤ n+ 3, which supports Conjecture 1.

2 Preliminary results

Let G = (V (G), E(G)) be a graph. For V1 = {v1, v2, . . . , vs} ⊆ V (G) and E1 =

{e1, e2, . . . , ek} ⊆ E(G), denote by G\E1 the graph obtained from G by deleting all edges

of E1 and by G\V1 the graph obtained from G by removing all vertices of V1 together with

all incident edges. For convenience, we sometimes write G\e1e2 . . . ek and G\v1v2 . . . vs in-

stead of G\E1 and G\V1, respectively. Denote by Pn = u1e1u2 . . . un−1en−1un the path on

n vertices, where ui and ui+1 are the two endvertices of the edge ei. For a weighted path,

we sometimes write Pn as u1w1u2w2u3 . . . un−1wn−1un or w1w2 . . . wn−1 briefly, where wi

denotes the weight of the edge ei for i = 1, 2, . . . , n − 1. We refer to Cvetković et al. [5]

for terminology and notation not defined here.

A graph is said to be elementary if it is isomorphic either to P2 or to a cycle. The

weight of P2 is defined as the square of the weight of its unique edge. The weight of a

cycle is the product of the weights of all its edges.
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A graph H is called a Sachs graph if each component of H is an elementary graph

[9, 10, 15, 17]. The weight of a Sachs graph H , denoted by W (H ), is the product of the

weights of all elementary subgraphs contained in H .

Denote by ϕ(G, λ) the characteristic polynomial of a graph G, defined as

ϕ(G, λ) = det
[
λ In −A(G)

]
=

n∑
k=0

ak(G)λn−k (1)

where A(G) is the adjacency matrix of G and In the identity matrix of order n. The

following well known result determines all coefficients of the characteristic polynomial of

a weighted graph in terms of its Sachs subgraphs [1, 5, 7, 8, 25, 26].

Theorem 3. Let G be a weighted graph on n vertices with adjacency matrix A(G) and

characteristic polynomial ϕ(G, λ) =
n∑

k=0

ak(G)λn−k. Then

ak(G) =
∑
H

(−1)p(H ) 2c(H ) W (H )

where the summation is over all Sachs subgraphs H of G having k vertices, and where

p(H ) and c(H ) are, respectively, the number of components and the number of cycles

contained in H .

In this paper, we write bk(G) = |ak(G)| and

ϕ̃(G, λ) =
n∑

k=0

bk(G)λn−k . (2)

Then we have the following recursions for the coefficient of the polynomial ϕ̃(G, λ) of a

weighted graph G [7].

Lemma 4. Let G be a weighted bipartite graph with a cut edge e = uv. Suppose that the

weight of the edge e is we. Then

bk(G) = bk(G\e) + w2
e bk−2(G\uv) .

From the Coulson integral formula for the energy (see [4, 16, 20, 21] and the refer-

ences cited therein), it can be shown [11] that if G is a weighted bipartite graph with

characteristic polynomial as in Eq. (1), then

E(G) =
1

π

+∞∫
−∞

λ−2 ln

⌊n/2⌋∑
k=0

b2k λ
2k

 dλ .
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It follows that in the case of weighted trees, E(T ) is a strict monotonically increasing

function of the numbers b2k, k = 1, 2, . . . , ⌊n/2⌋. Thus, in analogy to comparing the

energies of two non-weighted trees [11, 29, 30], we introduce a quasi-ordering relation ≼

for weighted trees (see also [14,22]):

Definition 5. Let T1 and T2 be two weighted trees of order n. If b2k(T1) ≤ b2k(T2) for all

k with 0 ≤ k ≤ ⌊n/2⌋, then we write T1 ≼ T2 . Furthermore, if T1 ≼ T2 and there exists at

least one index k such that b2k(T1) < b2k(T2), then we write T1 ≺ T2. If b2k(T1) = b2k(T2)

for all k, then we call T1 E-equivalent to T2, denoted by T1 ∼ T2 .

Note that there are non-isomorphic weighted graphs T1 and T2 with T1 ∼ T2 , which

implies that in the general case ≼ is a quasi-ordering, but not a partial ordering.

According to the integral formula above, we have for two weighted trees T1 and T2 of

order n that

T1 ≼ T2 =⇒ E(T1) ≤ E(T2) and T1 ≺ T2 =⇒ E(T1) < E(T2) . (3)

3 Tree(s) having energy Ê(n,W )

In [7], Gong et al. showed that the tree having maximal energy in T (n,W ) is a path. For

small order n (≤ 6), they determined the unique path having maximal energy in T (n,W );

for larger order n, they gave a conjecture on the structure of the unique tree in T (n,W ),

and its weight distribution, see Conjecture 2.

In this section, we first introduce a method to compare the energies of two weighted

graphs. Then, as an application, we determine the unique weighted paths having energy

Ê(n,W ) for w1 ≥ w2 ≥ w3 ≥ w4 > w5 = · · · = wn−1.

In the following, we suppose that the weight of each edge of a graph is at least 1 and

admit graphs having parallel edges. The union of the graphs G1 = (V (G1), E(G1)) and

G2 = (V (G2), E(G2)), denoted by G1∪G2, is the graph with vertex set V (G1)∪V (G2) and

edge set E(G1)∪E(G2). Then G1 ∪G2 may contain parallel edges if V (G1)∩V (G2) ̸= ∅.
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Lemma 6. [23, Lemma 13] Let Pn be an un-weighted path of order n. If n = 4k + i,

i ∈ {0, 1, 2, 3}, k ≥ 1, then

Pn ≻ P2 ∪ Pn−2 ≻ P4 ∪ Pn−4 ≻ · · · ≻ P2k ∪ Pn−2k ≻ P2k+1 ∪ Pn−2k−1

≻ P2k−1 ∪ Pn−2k+1 ≻ · · · ≻ P3 ∪ Pn−3 ≻ P1 ∪ Pn−1 .

Definition 7. Let G be a weighted graph and e ∈ G. The graph obtained from G by

replacing the edge e with two parallel edges e′ and e′′, where the weight of each edge other

than e′ and e′′ is preserved, is referred as a 2-split graph of G on the edge e, denote by

Ge(e
′, e′′) .

Applying Lemma 4, we have

Lemma 8. Let G be a weighted graph of order n and e a cut edge of G. Let also Ge(e1, e2)

be a weighted 2-split graph of G on the edge e. Then G is E-equivalent to Ge(e1, e2) if

(w(e1))
2 + (w(e2))

2 = (w(e))2 .

Proof. Let e = uv and G∗ = Ge(e1, e2). By Lemma 4, for each k,

bk(G) = bk(G\e) + (w(e))2 bk−2(G\uv) .

For G∗, we divide all its Sachs graphs having k vertices into three parts: those that contain

the edge e1, those that contain the edge e2 and others. Then applying Theorem 3 we have

bk(G
∗) = bk(G

∗\e1e2) +
[
(w(e1))

2 + (w(e2))
2
]
bk−2(G

∗\uv) .

Note that, strictly speaking, Theorem 3 applies to simple graphs, but it applies equally

well to the above specified graphs if we replace (w(e))2 by (w(e1))
2 + (w(e2))

2. Conse-

quently, the result follows.

As a consequence of Lemma 6, we have:

Lemma 9. Let Pn = u1e1u2 . . . un−1en−1un be an un-weighted path of order n, H0 be a

graph of order at least 1 and v ∈ H0. Denote by Hn the graph obtained from the union

of Pn and H0 by adding an edge with weight at least 1 between un and v. If n = 4p + i,

i ∈ {−1, 0, 1, 2}, p ≥ 1, then Hn\u1u2 ≻ Hn\usus+1 for each s = 2, 3, . . . , n− 1.
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Proof. Because each edge of the path Pn = u1e1u2 . . . un−1en−1un is un-weighted and the

new edge between un and v has weight at least 1, Hn\usus+1 can be considered as the

subgraph of Hn\u1u2 obtained by deleting an edge. Hence, the result follows.

For a given weight sequence W, denote by P(n,W ) the set of all weighted paths of

order n with weight sequence W. Similarly, denote by P(n,m) the set of all integral

weighted paths of order n with fixed total integer weight sum m. As a consequence of

Lemma 9, we have

Theorem 10. Let W = {w1, w2, . . . , wn−1} , n ≥ 3, be a weight sequence with w1 > w2 =

· · · = wn−1 = 1 and P = u1e1u2 . . . un−1en−1un ∈ P(n,W ). Let also G be a given graph of

order at least 1 and v ∈ G. Denote by P(un, v)G the set of all graphs obtained from the

union of P and G by adding an edge between un and v. Then the graph having maximal

energy among P(un, v)G satisfies

w(e1) = w1 and w(ei) = w2 for i = 2, 3, . . . , n− 1 .

Proof. Let P̄ = u1e1u2 . . . un−1en−1un be the un-weighted path of order n and H̄ =

P̄ (un, v)G, the graph obtained from the union of P̄ and G by adding an edge between

un and v. Denote by H∗ the graph having maximal energy among P(un, v)G. Note

that for the induced path Pn of each graph in P(un, v)G there exists exactly one edge

whose weight equals w1 . Then by Lemma 8, H∗ is E-equivalent to the graph H̄ei(ei, e
′)

which is a weighted 2-split graph of H∗ on the edge ei whose weight equals w1 for some

i , 1 ≤ i ≤ n− 1, where w(ei) = 1 and w(e′) =
√

w2
1 − 1. Applying Lemma 4 we have

bk(H
∗) = bk(H̄ei(ei, e

′)) = bk(H̄) + (w2
1 − 1)bk−2(H̄\uiui+1) .

Thus the result follows by Lemma 9.

For n ≤ 6, Theorem 10 in [7] determines the unique path with Ê(n,W ) in P(n,W )

for an arbitrarily given weight sequence W. For greater n, we can apply Theorem 10 to

determine the weight distribution of the path having Ê(n,W ) in P(n,W ) for some weight

sequences W. The following two Lemmas can be considered as two corollaries of Theorem

10. Since the proofs are analogous to those of Theorem 14, we omit them.
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Lemma 11. [7, Theorem 10] Let n ≥ 3 and W = {x,
n−2︷ ︸︸ ︷

y, . . . , y} be a sequence of positive

numbers with x > y. Then, up to isomorphism, P = x

n−2︷ ︸︸ ︷
y . . . y is the unique path having

energy Ê(n,W ).

Lemma 12. [7, Theorem 11] Let n ≥ 3 and W = {x, y,
n−3︷ ︸︸ ︷

z, . . . , z} be a sequence of positive

numbers with x ≥ y > z. Then, up to isomorphism, P = x

n−3︷ ︸︸ ︷
z . . . z y is the unique path

having energy Ê(n,W ).

In order to prove Theorem 14, we first give the following Lemma.

Lemma 13. Let n ≥ 5 and P ∗ = u1e1u2e2 . . . un−1en−1un ∈ P(n,W ). Let the weight of

the edge ei be denoted by wi for i = 1, 2, . . . , n− 1. If E(P ∗) = Ê(n,W ), then

(a) w1 ≥ w4 and w2 ≤ w3;

(b) wn−1 ≥ wn−4 and wn−2 ≤ wn−3 .

Proof. (a) By contradiction. Supposing that the result does not hold, we have w1 < w4

or w2 < w3. Now we divide the proof into three cases and get the contradiction.

Case (1): w1 < w4 and w2 ≤ w3.

Let P ∗∗ be the weighted path obtained from P ∗ by exchanging the edges e1 and e4,

that is, P ∗∗ = u1e4u2e2u3e3u4e1u5 . . . un−1en−1un. Then by the hypothesis that E(P ∗) =

Ê(n,W ), we have

E(P ∗∗) ≤ E(P ∗) . (4)

Applying Lemma 4, we have

bk(P
∗) = bk(P

∗\e1) + w2
1 bk−2(P

∗\u1u2)

= bk(P
∗\e1e4) + w2

4 bk−2(P
∗\e1u4u5)

+ w2
1 bk−2(P

∗\u1u2e4) + w2
1w

2
4 bk−4(P

∗\u1u2u4u5)

and
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bk(P
∗∗) = bk(P

∗∗\e4) + w2
4 bk−2(P

∗∗\u1u2)

= bk(P
∗∗\e1e4) + w2

1 bk−2(P
∗∗\e4u4u5)

+ w2
4 bk−2(P

∗∗\u1u2e1) + w2
1w

2
4 bk−4(P

∗∗\u1u2u4u5) .

Note that

P ∗\e1u4u5 = P ∗∗\e4u4u5 , P ∗\e1e4 = P ∗∗\e1e4 , P ∗\u1u2e1 = P ∗∗\u1u2e4 .

Then

bk(P
∗∗)− bk(P

∗) = (w2
1 − w2

4)
[
bk−2(P

∗\e1u4u5)− bk−2(P
∗\u1u2e4)

]
= (w2

1 − w2
4)
[
bk−2(P

∗\e1e2u4u5) + w2
2bk−4(P

∗\e1u2u3u4u5)

− bk−2(P
∗\u1u2e3e4)− w2

3bk−4(P
∗\u1u2u3u4)

]
≥ 0

and there exists at least one index k such that bk(P
∗∗) − bk(P

∗) > 0 as P ∗\e1u2u3u4u5

is a proper subgraph of P ∗\u1u2u3u4. Thus P ∗ ≺ P ∗∗, a contradiction to conditions (3)

and (4).

Case (2): w1 ≥ w4 and w2 > w3.

Let P ∗∗ be the weighted path obtained from P ∗ by exchanging the edges e2 and e3,

that is, P ∗∗ = u1e1u2e3u3e2u4e4u5 . . . un−1en−1un. Then by the hypothesis that E(P ∗) =

Ê(n,W ), we have

E(P ∗∗) ≤ E(P ∗) . (5)

Using the same argument in the Case (1), we also can derive a contradiction.

Case (3): w1 < w4 and w2 > w3.

Let P ∗∗ be the weighted path obtained from P ∗ by exchanging the edges e2 and e3,

e1 and e4, that is, P
∗∗ = u1e4u2e3u3e2u4e1u5 . . . un−1en−1un. Then by the hypothesis that

E(P ∗) = Ê(n,W ), we have

E(P ∗∗) ≤ E(P ∗) . (6)

Applying Lemma 4, we have

bk(P
∗) = bk(P

∗\e1e2e3e4) + w2
4 bk−2(P

∗\u1u2u3u4u5) + w2
3 bk−2(P

∗\u1u2u3u4)

+ w2
2 bk−2(P

∗\u2u3u4) + w2
2 w

2
4 bk−4(P

∗\u2u3u4u5) + w2
1 bk−2(P

∗\u1u2u3u4)

+ w2
1 w

2
4 bk−4(P

∗\u1u2u3u4u5) + w2
1 w

2
3 bk−4(P

∗\u1u2u3u4)
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and

bk(P
∗∗) = bk(P

∗∗\e1e2e3e4) + w2
1 bk−2(P

∗∗\u1u2u3u4u5) + w2
2 bk−2(P

∗∗\u1u2u3u4)

+ w2
3 bk−2(P

∗∗\u2u3u4) + w2
1w

2
3 bk−4(P

∗∗\u2u3u4u5) + w2
4 bk−2(P

∗∗\u1u2u3u4)

+ w2
1 w

2
4 bk−4(P

∗∗\u1u2u3u4u5) + w2
2 w

2
4 bk−4(P

∗∗\u1u2u3u4) .

Then

bk(P
∗∗)− bk(P

∗) = (w2
1 − w2

4)
[
bk−2(P

∗\u1u2u3u4u5)− bk−2(P
∗\u1u2u3u4)

]
+ (w2

1 w
2
3 − w2

2 w
2
4)
[
bk−4(P

∗\u1u2u3u4u5)− bk−4(P
∗\u1u2u3u4)

]
≥ 0

and there exists at least one index k such that bk(P
∗∗) − bk(P

∗) > 0 as P ∗\u1u2u3u4u5

is a proper subgraph of P ∗\u1u2u3u4. Thus P ∗ ≺ P ∗∗, a contradiction to conditions (3)

and (6). Consequently, the result (a) follows.

The proof of (b) is analogous.

Theorem 14. Let n ≥ 7 and W = {x, y, z, s,
n−5︷ ︸︸ ︷

t, . . . , t} be a positive number sequence with

x ≥ y ≥ z ≥ s ≥ t. Then, up to isomorphism, P ∗ = x t z

n−7︷ ︸︸ ︷
t . . . t s t y is the unique

path achieving energy Ê(n,W ).

Proof. Let P ∗ = u1e1u2e2u3 . . . un−1en−1un. Without loss of generality, suppose that

s > t = 1. Let wi = w(ei) for i = 1, 2, . . . , n − 1. We divide our proof into three

assertions.

Assertion 1. w1 > 1 and wn−1 > 1.

We first claim that w1 > 1. Otherwise, assume to the contrary that i (i ≥ 2) is the

least index such that wi > 1. Note that P ∗ can be considered as the graph obtained from

the union of the weighted paths Pi+1 and Pn−i−1 by adding an edge with weight at least

1. Then applying Theorem 10, a contradiction will be encountered. Similarly, wn−1 > 1.

Assertion 2. w3 > 1 and wn−3 > 1.

Suppose now that i and j (2 ≤ i < j ≤ n− 2) are two other indices of P ∗ such that

wi > 1 and wj > 1. We have the following Claim.

Claim 15. i ≥ 3, j ≤ n− 3. Moreover, if n ≥ 8, i ≤ j − 2.
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Proof of Claim 15. We first show that i ≥ 3. Otherwise we have i = 2. By

Lemma 13, we have w3 ≥ w2 > 1, and wh = 1, for h = 4, . . . , n − 2. Let P ∗∗ be the

weighted path obtained from P ∗ by exchanging the edges e2 and en−3, that is, P ∗∗ =

u1e1u2en−3u3e3u4 . . . un−3e2un−2en−2un−1en−1un. Then by the hypothesis that E(P ∗) =

Ê(n,W ), we have E(P ∗∗) ≤ E(P ∗).

Applying Lemma 4, we have

bk(P
∗) = bk(P

∗\e2) + w2
2 bk−2(P

∗\u2u3)

= bk(P
∗\e2en−3) + bk−2(P

∗\e2un−3un−2)

+ w2
2 bk−2(P

∗\u2u3en−3) + w2
2 bk−4(P

∗\u2u3un−3un−4)

and

bk(P
∗∗) = bk(P

∗∗\en−3) + bk−2(P
∗∗\u2u3)

= bk(P
∗∗\e2en−3) + w2

2 bk−2(P
∗∗\en−3un−3un−2)

+ bk−2(P
∗∗\u2u3e2) + w2

2 bk−4(P
∗∗\u2u3un−3un−4) .

Note that P ∗\e2un−3un−2 = P ∗∗\en−3un−3un−2 , P
∗\u2u3en−3 = P ∗∗\u2u3e2 , and that

P ∗\u2u3un−3un−4 = P ∗∗\u2u3un−3un−4 . Then

bk(P
∗∗)− bk(P

∗) = (w2
2 − 1)

[
P ∗\e2un−3un−2 − P ∗\u2u3en−3

]
≥ 0

and there exists at least one index k such that bk(P
∗∗) − bk(P

∗) > 0. Thus P ∗ ≺ P ∗∗, a

contradiction to the hypothesis. Thus we have i ≥ 3. Similarly we can get j ≤ n− 3.

Now assume otherwise that i = j − 1. For the case that i ≥ 4 (or j ≤ n − 4), we

can also construct a new path which has larger energy than P ∗ with the similar technique

by exchanging the edges e3 and ei (or ej and en−3), which contradicts to the hypothesis.

Thus we have 3 = i = j − 1 = n− 4, which leads n = 7. This finishes the proof of Claim

15.

For n = 7, combining Lemma 13, Lemma 6 of [7], and the above Claim, P ∗ is either

x 1 z s 1 y or x 1 s z 1 y. Assertion 2 holds immediately. Thus we always assume that n ≥ 8.

Let P̄n = u1e1u2 . . . un−1en−1un be the un-weighted path of order n.

Then P ∗ is E-equivalent to the graph, denoted by P̃ , which is a weighted 2-split graph

of P ∗ on the edges e1, ei, ej, and en−1, respectively, where the edge e
′
h parallels to eh, and

w(e′h) =
√

(w(eh))2 − 1 for each h = 1, i, j, n− 1.
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For convenience, let M = {e′h |h = 1, i, j, n− 1} and w′
h = w(e′h) for h = 1, i, j, n− 1.

We divide all Sachs graphs of P̃ , having k vertices, into five parts: those that contain no

edges of M , those that contain exactly one edge of M , those that contain exactly two

edges of M , those that contain exactly three edges of M and those that contain all edges

of M . Denote by btk(P̃ ) for t = 0, 1, 2, 3, 4 the sum of the weights of all above five types

of Sachs graphs, respectively. Obviously, b0k(P̃ ) = bk(P̄n), which is regardless the choice

of the indices i and j. Combining Claim 15 with Lemmas 4 and 6, we have

b1k(P̃ ) = [w′2
1 + w′2

n−1] bk−2(P̄n−2) + w′2
i bk−2(P̄n\uiui+1) + w′2

j bk−2(P̄n\ujuj+1)

≤
[
w′2

1 + w′2
n−1

]
bk−2(P̄n−2) +

[
w′2

i + w′2
j

]
bk−2(P̄n−4 ∪ P̄2)

with equality holding if and only if i = 3 and j = n− 3. Similarly,

b2k(P̃ ) = w′2
1 w′2

i bk−4(P̄n−2\ui−2 ui−1) + w′2
1 w′2

j bk−4(P̄n−2\uj−2uj−1)

+ w′2
1 w′2

n−1 bk−4(P̄n−4) + w′2
i w′2

j bk−4(P̄n\uiui+1ujuj+1)

+ w′2
i w′2

n−1 bk−4(P̄n−2\uiui+1) + w′2
j w′2

n−1 bk−4(P̄n−2\ujuj+1)

≤
[
w′2

1 w′2
i + w′2

j w′2
n−1 + w′2

1 w′2
n−1

]
bk−4(P̄n−4)

+
[
w′2

1 w′2
j + w′2

i w′2
n−1

]
bk−4(P̄n−6 ∪ P̄2) + w′2

i w′2
j bk−4(P̄n−8 ∪ 2P̄2)

with equality holding if and only if i = 3 and j = n− 3,

b3k(P̃ ) = w′2
i w′2

j w′2
n−1 bk−6(P̄n−2\uiui+1ujuj+1) + w′2

1 w′2
j w′2

n−1 bk−6(P̄n−4\uj−2uj−1)

+ w′2
1 w′2

i w′2
n−1 bk−6(P̄n−4\ui−2ui−1) + w′2

1 w′2
i w′2

j bk−6(P̄n−2\ui−2ui−1uj−2uj−1)

≤
[
w′2

1 + w′2
n−1

]
w′2

i w′2
j bk−6(P̄n−8 ∪ P̄2) +

[
w′2

i + w′2
j

]
w′2

1 w′2
n−1 bk−6(P̄n−6)

with equality holding if and only if i = 3 and j = n− 3, and

b4k(P̃ ) = w′2
1 w′2

i w′2
j w′2

n−1 bk−8(P̄i−3 ∪ P̄j−i−2 ∪ P̄n−j−3)

≤ w′2
1 w′2

i w′2
j w′2

n−1 bk−8(P̄n−8)

with equality holding if and only if either i = 3 and j = n − 3, or i = 3 and j = 5, or

i = n− 5 and j = n− 3. Consequently, bk(P̃ ) attains the unique maximum value if and

only if i = 3 and j = n− 3. The result hence follows.
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Assertion 3. P ∗ = x 1 z

n−7︷ ︸︸ ︷
1 . . . 1 s 1 y.

Combining Assertion 2 with Lemma 6 of [7], P ∗ is either P1 or P2 or P3, where

P1 = x 1 z

n−7︷ ︸︸ ︷
1 . . . 1 s 1 y

P2 = x 1 s

n−7︷ ︸︸ ︷
1 . . . 1 z 1 y

P3 = x 1 y

n−7︷ ︸︸ ︷
1 . . . 1 s 1 z .

We now show that P1 ≻ P2 and P1 ≻ P3. Applying Lemma 4, we have

bk(P1) = bk(P1\e3) + z2 bk−2(P1\u3u4)

= bk(P1\e3en−3) + s2 bk−2(P1\e3un−3un−2)

+ z2 bk−2(P1\u3u4en−3) + z2s2 bk−4(P1\u3u4un−3un−2)

and

bk(P2) = bk(P2\en−3) + s2 bk−2(P2\u3u4)

= bk(P2\e3en−3) + z2 bk−2(P2\en−3un−3un−2)

+ s2 bk−2(P2\u3u4e3) + z2s2 bk−4(P2\u3u4un−3un−2) .

This implies

bk(P1)− bk(P2) = (s2 − z2)[bk−2(P1\e3un−3un−2)− bk−2(P1\u3u4en−3)] ≥ 0 .

Consequently, P1 ≻ P2. By a similar method, we conclude that P1 ≻ P3.

Hence, the result follows.

4 The path achieving maximal energy in P(n,m) for

m ≤ n + 3

Definition 16. Let G be an un-weighted graph, e ∈ G a cut edge, and Ge(k) denote the

graph obtained by replacing e with an un-weighted path of length k + 1 (for simplicity, we

abbreviate Ge(k) by G(k)). Then G(k) is referred to as a k-subdivision graph of G on the

cut edge e. We also agree that G(0) = G.
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In [27], Shan et al. introduced a method for comparing the energies of two k-

subdivision bipartite graphs G(k) and H(k) when these are quasi-order incomparable,

as follows.

Lemma 17. [27, Theorem 3.1(1)] Let G(k), H(k) be k−subdivision graphs on some cut

edges of the un-weighted bipartite graphs G and H of order n, respectively (k ≥ 0), and

gk = ϕ̃(G(k), λ) and hk = ϕ̃(H(k), λ) for each k. If h1 g0 − h0 g1 > 0 for all λ > 0, then

E(H(k))− E(G(k)) > E(H(0))− E(G(0)) for all k > 0.

One can easily verify that this result is equally well applicable in the case of weighted

graphs when the edge e described in Definition 16 and all subdivided edges having weight

1. Hence, we have

Lemma 18. Let n ≥ 5, P ∗
n = a

n−3︷ ︸︸ ︷
1 . . . 1 b ∈ P(n,m) and P ∗∗

n = a + 1

n−3︷ ︸︸ ︷
1 . . . 1 b − 1 ∈

P(n,m). If a ≥ b ≥ 2, then E(P ∗∗
n ) > E(P ∗

n).

Proof. P ∗
n and P ∗∗

n respectively can be considered as (n−4)-subdivision graphs of P ∗
4 and

P ∗∗
4 on their middle edges, where each subdivided edge has weight 1. Let gi = ϕ̃(P ∗

i+4, λ)

and hi = ϕ̃(P ∗∗
i+4, λ) for i = 0, 1, . . . , n− 4. By direct calculation,

g0 = λ4 + (a2 + 1 + b2)λ2 + a2b2

g1 = λ5 + (a2 + 2 + b2)λ3 + (a2 + a2b2 + b2)λ

h0 = λ4 + ((a+ 1)2 + (b− 1)2 + 1)λ2 + (a+ 1)2(b− 1)2

h1 = λ5 + ((a+ 1)2 + (b− 1)2 + 2)λ3 +
[
(a+ 1)2 + (b− 1)2 + (a+ 1)2(b− 1)2

]
λ .

Then

h1 g0 − g1 h0 = (1 + a− b)
[
− b2 + b3 + a3(−1 + 2b) + a2(−1 + b+ 2b2) + λ2

+ bλ2 + a(−1 + 2b)(b2 + λ2)
]
λ > 0

for all λ > 0, since a ≥ b ≥ 2.

From Example 9 in [3], we have

E(P ∗
4 ) = E(P ∗∗

4 ) .
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Consequently, combining this with Lemma 17,

E(P ∗∗
n )− E(P ∗

n) > E(P ∗∗
4 )− E(P ∗

4 ) = 0

for each n (n ≥ 5). Hence, the result follows.

Theorem 19. Let n ≥ 5 and n ≤ m ≤ n + 3. The path with weight sequence {m − n +

2, 1, . . . , 1}, where the weight of one of the pendent edges equals m− n+ 2, is the unique

tree in T (n,m) with maximum energy.

Proof. For m = n, since the weight sequence of each tree in T (n, n) must be {2,
n−2︷ ︸︸ ︷

1, . . . , 1},

the result follows from Lemma 11.

Form = n+1, the weight sequence of each tree in T (n, n+1) may be either {3,
n−2︷ ︸︸ ︷

1, . . . , 1}

or {2, 2,
n−3︷ ︸︸ ︷

1, . . . , 1}. Then combining with Lemmas 11, 12, and 18 the result follows.

For m = n + 2, the weight sequence of each tree in T (n, n + 2) may be either

{2, 2, 2,
n−4︷ ︸︸ ︷

1, . . . , 1} or {3, 2,
n−3︷ ︸︸ ︷

1, . . . , 1} or {4,
n−2︷ ︸︸ ︷

1, . . . , 1}. Then combining with Lemma 11,

12, and Theorem 14, the path with energy Ê(n, n + 2) is either P 1
n = 4

n−2︷ ︸︸ ︷
1 . . . 1 or

P 2
n = 3

n−2︷ ︸︸ ︷
1 . . . 1 2 or P 3

n = 2 1 2

n−5︷ ︸︸ ︷
1 . . . 1 2. Applying Lemma 18, it suffices to show that

E(P 2
n) > E(P 3

n).

If n = 5, then by direct calculation we get E(P 2
5 ) = 10.7704 and E(P 3

5 ) = 10. The

result follows.

For n ≥ 6, note that P 2
n and P 3

n respectively can be considered as (n− 6)-subdivision

graphs of P 2
6 = u13u21u31u41u52u6 and P 3

6 = u12u21u32u41u52u6 on the edge u4u5,

where each subdivided edge has weight 1. Let hi = ϕ̃(P 2
i+6, λ) and gi = ϕ̃(P 3

i+6, λ) for

i = 0, 1, . . . , n− 6. By direct calculation we get

g0 = 64 + 57λ2 + 14λ4 + λ6

h0 = 36 + 63λ2 + 16λ4 + λ6

g1 = 100λ+ 70λ3 + 15λ5 + λ7

h1 = 85λ+ 78λ3 + 17λ5 + λ7 .

Then

h1 g0 − h0 g1 = λ(1840 + 1017λ2 + 174λ4 + 9λ6) > 0
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for all λ > 0. Thus, by Lemma 17, E(P 2
n)−E(P 3

n) > E(P 2
5 )−E(P 3

5 ) > 0 for each n (n ≥ 6).

For m = n + 3, the weight sequence of each tree in T (n, n + 3) may be either W1 =

{5,
n−2︷ ︸︸ ︷

1, . . . , 1} or W2 = {4, 2,
n−3︷ ︸︸ ︷

1, . . . , 1} or W3 = {3, 3,
n−3︷ ︸︸ ︷

1, . . . , 1} or W4 = {3, 2, 2,
n−4︷ ︸︸ ︷

1, . . . , 1} or

W5 = {2, 2, 2, 2,
n−5︷ ︸︸ ︷

1, . . . , 1}. By Lemma 18,

Ê(n,W1) > Ê(n,W2) > Ê(n,W3) .

Then it suffices to show that Ê(n,W3) > Ê(n,W4) and Ê(n,W4) > Ê(n,W5).

We first show that Ê(n,W3) > Ê(n,W4). From Lemma 14, the paths with energies

Ê(n,W3) and Ê(n,W4) are P
3
n = 3

n−4︷ ︸︸ ︷
1 . . . 1 3 and P 4

n = 3 1 2

n−5︷ ︸︸ ︷
1 . . . 1 2, respectively. By

direct calculation, we show that E(P 3
5 ) = 12.6332 and E(P 4

5 ) = 11.9056. Thus the result

follows if n = 5.

For n ≥ 6, note that P 3
n and P 4

n respectively can be considered as (n− 6)-subdivision

graphs of P 3
6 = u13u21u32u41u52u6 and P 4

6 = u13u21u31u41u53u6 on the edge u4u5,

where each subdivided edge has weight 1. Let gi = ϕ̃(P 4
i+6, λ) and hi = ϕ̃(P 3

i+6, λ) for

i = 0, 1, . . . , n− 6. By direct calculation we obtain

g0 = 144 + 102λ2 + 19λ4 + λ6

h0 = 81 + 118λ2 + 21λ4 + λ6

g1 = 220λ+ 120λ3 + 20λ5 + λ7

h1 = 180λ+ 138λ3 + 22λ5 + λ7 .

Then

h1 g0 − h0 g1 = λ(8100 + 2552λ2 + 264λ4 + 9λ6) > 0

for all λ > 0. Thus Ê(n,W3) > Ê(n,W4) for each n (≥ 6).

We next show that Ê(n,W4) > Ê(n,W5).

Applying Theorem 10 in [7], the paths with energies Ê(5,W4) and Ê(5,W5) are P 4
5 =

3 1 2 2 and P 5
5 = 2 2 2 2, and the paths with energies Ê(6,W4) and Ê(6,W5) are

P 4
6 = 3 1 2 1 2 and P 5

6 = 2 1 2 2 2, respectively. By direct calculation, we have

E(P 4
5 ) = 11.9056, E(P 4

5 ) = 10.9282, E(P 4
6 ) = 14.4484, and E(P 4

6 ) = 13.2156. Thus the

result follows for n = 5, 6.

For n ≥ 7, let P ∗
n = 2 1 3

n−5︷ ︸︸ ︷
1 . . . 1 2. Applying Theorem 14, the path with

energy Ê(n,W5) is P 5
n = 2 1 2

n−7︷ ︸︸ ︷
1 . . . 1 2 1 2. From Theorem 14, it follows that
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E(P 4
n) > E(P ∗

n). Then it suffices to show that E(P ∗
n) > E(P 5

n). By direct calculation,

we get E(P ∗
7 ) = 14.9886 and E(P 5

7 ) = 13.3340. Then E(P ∗
7 ) > E(P 5

7 ). For n ≥ 8,

note that P ∗
n and P 5

n respectively can be considered as (n − 8)-subdivision graphs of

P ∗
8 = u12u21u33u41u51u61u72u8 and P 5

8 = u12u21u32u41u52u61u72u8 on the edge u4u5,

where each subdivided edge has weight 1. Let gi = ϕ̃(P 5
i+8, λ) and hi = ϕ̃(P ∗

i+8, λ) for

i = 0, 1, . . . , n− 8. By direct calculation,

g0 = λ8 + 19λ6 + 123λ4 + 313λ2 + 256

h0 = λ8 + 21λ6 + 134λ4 + 297λ2 + 144

g1 = λ9 + 20λ7 + 141λ5 + 410λ3 + 416λ

h1 = λ9 + 22λ7 + 154λ5 + 412λ3 + 344λ

h1 g0 − h0 g1 = λ(4 + λ2)(5 + λ2)(1408 + 894λ2 + 171λ4 + 9λ6) > 0

for all λ > 0. Thus E(P ∗
n) > E(P 5

n) for each n (≥ 8).

Consequently, the result follows.
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