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Abstract

Let m be an integer and W = {wy, ws, ..., w,_1} be a positive sequence. Denote by
T (n,m) the set of all weighted trees of order n with positive integral weights and fixed
total weight sum m. Let further 7 (n, W) be the set of all weighted trees of order n with
weight sequence W. We first introduce a new method to investigate the energy of weighted
graphs, then using this method we determine the unique tree achieving maximal energy in
T(n,W) for wy > wy > w3 > wy > ws = -+ = w,_1, which supports a conjecture of the
present authors in MATCH Commun. Math. Comput. Chem. 75 (2016) 267. Finally, we
determine the unique tree having maximal energy in 7 (n,m) with n < m < n+ 3, which
supports a conjecture by Brualdi et al., Lin. Multilin. Algebra 60 (2012) 1255.
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1 Introduction

We consider graphs on n vertices in which to each edge a positive weight is assigned.
The sequence of the weights of all edges of a weighted graph is referred to as the weight
sequence of such a graph. Let W = {wj,ws,...,w,_1} be a sequence, not necessarily
integral, such that w; > 1, ¢ = 1,2,...,n — 1. Denote by T(n,W) the set of all
connected weighted trees of order n with weight sequence W. Let m be an integer such
that m > n — 1. Denote by T (n,m) the set of all weighted trees of order n with positive
integral weights and fixed total weight sum m. A graph whose each edge has weight 1 is
said to be un-weighted. Then, evidently, each element in 7 (n,n — 1) is an un-weighted
tree.
The energy of a (weighted) graph G of order n is defined as

n

£@) =Y\

i=1
where Aj, Ag, ..., A, are the (real) eigenvalues of the (nonnegative, symmetric) adjacency
matrix A of G. More information on (weighted) graph energy can be found in [2-6,11-

13,16,18,19,21,24, 28].

In [3], Brualdi et al. investigated the extremal energies in 7 (n,m). They showed that
the path with weight sequence {2, 1,...,1}, where the weight of one of the pendent edges
equals 2, is the unique integral weighted tree in 7 (n,n) (n > 5) with maximal energy.
For m > n, they conjectured the structure and distribution of weights of the unique

maximum-energy tree in 7 (n,m) as follows:

Conjecture 1. [3, Conjecture 9] Let n > 5 and m > n. The path with weight sequence
{m —n+2,1,...,1}, where the weight of one of the pendent edges equals m —n + 2, is

the unique integral weighted tree in T (n,m) with mazimal energy.
Let B(n, W) = max{&(T) : T € T(n, W)} and E(n,m) = max{&(T) : T € T(n,m)}
be the maximal energies of trees in 7 (n, W) and T (n, m), respectively.

In [7], Gong et al. showed that the tree having maximal energy among 7 (n, W) is a

path, they also conjectured the weight distribution of such a path as follows:
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Conjecture 2. [7, Conjecture 11] Let n > 3 and W = {wy, ws, ..., w,—1} be a sequence
of positive numbers with w; > we > -+ > w,,_1, and let P = ujejuzes ... u,_1€,_1u, be

the path having energy IAE(n, W). Suppose w(e;) > w(e,—1). Then fori=1,2,...,n—1,

w; if either 7 < [”7*1-‘ and 7 is odd, or i > ["T’]] and n — 7 is even;
w(e;) =
Wp41—i, Otherwise.

In this paper, we continue to investigate the trees with energies I@I(n, W) and IE',(n7 m).

* kok k%

The paper is organized as follows. In Section 2, we introduce some notation and
preliminary results. In Section 3, we first introduce a new method to investigate the
energy of a weighted graph, then using this method we determine the weighted paths
achieving the maximal energy in T (n, W) for wy > wy > w3 > wy > wy = +++ = wy,_y,
which supports Conjecture 2. Then in Section 4 we determine the unique path having

maximal energy in 7 (n,m) with m < n + 3, which supports Conjecture 1.

2 Preliminary results

Let G = (V(G),E(G)) be a graph. For Vi = {v1,vs,...,05} C V(G) and F; =
{e1,ea,...,ex} C E(G), denote by G\ E; the graph obtained from G by deleting all edges
of E; and by G\V; the graph obtained from G by removing all vertices of V; together with
all incident edges. For convenience, we sometimes write G\ejes . .. e, and G\vivs . .. v in-
stead of G\ E; and G\ V4, respectively. Denote by P, = ujejus . . . up—1€,_1u, the path on
n vertices, where w; and u;41 are the two endvertices of the edge e;. For a weighted path,
we sometimes write P, as uqwiugWals . . . Up_1Wy_1Uy, OF W1W3 ... w,_1 briefly, where w;
denotes the weight of the edge e; for i = 1,2,...,n — 1. We refer to Cvetkovié et al. [5]
for terminology and notation not defined here.

A graph is said to be elementary if it is isomorphic either to P, or to a cycle. The
weight of P is defined as the square of the weight of its unique edge. The weight of a
cycle is the product of the weights of all its edges.
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A graph 52 is called a Sachs graph if each component of . is an elementary graph
[9,10,15,17]. The weight of a Sachs graph ¢, denoted by # (), is the product of the
weights of all elementary subgraphs contained in 7.

Denote by ¢(G, \) the characteristic polynomial of a graph G, defined as
GG, \) = det (AL, — A(G)] =) ap(G) A" W
k=0

where A(G) is the adjacency matrix of G and I, the identity matrix of order n. The
following well known result determines all coefficients of the characteristic polynomial of

a weighted graph in terms of its Sachs subgraphs [1,5,7,8,25, 26].

Theorem 3. Let G be a weighted graph on n vertices with adjacency matriz A(G) and
characteristic polynomial (G, ) = > ap(G) \"*. Then

ar(G) = Z(_l)p(.yf) 9c(H) W ()

where the summation is over all Sachs subgraphs S of G having k vertices, and where
p(H) and () are, Tespectively, the number of components and the number of cycles

contained in .

In this paper, we write by(G) = |ax(G)| and
OGN = bu(G) A" 2
k=0
Then we have the following recursions for the coefficient of the polynomial QB(G, A) of a
weighted graph G [7].

Lemma 4. Let G be a weighted bipartite graph with a cut edge e = uv. Suppose that the
weight of the edge e is w,. Then

be(G) = be(G\e) + w2 by_o(G\uv) .
From the Coulson integral formula for the energy (see [4, 16,20, 21] and the refer-

ences cited therein), it can be shown [11] that if G is a weighted bipartite graph with

characteristic polynomial as in Eq. (1), then

N Ln/2)
£(G) = — / A by A% | dA.
k=0

—00
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It follows that in the case of weighted trees, £(T') is a strict monotonically increasing
function of the numbers by, & = 1,2,...,|n/2]. Thus, in analogy to comparing the
energies of two non-weighted trees [11,29, 30], we introduce a quasi-ordering relation =<

for weighted trees (see also [14,22]):

Definition 5. Let T and Ty be two weighted trees of order n. If bop(Ty) < box(T2) for all
kwith 0 <k < |n/2], then we write Ty < Ty . Furthermore, if Ty < Ty and there exists at
least one index k such that ba(Th) < bax(T3), then we write Ty < To. If bop(T1) = boy(T3)
for all k, then we call T\ E-equivalent to Ty, denoted by Ty ~ T; .

Note that there are non-isomorphic weighted graphs 77 and T, with 77 ~ T3, which

implies that in the general case < is a quasi-ordering, but not a partial ordering.

According to the integral formula above, we have for two weighted trees T} and T3 of

order n that

T Ty, — g(Tl) < g(Tz) and T <Ty, = S(Tl) < g(Tz) . (3)

3 Tree(s) having energy E(n, W)

In [7], Gong et al. showed that the tree having maximal energy in 7 (n, W) is a path. For
small order n (< 6), they determined the unique path having maximal energy in 7 (n, W);
for larger order n, they gave a conjecture on the structure of the unique tree in 7 (n, W),
and its weight distribution, see Conjecture 2.

In this section, we first introduce a method to compare the energies of two weighted
graphs. Then, as an application, we determine the unique weighted paths having energy

E(n, W) for wy > we > w3 > wy > ws = -+ = Wy_1.

In the following, we suppose that the weight of each edge of a graph is at least 1 and
admit graphs having parallel edges. The union of the graphs G; = (V(G1), E(G1)) and
Gs = (V(G2), E(G3)), denoted by G UGS, is the graph with vertex set V(G1)UV (G2) and
edge set F(G1) U E(G3). Then G; UG may contain parallel edges if V/(G1) NV (Ga) # 0.
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Lemma 6. [23, Lemma 13] Let P, be an un-weighted path of order n. If n = 4k + 1,
i €{0,1,2,3}, k > 1, then
Po=-PBUP, 2 = PyUP,_g> = Py ULy o5 = Pop1 UL 21
= Py UP, gpp1 == PsUP,_ 3> PUP,_;.
Definition 7. Let G be a weighted graph and e € G. The graph obtained from G by

replacing the edge e with two parallel edges €' and €”, where the weight of each edge other

than €' and €’ is preserved, is referred as a 2-split graph of G on the edge e, denote by

Ge(e,e").
Applying Lemma 4, we have

Lemma 8. Let G be a weighted graph of order n and e a cut edge of G. Let also Ge(e1, €3)
be a weighted 2-split graph of G on the edge e. Then G is E-equivalent to G.(ey,eq) if

(w(er))” + (w(ez))? = (w(e)).
Proof. Let e = uv and G* = Ge(ey, €3). By Lemma 4, for each k,
bi(G) = bp(G\e) + (w(e))? bp_a(G\uv) .

For G*, we divide all its Sachs graphs having & vertices into three parts: those that contain

the edge e1, those that contain the edge es and others. Then applying Theorem 3 we have
be(G*) = be(G*\erea) + [(w(er)) + (w(e2))?*]br—a(G*\uv).

Note that, strictly speaking, Theorem 3 applies to simple graphs, but it applies equally

well to the above specified graphs if we replace (w(e))? by (w(e;))? + (w(eq))?. Conse-

quently, the result follows. O
As a consequence of Lemma 6, we have:

Lemma 9. Let P, = wjequs ... Uy 16, 11U, be an un-weighted path of order n, Hy be a
graph of order at least 1 and v € Hy. Denote by H, the graph obtained from the union
of P, and Hy by adding an edge with weight at least 1 between w,, and v. If n = 4p + i,
i1€{-1,0,1,2}, p > 1, then H,\ujus = H,\ususy1 for each s =2,3,...,n— 1.
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Proof. Because each edge of the path P, = ujequs . .. u,_1€,_1u, is un-weighted and the
new edge between u,, and v has weight at least 1, H,\usus+1 can be considered as the

subgraph of H, \ujus obtained by deleting an edge. Hence, the result follows. O

For a given weight sequence W, denote by P(n, W) the set of all weighted paths of
order n with weight sequence W. Similarly, denote by P(n,m) the set of all integral
weighted paths of order n with fixed total integer weight sum m. As a consequence of

Lemma 9, we have

Theorem 10. Let W = {wy,ws, ..., wp_1}, n > 3, be a weight sequence with wy > wy =
coo=wyoy =1 and P =wequs . . . Up_15_1u, € P(n,W). Let also G be a given graph of
order at least 1 and v € G. Denote by P(u,,v)G the set of all graphs obtained from the
union of P and G by adding an edge between u, and v. Then the graph having mazimal

energy among P(u,,v)G satisfies
w(er) =w; and w(e;) =wy for i=2,3,...,n—1.

Proof. Let P = wujejusy. .. Up_1€n_1t, be the un-weighted path of order n and H =
P(un,v)G, the graph obtained from the union of P and G by adding an edge between
u, and v. Denote by H* the graph having maximal energy among P(u,,v)G. Note
that for the induced path P, of each graph in P(u,,v)G there exists exactly one edge
whose weight equals w; . Then by Lemma 8, H* is E-equivalent to the graph H.,,(e;, €')
which is a weighted 2-split graph of H* on the edge e; whose weight equals w; for some

i, 1<i<n-—1, where w(e;) =1 and w(e’) = /w} — 1. Applying Lemma 4 we have
b(H") = bi(He,(es,€)) = bi(H) + (wi — 1)br—z(H\wittis1) -

Thus the result follows by Lemma 9. (|

For n < 6, Theorem 10 in [7] determines the unique path with E(n, W) in P(n, W)
for an arbitrarily given weight sequence W. For greater n, we can apply Theorem 10 to
determine the weight distribution of the path having E(n, W) in P(n, W) for some weight
sequences W. The following two Lemmas can be considered as two corollaries of Theorem

10. Since the proofs are analogous to those of Theorem 14, we omit them.
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n—2

Lemma 11. [7, Theorem 10] Let n > 3 and W = {z,7,..., 9} be a sequence of positive
n—2

numbers with x > y. Then, up to isomorphism, P =x %y ... y is the unique path having

energy B(n, W).

n—3
Lemma 12. [7, Theorem 11] Let n > 3 and W = {z,y,%,..., 2} be a sequence of positive
n—3
numbers with x >y > z. Then, up to isomorphism, P =x Z ... 2 y is the unique path

having energy E(n, w).
In order to prove Theorem 14, we first give the following Lemma.

Lemma 13. Let n > 5 and P* = ujequges ... up_1€,_1u, € P(n,W). Let the weight of

the edge e; be denoted by w; fori=1,2,...,n—1. If E(P*) = E(n, W), then
(a) wy > wy and wy < wsy

(b) Wpo1 = Wneg and Wp_p < Wy_g .

Proof. (a) By contradiction. Supposing that the result does not hold, we have w; < wy

or wy < wz. Now we divide the proof into three cases and get the contradiction.

Case (1): wy < wy and wy < ws.
Let P** be the weighted path obtained from P* by exchanging the edges e; and ey,
that is, P** = ujequseqtizezus€Us . .. Up_1€,-1Uy,. Then by the hypothesis that E(P*) =

E(n, W), we have
E(PT) <E(PT). (4)

Applying Lemma 4, we have

bk(P*) bk(P*\el) +wf bk,Q(P*\u1u2)

br(P*\e1ey) + w? bg_o(P*\eyugus)

+

w2 by_o (P \urugey) + wiw? by_s(P*\uyugugus)

and
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bk(P**) = bk(PM\&;) +wZ bkfg(P**\ul’le)

br(P™\e1e4) + w? by_o( P**\equgus)

w2 b_o (P \uquger ) + wiw? by_ 4 (P \uyugtgus) .

+

Note that
P*\61U4U5 = P**\84U4’U/5 s P*\€1€4 = P**\€1€4 s P*\uluzel = P**\U1U2844
Then

bk(P**) — bk(P*) = (w% — ’LUZ) [bk,Q(P*\81U4U5) — bk,Q(P*\U1UQ64)}
= (w] — w})[br—2(P*\ere2uqus) + wibe—_a(P*\erusuzuqus)

— bk_Q(P*\U1U26364) — ’wgbk_4(P*\’U,1U2U3’UJ4)] Z 0

and there exists at least one index k such that by(P**) — by(P*) > 0 as P*\ejuousuaus
is a proper subgraph of P*\ujugugus. Thus P* < P**| a contradiction to conditions (3)

and (4).

Case (2): w; > wy and wy > w3.
Let P** be the weighted path obtained from P* by exchanging the edges e; and eg,
that is, P** = ujejugesusealig€yls . . . Up_1€,_1Uy,. Then by the hypothesis that E(P*) =

E(n, W), we have
E(PT) < E(P). ()

Using the same argument in the Case (1), we also can derive a contradiction.
Case (3): wy < wy and wy > ws.

Let P*™* be the weighted path obtained from P* by exchanging the edges e; and es,

e1 and ey, that is, P*™* = ujejusesusesusequs . . . u,_1€,_1u,. Then by the hypothesis that

E(P*) = E(n, W), we have
E(PT) < E(P). (6)

Applying Lemma 4, we have
be(P*) = br(P*\eregezey) + wZ bp—o(P*\ujuguzugus) + wg bp—o( P*\ujuguztiy)

w3 by_o( P*\ugugug) + w3 w3 by_4( P \ugusugus) + w? by_o(P*\ujugusiy)

w? w? by (P*\urugustsus) + wi wi by_s(P*\urugusiy)
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and
b(P™) = bp(P™\erezesey) + wi by_o( P \uyugugugus) + wa be_o( P**\ujugusiy)
+ w§ bp—2 (P \ugusug) + wfwg bp—a (P \uguzuqus) + wi bp—a( P \ugugusuy)
+ w? wi b s (P \urugusugus) + wiwl by g (P \uyugusuy) .
Then

be(P™) = bp(P*) = (w} — w}) [breea (P \wrusususus) — be_a( P \urususus)]

+ (w% w;f - w% wi) [bk,4(P*\u1uQu3u4u5) - bk,4(P*\u1u2u3U4)] >0

and there exists at least one index & such that by(P*) — by (P*) > 0 as P*\ujuoususus
is a proper subgraph of P*\ujugugus. Thus P* < P** a contradiction to conditions (3)
and (6). Consequently, the result (a) follows.

The proof of (b) is analogous. O

n—>5

—
Theorem 14. Let n > 7 and W = {z,y, z,8,1,...,t} be a positive number sequence with
n—7

—N—
x>y >z2>s >t Then, up to isomorphism, P* =xt z t ... t sty is the unique

path achieving energy IAE(n7 Ww).

Proof. Let P* = ujequgequs ... Uy 16, 1U,. Without loss of generality, suppose that
s>t =1 Let w; = w(e;) for i = 1,2,....,n — 1. We divide our proof into three

assertions.

Assertion 1. w; > 1 and w,_, > 1.

We first claim that w; > 1. Otherwise, assume to the contrary that ¢ (i > 2) is the
least index such that w; > 1. Note that P* can be considered as the graph obtained from
the union of the weighted paths P, ; and P,_;_; by adding an edge with weight at least

1. Then applying Theorem 10, a contradiction will be encountered. Similarly, w,_; > 1.

Assertion 2. w3 > 1 and w,,_3 > 1.
Suppose now that ¢ and j (2 <i < j <n—2) are two other indices of P* such that

w; > 1 and w; > 1. We have the following Claim.

Claim 15. i >3, j <n—3. Moreover, if n>8, i <j—2.
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Proof of Claim 15. We first show that ¢« > 3. Otherwise we have ¢ = 2. By
Lemma 13, we have w3 > wy > 1, and wy, = 1, for h = 4,...,n — 2. Let P** be the
weighted path obtained from P* by exchanging the edges ey and e,_3, that is, P** =
U1€1UCr_3U3EUY . . . Up_3€2Up—2€n_2Un_1€n_1U,. Then by the hypothesis that £(P*) =
E(n, W), we have E(P™) < £(P*).

Applying Lemma 4, we have

bk(P*) bk(P*\ez) + w% bk,z(P*\’lLQ’LLg)

bi(P*\€e2€en—3) + br—o(P*\€eatlp_3Un_2)

+

w2 by_o( P*\ugusen_3) + w3 b_y(P*\ugUstty_3tp_4)
and

be(P™) = bp(P™\en—3) + br—2(P* \usus)
= bp(P™\egen_3) + w2 bp_o( P*\en_stn_3tn_2)

+ bp_a(P™\uguses) + w3 by_s (P \ gzt _stn_g) -

Note that P*\egu,_3tn—2 = P*\e,_3un_3tn_o, P*\uguze,_3 = P*\uguzes, and that

P*\uguztty_3tn—g = P™\usustly_3u,_y. Then
bk(P**) — bk(P*) = (’LU% - 1) [P*\EQU",gun,g - P*\UQ’U,gen,g] 2 0

and there exists at least one index k such that by(P**) — by (P*) > 0. Thus P* < P**, a
contradiction to the hypothesis. Thus we have ¢ > 3. Similarly we can get j <n — 3.
Now assume otherwise that ¢ = j — 1. For the case that i > 4 (or j < n —4), we
can also construct a new path which has larger energy than P* with the similar technique
by exchanging the edges e3 and e; (or e; and e,,_3), which contradicts to the hypothesis.
Thus we have 3 =i = j — 1 =n — 4, which leads n = 7. This finishes the proof of Claim

15. O

For n = 7, combining Lemma 13, Lemma 6 of [7], and the above Claim, P* is either
rlzslyoraxlszly. Assertion 2 holds immediately. Thus we always assume that n > 8.
Let P, = wjequs . . . Up_1€5_1Uy, be the un-weighted path of order n.

Then P* is E-equivalent to the graph, denoted by P, which is a weighted 2-split graph

of P* on the edges ey, €;, e;, and e, _1, respectively, where the edge e}, parallels to e, and

w(ef) = /(w(en)? =T for each h=1,i, j,n — 1.
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For convenience, let M = {¢}, |h = 1,1, j,n — 1} and wj, = w(e},) for h = 1,i,j,n — 1.
We divide all Sachs graphs of P, having k vertices, into five parts: those that contain no
edges of M, those that contain exactly one edge of M, those that contain exactly two
edges of M, those that contain exactly three edges of M and those that contain all edges
of M. Denote by bi(f’) for t = 0,1,2,3,4 the sum of the weights of all above five types
of Sachs graphs, respectively. Obviously, bg(ls) = bi(P,), which is regardless the choice
of the indices ¢ and j. Combining Claim 15 with Lemmas 4 and 6, we have

bi(P) (W 4+ W] br—a(Pa—2) + Wi b_a (P \usuis1) + W} be—a( By \ujujsr)

IN

[wl +U}n 1]bk 2( n—Z)JF[ +w }bk Q(Pn 4UP2)
with equality holding if and only if ¢ = 3 and 7 = n — 3. Similarly,

bi(P) = wlwPbp_4(Poo\uioui 1) +wf w 2 b a(Poo\uj_auj_1)
+ wEw? by a(Pa_y) +wi? w 2 bre—a( P\ Ui 1 Ujlj41)

+ w;2 w§71 bk_4(13n_2\uiui+1) + ’LU,vZ w;{l bk_4(pn_2\UjUj+1)

<

[w w? +w} wi )+ wiw bpa(Pr-a)
+  [wfw? +wPw? | br-a(Pog U Pa) + wi w} be_a(Pa_s U 2P,)
with equality holding if and only if i =3 and j =n — 3,
B(P) = wlwlw? by o(Paa\itti 1) + wi wi w?y by_o(Pa—s\tj2uj 1)
-+ u/12 ’11)22?1);271 bk,(;( n— 4\U/1 2U;— 1)+w1 U} w bk 6( n72\u2'72/ui7]’u/]‘72u]'71)
< w4+ wrJw? w} Zbp_6(Pros UP) + [wf? +w' Jw? w?_y b_s(Pas)

with equality holding if and only if s = 3 and j =n — 3, and

bi(P) = wlwPw?w}  bys(PisUP_iyU Py j_s)

u/z Wy A wj 7 ;Lfl br—s( 77%8)

IN

with equality holding if and only if either ¢ = 3 and j =n —3, or i =3 and j = 5, or
i =mn—>5and j =n — 3. Consequently, bk(P) attains the unique maximum value if and

only if i = 3 and j = n — 3. The result hence follows.
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n—"7
——
Assertion 3. P*=2121 ... 1 s1luy.

Combining Assertion 2 with Lemma 6 of [7], P* is either P, or P, or Ps, where

n—"T7

——
P =2a21z1...1sly
n—"7
——
P, = xl1ls1...1z1ly
n—"7
——
Ps = zlyl...1slz.

We now show that P, = P, and P, > P3;. Applying Lemma 4, we have

bk(P1) = bk(P1\€3) + 2’2 bk,Q(P1\’U,3U4)
= bp(Pi\esen_s) + s br—a(Pr\estn_3tn_2)
+ 22 bpoa(Pr\uguaen—s) + 2%5% bp_a (P \ugtiatn_3u,2)

and

bk(Pg) = ()k(Pg\(in,g) + 82 bk,Q(P2\’U,3U4)

b (Py\esen—3) + 22 br—o(P2\en—3tn_3Us_2)

+

s bk—z(P2\U3U4€3) + 225 bk—4(P2\U3U4Un—3Un—2) .

This implies
bk(Pl) - bk(PZ) = (32 - 22)[51@72(131 \63un73un72) - bkﬁ(Pl\UsanfS)] >0.

Consequently, P, = P,. By a similar method, we conclude that P; = Ps.

Hence, the result follows. |

4 The path achieving maximal energy in P(n, m) for
m<n-+3

Definition 16. Let G be an un-weighted graph, e € G a cut edge, and G (k) denote the
graph obtained by replacing e with an un-weighted path of length k + 1 (for simplicity, we
abbreviate G.(k) by G(k)). Then G(k) is referred to as a k-subdivision graph of G on the
cut edge e. We also agree that G(0) = G.
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In [27], Shan et al. introduced a method for comparing the energies of two k-
subdivision bipartite graphs G(k) and H(k) when these are quasi-order incomparable,

as follows.

Lemma 17. [27, Theorem 3.1(1)] Let G(k), H(k) be k—subdivision graphs on some cut
edges of the un-weighted bipartite graphs G and H of order n, respectively (k > 0), and
gk = 0(G(K), \) and hy = ¢(H (), \) for each k. If hy go — ho g1 > 0 for all A > 0, then

E(H(K)) — E(G(K)) > EH(0)) — E(G(0))  for all k > 0.

One can easily verify that this result is equally well applicable in the case of weighted
graphs when the edge e described in Definition 16 and all subdivided edges having weight

1. Hence, we have

— —
Lemma 18. Letn>5,Pi=a 1l ... 1 bePn,m)and P =a+11 ... 1b—-1¢
P(n,m). If a>b> 2, then E(P*) > E(P).

Proof. P: and P:* respectively can be considered as (n — 4)-subdivision graphs of P; and
Py on their middle edges, where each subdivided edge has weight 1. Let g; = QE(P;M, A)
and h; = ¢~>(PZ-*L:4, A) for i =0,1,...,n — 4. By direct calculation,

g = M+ (a®+1+)\+ a*?

g = N+ (@@ +2+)N 4 (a® + aPb? + BN

ho = X+ ((a+1)*+B—-1*+ DA+ (a+1)%(b— 1)

o= X+ ((a+12+0-12+2)X + [(a+1)>+ (b— 1)+ (a+ 1)°(0 - 1)*]A.
Then

higo—giho = (1+a—b)[—0+b"+a*(—1+2b) +a®(—1+b+20") + X
+ WA +a(—1+2b)(B” + A)]A >0

for all A > 0, since a > b > 2.

From Example 9 in [3], we have

E(py) =&(p).
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Consequently, combining this with Lemma 17,
E(P) —E(Fy) > E(P) —E(P)) =0
for each n (n > 5). Hence, the result follows. O

Theorem 19. Let n > 5 and n < m < n+ 3. The path with weight sequence {m —n +
2,1,...,1}, where the weight of one of the pendent edges equals m —n + 2, is the unique

tree in T (n,m) with mazimum energy.

—
Proof. For m = n, since the weight sequence of each tree in 7(n,n) must be {2,1,...,1},

the result follows from Lemma 11.

—
For m = n+1, the weight sequence of each tree in T (n, n+1) may be either {3,1,...,1}
n—3

——
or {2,2,1,...,1}. Then combining with Lemmas 11, 12, and 18 the result follows.

For m = n + 2, the weight sequence of each tree in T (n,n + 2) may be either
n—4 n—3 n—2

—— —— ——
{2,2,2,1,..., 1} or {3,2,1,...,1} or {4,1,...,1}. Then combining with Lemma 11,

n—2

12, and Theorem 14, the path with energy I@(nn +2) is either P! =4 1 ... 1 or
-5

n
n—2 n

P:=3 ﬁ 20r P2=212 ﬁ 2. Applying Lemma 18, it suffices to show that
E(P?) > E(P3).

If n = 5, then by direct calculation we get £(P?) = 10.7704 and £(P?) = 10. The
result follows.

For n > 6, note that P? and P3? respectively can be considered as (n — 6)-subdivision
graphs of Pg = wup3uglusluylus2ug and Pg’ = wuj2ugluz2uslus2ug on the edge uqus,
where each subdivided edge has weight 1. Let h; = ¢(P%g, A) and g; = ¢(P2,A) for

1=0,1,...,n — 6. By direct calculation we get
go = 64+57A2 4+ 14X + A6
ho = 364 63X\ +16)* + \°
g1 = 100X+ 70M% +15)° + A7
hy = 85A4T8A3 + 17N + 7.

Then
higo — hogi = M(1840 + 101702 4+ 174\* + 9X%) > 0
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for all A > 0. Thus, by Lemma 17, E(P2)—E(P2) > £(P2)—&(P3) > 0 for each n (n > 6).

For m = n + 3, the weight sequence of each tree in 7 (n,n + 3) may be either W; =
n—2 n—3 n—3 n—4

—— —— — ——
{5,1,...,1} or Wo ={4,2,1,...,1} or W3 ={3,3,1,...,1} or W, ={3,2,2,1,...,1} or
n—>5

—
Ws =1{2,2,2,2,1,...,1}. By Lemma 18,
E(n, W)

> E(n, Ws) > E(n, Ws).
Then it suffices to show that B(n, Ws) >
2(n,

E(n, Wy) and E(n, W,) > E(n, Ws).

We first show that E(n, Ws) > V4) From Lemma 14, the paths with energies

n—>5
N N . /—/H ——
E(n,W3) and E(n, W) are P2 =31 ... 1 3and P! =3121 ... T 2, respectively. By

direct calculation, we show that £(P3) = 12.6332 and £(P¢) = 11.9056. Thus the result
follows if n = 5.

For n > 6, note that P3 and P2 respectively can be considered as (n — 6)-subdivision
graphs of P63 = wp3uslus2uyslus2ug and Pé1 = widuslugluylus3dug on the edge uqus,
where each subdivided edge has weight 1. Let g; = ¢N>(Pii6,/\) and h; = <;~5(Pii67)\) for
i=0,1,...,n — 6. By direct calculation we obtain

144 + 102)\% 4+ 19X* + \°

9o
ho = 81+118A2 421X 4+ A°

g1 = 220\ + 12003 +20)° + A7
hy = 180X 4 13803 4 22)° 4 \7.

Then
higo — ho g1 = M(8100 + 255202 4 264\* + 9X%) > 0

for all A > 0. Thus E(n, Ws) > E(n, W,) for each n (> 6).

We next show that E(n, W) > E(n, Ws).

Applying Theorem 10 in [7], the paths with energies (5, W) and E(5, Ws) are P4 =
3122and PP = 2222 and the paths with energies E(6,W,) and E(6,W;) are
P{ =31212and PP = 21 2 2 2, respectively. By direct calculation, we have
E(PY) = 11.9056, £(P) = 10.9282, £(P}) = 14.4484, and E(P¢) = 13.2156. Thus the

result follows for n = 5,6.

o

——
Form > 7, let P =213 1...1 2. Applying Theorem 14, the path with
n—7

N —_——
energy E(n,Ws) is P> = 212 1...1 212 From Theorem 14, it follows that
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E(PY) > E(Pr). Then it suffices to show that E(P7) > £(P2). By direct calculation,
we get E(P7) = 14.9886 and E£(P?) = 13.3340. Then £(P7) > E(P?). Forn > 8,
note that P! and P° respectively can be considered as (n — 8)-subdivision graphs of
Py = uy2uslugduylusluglus2ug and PP = uy2ugluz2uylus2uglur2ug on the edge uqus,
where each subdivided edge has weight 1. Let g; = ng(PzirS,)\) and h; = ¢~5(Pi*+8,)\) for

i=0,1,...,n — 8. By direct calculation,

go = AS419A° 4 1230% + 313)\% + 256
ho = A+ 218 + 134X\* + 2072 4 144
g1 o= A2 42007 + 1410° + 41003 + 416X
Ry = A% 2207 4 154)° 4 412)3 4 344\

higo—hogi = A4+ A)(5+ A?)(1408 + 894\ + 171X* +9X°) > 0

for all A > 0. Thus E(P;) > E(P?) for each n (> 8).

Consequently, the result follows. O
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