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Abstract

The modified Wiener index is an algebraic modificatiohthe classical Wiener index under
symmetry group. This graph invariant was presebte@raovac and Pisanski in 1991. In this
paper, the modified Wiener polynomi&(G,x) of a graphG is presented by which we extend
some wekl-known results of the classical Wiener index tonisdified version. Moreover, the

modified Wiener polynomials of some classes of dbahgraphs containing linear phenylene
and its hexagonal squeeze, and the efthmeta- and parapolyphenylene chains are
computed.

1. Introduction

Let G = (V(G), E(G)) be a simple connected graph with aempty vertex se¥(G) and edge
setE(G). The distancas(u,v) between verticea andv of G is the length of a shortest path
connectingu andv. The diameter o6, d(G) = diam(G), is the maximum distances between
vertices inG. The sum of all distances between pair of vertice§ is called the Wiener
index of G and denoted bW(G) [18]. Graovac and Pisanski in their seminal pdpgapplied
the symmetry group of the graph under consideratioobtain an algebraic modification of
the classical Wiener index. We encourage the istedereaders to consult [12] for more
information on the modified Wiener index and it&at@nship with representation theory of
finite groups.

SupposeG is a graph/~is a subset of the automorphism grougsafAut(G)) and/ is a

real number. Thé—distance number of G is defined as
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J,(G d
ACE IrllV(G)I%ruwz(G)(u O

For A = 1, 61(G) = 4(G) is the ordinary distance number. Thedified Wiener index is
0
defined adV(G) = 1/2|V(G)|2 J(G) and themodified hyper “Wiener index [3] is defined

as\/\l?N(G) =1/2|V(G) [> 3(G) + 1/4|V(G) |? 3,(G). In [16], the present authors computed
the modified Wiener index of some graph operatidmghis paper we continue our work by
considering a polynomial version of this graph imaat.

Throughout this paper our notation is standard.afieourage the interested readers to
consult papers [6,13,14] and references thereimfime information on this topic.

2. Modified Wiener Polynomial

Hosoya [7] introduced the generating functig(G,x) of distances in a given grajh
and termed it the Wiener polynomial forH(G)x). In an exact phrase,
H(G,Xx) =zk>0d(G,k)xk, where d(G,k) denotes the number of pairs of vertices of the

graphG whose distance is Some papers denote Hosoya polynomidlV&S,x) and called it

the Wiener polynomial. Similarly, we define the rifadl Wiener polynomial as follows:

Definition 1. SupposeG is a simple connected graph ainds a subgroup oAut(G). The
“modified Wiener polynomial” of G is defined as

d(G)
V?/(G,x) 'V(G” z E(G X,

whereg(G,i) =ZuW(G)g(u,i) and g(u,i) =[ffu, g(u)} lgOT & d(u, g(u)) =i},

1<i <d(G).

It is obvious that, the degree of the modified Véiepolynomial is< d(G). For a subset

0 a
U of vertices ofG, we assume thad(U,i) :Zum d(u,i), where 1< i < d(G). Then we

define theU-locally modified Wiener polynomial of G as

[} | d(G) o
W(U,x)—l— Z d(U,l)x'.



O
In the following lemma, an algebraic method for pating W(G, x) is presented.

Theorem 1. SuppseVy, Vo, ..., V, are orbits of natural action 6fon vertices ofs. Then,

W(Vk WV, X)

W(G X) = \V(G)\Z Vi

k=1
a
Indeed, ifG is vertex transitive thew (G, x) =W(G, x .)

0 0
Proof. It is easy to see thak(G,i) :zrkzld(\/k,i). Then,

©) o d(G)/ r 1o
W(G,x):%(?)llZd(Gl)x—lvz(I?)”Z( d(\/k,i)jx‘
V@) |- (1 9o
o) & & 40X ‘V(G)‘é[ r s (Vk")XJ
-V (@)Y lvllvT/(vk,x)j

o
If Gis vertex transitive then for eachd(G,i) =d(G,i). This proves the theorem.m

Example 1. Let K, andC, be complete and cyclic graphs with n vertices. It is well known
that the automorphism group Kf is isomorphic to symmetric grouym(n) onn letters and

the automorphism of, is isomorphic to dihedral group, of order 2 and these graphs are

vertex transitive. Ther\N(Kn,x) ( jx andW(Cn,x) nzn/z Ty +gx, wheren is even
o (-1)/2 .
andW(C,,,x) = nZi:l x', wheren is odd.

Example 2. Let P, be thepath graph with n vertices and le§, andW, be star andwheel
graphs withn + 1 vertices, whera > 3. The automorphism group B# is isomorphic to the

cyclic group of order 2 and it hds /2] orbits, wherd x| denotes the ceiling of Then

ni2 o1 .
o Z X niseven
W(R,,x) = {

-1)/2 .
Z(" 12 o nis odd.

=1
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The automorphism groups &f andW, are isomorphic t®&m(n). These graphs have 2 orbits

n(n 1) n(n-3)
2

O
on vertices and sW/(S,,X) = X andW(Wn,x) nx+———

Example 3. Let K, s be thecomplete bipartite graph with vertex set %1, X2, ..., X, Y1, Y2, ---,
y&. If r # s, then the automorphism group Iéfs is isomorphic taSym(r) x Sym(s). In this
case, there are two orbitsxi{ %, .. , x} and { vi, Y2, ..., y¢. Then

a r s
W(K; s, X) = {(ZJJ{ZDXZ' Inr = scase, the automorphism groupkaf is isomorphic to a
semi-direct product of cyclic group of order 2 afgm(r) x Sym(s). This graph is vertex

0
transitive and S&V(K, ,,x) = r2x+r(r —1)x?.

Let g be an arbitrary automorphism of a gr&phDefine the polynomial(g,x) as

89, X =——— Y xduoW),
IV(G)IU%G)

For every subgroup of Aut(G), we define:

8 %)= lrlZJ(g,
oar

Thedistance polynomial of a graphG is simplyd(I', X) = 5(Aut(G), X) .

Theorem 2. Letl” be a subset dfut(G). The modified Wiener polynomial can be rewrittesn
0 2
W(G,x) = L(S)l o, x).

a0
Proof. Suppose that is an arbitrary vertex db. By definition, d(u j ) is equal to the number

of automorphismg O I such thad(u,g(u)) =i. Choose arbitrary verticesandv of G in an
orbit Vi such thatd(u,v) = i. Therefore, all automorphisms which mago v, have been

considered in the sef{u,g(u)}|gOr &d(u,g(u)) =i} . Now the repetition ofxX in

0
d(u,g(u) ; i .
E ocr E uD\/(G)x is equal tod(G i, )and so we have:

V?,(G,X)_IV(G)I Z Z AU, g(u)

2|T gDF ullv (G)

This completes the proof. [
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Corallary 1. The modified Wiener polynomial satisfies the faliog conditions:
O 0
a)W'(G1) =W(G),

ad O O
b) W'(G ) +1/2W" (G /1) =WW(G).

Proof. It is obtained directly from definition. [

As in Theorem 2, for every subddtof V(G), we can rewrite th&-locally modified

Wiener polynomial ofs as

|U | d(u,g(u)
V=52 2

gOruy
We can also define theldocally modified Wiener index and U-ocally modified

hyper “Wiener index as:

_1ul

]
W)= > > d(u,g(u) andWW(U) = 1/ 2W(U) + ]

gOruty

LS S gwn?

4|r|gDFuDU

a
Obviously, if ' = Aut(G) and U is an orbit of V(G) then WU)=W(U ) and
a
WW(U) =WW(U).

Corallary 2. If Vi, Vs, ..., V, are orbits of the action éf on V(G) then the modified Wiener
index and the modified hypeWiener index can be computed by the following folasu

W(Vk)
Vi |

VWV(Vk)
Vi |

O
AWEG) =NE@)Y, _,

b) \N\N(G) V( G)\zk i

3. Modified Wiener Polynomial of Some Chemical Graphs

Most calculations of this section are done for fdmailies of graphs that can be viewed
as fasciagraphs. For the introduction to polygrafiles fasciagraphs and rotagraphs) the
interested readers are referred to the paper Hé. iflea there is to use the transfer matrix

method to help calculate an invariant of a fas@phror rotagraphs. This method was first
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used for calculation of the matching polynomial ugs later applied to some other graph
invariant such as the Wiener index; see for ingtd8¢l10].

In this section, the modified Wiener polynomial, difeed Wiener index and modified
hyper-Wiener index of linear phenylene and its hexagoswleeze, orthg meta and
para-polyphenylene chains are computed. It is merit tention here that the modified
hyper-Wiener index is a symmetry version of so calledotogical index hypefWiener

index was introduced by Klein et al.
3.1. Linear phenylene and its hexagonal squeeze

Phenylenes are polycyclic conjugated molecules with six— dmer—membered rings, Figure
1. A phenyleneLP is a planar 2connected graph containing mutually congruent @gul
hexagons and mutually congruent squares, both edties of equal length. Each square is
joined to exactly two hexagons, whereas all hexagoa mutually disjoint. Each phenylene is
in a one-to—one correspondence with a cataconddreseenoid system called “hexagonal
squeeze”, Figure 2, denoted Iyl [5].

3 9 6n-3
1 5 7 11 i .. 605 6n-1
hy h | | h,
2 .~ >
6 8 12 . o 6n-4 6n
4 10 6n-2

3 7 11 4n-1
1 5 9 L N 4n+1
2 I - 4n+2
6 10 ~ - a2
4 8 12 4n
Figure 2. Linear hexagonal squeekztl,,.

Theorem 3. Let n be a positive integer greater than 1. Then theifireddWiener polynomial

of linear hexagonal squeeze of lengtis equals to

2n+1

(2x4n+2 +(2n+D)x* - 2n+1)x°3 - 2x2).
2(x-1)

O
W(LHI"IIX) =
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Proof. In the molecular graph d¢fH,, we haven hexagonsh > 2, andV(LH,)| = 4n + 2. One
can easily prove that the automorphism group of tisiaph can be generated by two
automorphisms

a=(12)(34)...(4n-14n)(4n+14n+ 2),

L=@LAn+D(34n-D)...(2n-12n+3)(2n +1)(24n + 2)(44n)...(2n,2n + 4)(2n + 2).

It is clear that this group is isomorphic Zo x Z, and this group has exactly+ 1
orbits as follows:

Vi={2i-1,3,4n-21+3, -2 +4};1<i<n+1.

0 ) ’
For 1<i<n, M| = 4 and ifi is even thetW (V;,X) = 26¢"2*2+ x2"2*3 1 3 and ifi is

O _ .
odd, thenW (Vix) = 2022 + x®2*3 4+ %), Fori = n + 1, Mwi = 2 and so
) X niseven ) . .
WMVn1,X) = 3 nisodd By applying Theorem 2, the result is obtained. [ ]

By applying Corollary 1 of Theorem 2, the modifiétliener index and modified

hyperWiener index of linear hexagonal squeezes can bgeted by formulag¥’(LH,) =

0
16n° + 28 + 120 + 1 andWW (LH,) = 1/3(64"* + 12&° + 134H° + 4d + 3).

Theorem 4. Letn > 1 be a positive integer. Then the modified Wiepelynomial of the
linear phenylene of lengthis computed as follows:
3n
2(x-1)
3n
2(x-1)

0 (2x3n+1 +nx* —nx® + 2nx? - 2(n +1)x), niseven,
W(LPhy,x) = .
(2x3n+1 +(n+)x* - (n+Dx3 +2(n-Dx? - 2nx), nisodd

Proof. The automorphism group &fPh, can be generated by automorphisimand$ such
that
a = (12)(34)...(6n—36n-2)(6n—-16n),
£=006n-1)(36n-3)...(3n—-13n+1(26n)(46n-2)...(3n,3n+2), nis even,
L£=@16n-1)(36n-3)...(3n— 23n+2)(3n)(26n)(46n-2)...3n—-13n+3)(3n+1), n is
odd. This group is isomorphic # x Z,. It is clear thaV, ={2i —1,4,6n-2 + 1, - 2 +
2},1<i<3n/2 (nis even) and ¥i < (3n+ 1)/2 (nis odd) are orbits of this group under its
natural action. For eaghand each, elsen is odd and = (3n + 1)/2, we have:
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2(X3n—2i +1 + X3n—2i+2 + X3)’ i=3k-1

+Xx), otherwise

O
W(Vi,x):{

2(X3n—2i 1, X3n—2i+2
v 3

Whenn is odd andi = (3n+1)/2, W(V(3n+1)/2,X) =2X~. The result is now an immediate

consequence of Theorem 2. [

By applying Corollary 1 of Theorem 2, the modifiedViener and modified

hyper-Wiener indices of linear chains can be computeidlisys:

O §n3+3—23n2—3n; niseven,
W(LPhy) =
§n3+5n2+6n; nisodd,

0 §n4+§n3+§n2—3n; nis even,
WW(LPh,) =

204,200, 202 2L s odd.
2 2 2 2

3.2. Linear polyphenylene chains

Any of numerous polymers in which the basic buiddiblock is a phenylene is called a
polyphenylene. In fact, a polyphenylene is a grapktained from a hexagonal cactus by
expanding each of its cttertices to an edge. Here, a cactus graph is aecteoh graph in
which no edge is contained in more than one cyladlesuch graphs, each block is either a
cycle or an edge. If all blocks of a cactus gr&hre cycles of the same siag thenG is
called arm~uniform cactus graph. A hexagonal cactus is@n@orm cactus.

An internal hexagon in a polyphenylene is calleth@thexagon, metehexagon, or
para-hexagon, Figure 3, if its cutertices are at distance 1, 2 or 3, respectivélil internal
hexagons in a polyphenylene chain are of the sampe, tsay ortho, the chain is an
ortho-chain. The metaand parachains can be defined analogously, Figure 4. Wetdesn
ortho-, a meta and a parechain of lengtm by OP,, MP, andLP,, respectively. We refer the
interested readers to [2] for some results onttpi.

oYele

Figure 3. Ortho-, meta- and parapositions of atoms in benzene.
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2 3 8 9 6n-4 6n-3
. \
/ \
6 7 2/ \, 605
1 6n
NP )
\ /
\ /
\ /
\ /
4 5 10 11 6n-2  6n-1

Figure 4. Parapolyphenylenes chaifP,.

Supposd is a group with subgrougs andK such thaH is normal inl, H n K=1
and/" = HK. Then we say’is asemi-direct product of H by K and writeG = H:K.

Theorem 5. Let n > 1 be a positive integer. Then the modified Wienelypomial of

para-polyphenylenes is equals to

3nx(x4n+4 + X2 50 L8 (n+Dx* +(n-Dx2 - (n +1))
O 6_ 4,2 '
W(PP,,x) = X —x_+x -1
" 3nx(2x4r1+4 x4 x4172 344 o xE - + (n-2)xP - n)

x8—x*+x2-1

niseven,

, hisodd.

Proof. The molecular graph of a paflyphenylenes is of the shape shown in Figure 4.
Supposen; = (6i — 4,6 —2)(6i - 36i — 1)1<i<n. Then one can easily prove that allpare
graph automorphisms.

Casel: niseven. For each, <¢;> 0Z, and therefore the direct product of these groups
is a normal subgroup @ut(PP,). On the other hand, there will be another aut@hiem< of

order 2 and the automorphism groupR#, is the semi-direct produgZ, x---xZ5):<T1>,
where <7>CZ, . In fact, 7= rl?iiyjnjnjyj/]jpj, where y; = (6i - 56n-6i),
nj = (6 —46n-6i +3), nj = (6i - 36n-6i +2), Hj = (6 -26n-6i +5),
Aj = (6i-16n-6i +4) andp; = (6i 6n—6i + 1).

For 1<i <n/2, the orbits of vertices ah&; -3 = {6i = 5, G — 6i + 6}, V4i-2 = {6i — 4,
6 —2, 60— 6i + 3, 01— 6i + 5}, Va1 = {6 -3, 6 — 1, @ — 6i + 2, @ — 6i + 4} andVy = {6i,
6n - 6i + 1}. Then for anyi we have

}X4n—2i+1 K = 4t + 14t

v 2
WV, X) = .
X2+, % x2  otherwise

The result follows from Theorem 2.
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Case Il: nis odd. ThenAut(PP,) has a subgroupl such thatH is the semi-direct
product K:<w>, where <w>LCZ,, wzxn(j':ll)/zyjr]jnjuj)\jpj,
X =@n-23n+3)(3n-13n)(3n+13n+2) and

K = <01 >X<0j >x~--x<a(n_1)/2 >x<u(n+3)/2 >X.X <0 >,

Therefore, Aut(PR,) L <d(n+1)/2 >*H . For 1<i < (n-1)/2, the orbits of the automorphism

group on vertices are as in the case |. Note Wat, = Vanz andVanes = Von. Then for anyi,

we have:
0 1X4n—2i +1’ k =4t +14t
W(Vk,X)= 2_2. 1.1 5
x4t +EX , otherwise
Now, the result is an immediate consequence of fEme@. [ ]

By Corollary 1, the modified Wiener and hyp&iener indices of linear chains can

be computed and so

] 3 2. :
18n” +6n<; niseven,
W(PR,) =11 70 .
18n° +6n“+3n; nisodd,
and
0 24n4+9n3+§n2; nis even,
WW(PPR,) = 2

24n% -1503 —%Snz +3n; nisodd.

Figure5. Ortho-polyphenylene chain QP

Theorem 6. Let n > 1 be a positive integer. Then the modified Wiepelynomial of

ortho-polyphenylene is equal to
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3nx

O 2 _
W(OR,, ) =1 % 1

x2 -1

(3x4n +x2HA A o3 2 _ox +1) nis even,

(3x4” +x2NFTA 22 20,6 08 —2x—2) nis odd

Proof. The molecular graph of polyphenylene is depicteffigure 5. There ane hexagons
such that theé-th hexagonj = 1, ...,n, is joined to the next and the previous one bgdge.

The automorphism group @P, is generated by automorphisms= (1,5)(2,4),02 = (6n -
1,6n — 3)(6n,6n — 4) and S = |_|i3210’6n_i +1) . Therefore Aut(OP;,) is isomorphic to
dihedral group of order 8.
Supposéy = {i, 6n-i+1}. There are B — 2 orbits ad/; = As, Vo = AJ0A;, V3 = AsLA,,
y 2n+1 2 I 2n-1 2
Vi = Az andi < 3n-2. Then,W(Vp, X) = 4x“" +2x°, W(V3,x) = 4x" ™+ 2x= and for

other values, exceptn is odd and 6-4 <i < 3n-2,
2n-4k+3 iz6k-7
2n—-4k+5 i=6k-6

X X X

O 2n-4k+7 ; _
_ i=6k-5
W(\/I 7X) - 2n-4k+5 i=z6k—-4

2n-4k+3 i=6k-3

X X X

2n-4k+1 i=z=6k-2

O n] O
and ifnis odd thenW(V3n_4,X) =W(V3n-2,X) = X, W(V3_3,X) = xS

Now, the result is an immediate consequence of fEme@. [

Apply Corollary 1, the modified Wiener and hyp®/iener indices of linear chains

can be obtained as:

O 3 2 . -
36n° +12n“ +9n; niseven,
W(LPh,) = 3 2 )
36n7 +18n<; nisodd,
and
48n* +30n% +27n +150; nis even,

m]
WW(LPh,) =
" {48n4 +36n° +36n% +24n; nis odd.



Figure 6. Meta—polyphenylene chaiVP,,.

Theorem 7. Let n > 1 be a positive integer. Then the modified Wiepelynomial of a
meta-polyphenylene is equals to

. %(x3”+2+x3“+2x3—x2—2x—1) nis even,

W(MP,, %) =1 %, 1

(Xsn+2Jr 3n

> -x° +x —2x) nis odd
X< -1

Proof. The molecular graph of a polyphenylene is depiateigure 6. There ane hexagons
such that thé-th hexagonj = 1, ...,n, is joined to the next and the previous one bedge.

The automorphism group &P, is generated by automorphisias= (1,3)(4,6),a2 = (6n —
1,6n — 3)(6n,6n — 4) and B = I_lI l|¢6k( 6n—|+1)|_|[(n l)/2]( 6n—i+6) . Therefore

Aut(MPy) is isomorphic to dihedral group of order 8.

For anyi, (1<i<3n), letA ={i, én-i} if i # 6k andA = {i, 6n—i + 6} if i = 6k, and if
nis odd then for = 3n + 1 letAgn1 = {3n + 3}. ConsideV: = Ay, Vo = A0 As, Vs = A0 As
and for other values of V; = Ai.». If nis even then, there ar@ 3 2 orbits and in other case

there are 18- 1 orbits.

0 O 0
Therefore, W(V;,X) = X3, W(V,,%) = 31 +2x2, W(V3,x) = 4x3" 72 +2x2,

O
W(Vy,X) = x3”_5, and for other valueis exceptnis odd and 8- 4<i < 3n- 2,

X372 =gk -1
X3n—i+l |:6k
W =] £ =k
i=6k+2
X312 j-pk+3
AL =6k + 4
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O n] u]
and ifn is odd thenW(V3q_2,X) =W(V3,-1,X) =0 andW(V3,-3,X) = X2,

Now, the result is an immediate consequence of fEme@. [ ]

To calculate the modified Wiener hyp#viener indices of linear chains, it is enough
to apply Corollary 1. We can see that

%n3 +9n2+12n; niseven,

0
W(MR,) =
278 19n2 -2 nisodd,
2 2
and
0 §n4+821n3+12nz+18n; nis even,
WW(MR,) =
274 83 hon2 J B s odd.
2" " 4

4. Conclusions

Finally, we compute different derivatives of the dified Wiener polynomial to extend
the main results of [15] to the modified Wienerémd To do this, we assume thatis a
positive integer. Then

1.0
d™ xMW(G, x)
N 1
wmgy==—~ 7

nl dx™
x=1

) ] ) ] O O 0, O
is a graph invariant with propertieg/ ( )(G) =W(G ade( )(G) =WW(G ). Form= 3 we

have:

W O(@) =ww(G) - W(G)+'V(G)I > Ydgw)?
L2171 e gor

which is related to the definition of TrateBtankevickZefirov index T'SZ index for short)

0 O
[17,9] and so we |eTSZ(G) ::W(3)(G ) We assume thah is a positive integer. The

n"—order modified Wiener index @& is defined as:
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n 0
d"W(G,x)

u]
"W(G) =
dx"

x=1

0 0 0 0
Obviously, 'W(G) =W(G ). We show thaw’ (™(G and "W(G ) can be calculated without

the use of the modified Wiener polynomial.
Define the modified distance moments of a gréps

v%k(e)zlv(e)lz > d(u,g)*,
2|F| gOr uv(G)

wherek is a positive integer. Then, we have:
0 0 0 O 0 0 O 0 0
W(G) =W1(G); WW(G) = 1/2W1(G) + 1/2W2(G); TSZ(G) = 1/3W1(G) + 1/2W2(G) + 1/6W3(G)-

Let )=t (t—1)...(t—-n+1) and 0 =t (t + 1)...¢ + n - 1). The Stirling numbers of
the first kind s(n,k) and the unsigned Stirling numbers of the firsddkic(nk), are the

coefficients in the expansion8.(and €)™, respectively.
Theorem 8.

0 0
1) For any positive integar, we havew (”)(G) =;(Zgzlc(n, k)Wk(G)],

0 |
2) For any positive integarand 1< n < d(G), we have"W(G) = Zzzls(n, K)\Wk(G),

The Stirling number of the second kir§{n,k), is the number of partitions of {1, ...,
n} into k non-empty parts. It is well-known thét = ZE=1S(”' K)(t), . A similar argument as

in [15] shows that the following result holds.

Theorem 9. For any positive integer,

n k
v%n(G)=ZS(n,k)d (

]
W(G, X))
k
k=1 dx

x=1
The number of-permutations of a collection sfdistinct objects is denoted B(s;r).
This number is equal to 0 where s and otherwis®(s,r) = sl/(s—)!. Obviously,P(sr) = ().

0 O
In the following theorem the quantiti®¥ M and"W are computed.
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Theorem 10. Supposés is a graph. Then,

0
1) W(”)(G):rl]l[ d'a”KG) P(n+k- J,n)d(G k)J wheren is a positive integer,

2) "W(G) = > bk, n) d(G.K), where 1< n < diam(G).

Theorem 11. If 1 < n< d(G), then:

01 ed©-n(-D¢ k"W, X))
dGm =30 X Lk

In this paper some new modifications of the modifi#&iener index are presented.
Also, it can be proved that if we define:

1 (-~
Pk =11 T O<ksn '
0 Otherwise

then we have the following orthogonality relations:

> P(nK)pk,m) =4, and)" p(n k)P m=3,,.
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