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Abstract

Let G be a simple graph with order n and pj,pa,. .., u, be the roots of its matching
polynomial. The matching energy of G is defined to be the sum of the absolute values of
ui (1 =1,2,...,n), which was proposed by Gutman and Wagner. Referring to graphs with no
even cycles as odd-cycle graphs, denote by O, the class of odd-cycle graphs of order n, and
On,m the class of graphs in O,, with m edges. Especially, we call the graphs in O, , as unicyclic
odd-cycle graphs. In this paper, we determine the graphs with the second through the fourth
maximal matching energies in O,,,, when n is odd, and establish the graphs with the maximal
matching energy in O, , when n is even. It is interesting that the extremal graphs for matching
energy are of the form P! for some values of £, which are related to the extremal graph (i.e.,
PY) having the maximal energy among unicyclic graphs.

1 Introduction

In theoretical chemistry and biology, molecular structure descriptors are used for modeling
physical-chemical, toxicologic, pharmacologic, biological and other properties of chemical
compounds. These descriptors are mainly divided into three types: degree—based indices,
distance—based indices and spectrum-based indices. Degree—based indices [16,39] include
the (general) Randi¢ index [34,35], the (general) zeroth-order Randié¢ index [22,23], the
Zagreb indices [20,41], the ABC index [19], and so on. Distance-based indices [44] include
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the Balaban index [7], the Wiener index [11] the Wiener polarity index [38], the Harary
index [42] and so on. Eigenvalues of graphs [45,46], various of graph energies [3,8, 9],

the HOMO-LUMO index [33] belong to spectrum-based indices. Actually, there are also

some topological indices defined on both degrees and distances, such as degree distance
[13] and graph entropies [4, 10,29].
In 1977, Gutman [14] proposed the concept of graph energy. The energy of a simple

graph G is defined as the sum of the absolute values of its eigenvalues, namely,
BG) =Y
i=1

where Ay, Ag, ..., A, denote the eigenvalues of G. The theory of graph energy is well
developed. The graph energy has been rather widely studied by theoretical chemists and

mathematicians. For details, we refer the book on graph energy [36] and some recent
references [24,25,37).

Throughout this paper, all graphs under our consideration are finite, connected, and

simple. We first introduce some elementary notations and terminology that will be used
in the sequel. With regard to other notations, the readers are referred to the book [2].

By convention, denote by P,, C,, and S, the path, cycle, and star of order n. 7,
denotes the set of trees with n vertices. The graph obtained by connecting a vertex of Cj
with a leaf of P,_; is denoted by P¢. We refer to graphs with no even cycles as odd-cycle
graphs. Let O, be the class of odd-cycle graphs of order n, and O,,, be the class of
graphs in O,, with m edges. Especially, we call the graphs in O,,,, as unicyclic odd-cycle
graphs. It is easy to get the following property of odd-cycle graphs [31].

Proposition 1.1. For any graph G € Oy, since there are no even cycles in it, any two
cycles in G have at most one common verter. So we haven —1 < m < 2(n —1).

Let G be a graph with n vertices and m edges. A matching in G is a set of pairwise
nonadjacent edges. A matching M is called a k-matching if the size of M is k. Let
m(G, k) denote the number of k-matchings of G, where m(G,1) = m and m(G,k) = 0
for k> | %] or k < 0. In addition, define m(G,0) = 1. Then the matching polynomial of
the graph G is defined as

a(G) = oG, p) = > (=1)Fm(G k) 2.
k>0

In [21], Gutman and Wagner proposed the concept of matching energy. They defined
the matching energy of a graph G as

ME(G) =" |l
i=1
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where p; (1 = 1,2, ...,n) are the roots of a(G, 1) = 0. Besides, Gutman and Wagner also

gave the following equivalent definition of matching energy.

Definition 1.2 ( [21]). Let G be a simple graph, and let m(G, k) be the number of its
k-matchings, k = 0,1,2,.... The matching energy of G is

ME = ME(G) = %/m LR [Zm(G, k)xz"’] dz . (1)

22
k>0
Obviously, by the monotonicity of the logarithm function, formula (1) implies that
the matching energy of a graph G is a monotonically increasing function of any m(G, k).
In particular, if Gy and Gy are two graphs for which m(Gy, k) > m(Gz, k) holds for all
k >0, then ME(G,) > ME(G>). If, in addition, m(Gy, k) > m(Gs, k) for at least one
k, then ME(G) > ME(G;). Thus, we define a quasi-order > as follows: If Gy and G»

are two graphs, then

G1 = Gy <= m(G1,k) > m(Gq, k) for all k. (2)

If G1 = G, we say that Gy is m-greater than Gy or Gy is m-smaller than G1, which is
also denoted by Gy < G1. If G; = G5 and Gy = G4, the graphs G; and G5 are said to
be m-equivalent, denoted by G ~ Gy. If G; = G, but the graphs G; and G5 are not
m-equivalent (i.e., there exists some k such that m(Gy, k) > m(Ga, k)), then we say that
Gy is strictly m-greater than Gy, and write G > Go. If neither G; > G5 nor Gy > Gy,
then the two graphs G; and G, are said to be m-incomparable and we denote this by
G1#Gs.

According to Egs.(1) and (2), G = G = ME(G,) > ME(G3) and G; > Gy =
ME(Gy) > ME(G»).

In [21], Gutman and Wagner pointed out that the matching energy is a quantity of
relevance for chemical applications. They arrived at the simple relation:

TRE(G)=E(G) — ME(G)
where TRE(G) is the so-called “topological resonance energy” of G. On the chemical
applications of matching energy, for more details see [17].

As the research of extremal energy is an amusing work, the study on extremal match-
ing energy is also interesting. In [21], the authors gave some elementary results on the
matching energy and obtained that ME(S}) < ME(G) < ME(C,) for any unicyclic
graph G of order n, where S is the graph obtained by adding a new edge to the star

Syp. In [28], Ji et al. characterized the graphs with the extremal matching energy among
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all bicyclic graphs, while Chen and Shi [6] proved the same extremal results for tricyclic
graphs. In [5], Chen et al. characterized the graphs with minimal matching energy among
all unicyclic and bicyclic graphs with a given diameter d. For some more extremal results
on matching energy of graphs see [32,43].

In [31], the authors studied the extremal skew energy of digraphs with no even cycles.
Motivated by this, we investigate the extremal values of matching energy of unicyclic
odd-cycle graphs. In this paper, we determine the graphs with the second through the
fourth maximal matching energies in O, ,, when n is odd, and give the graphs with the
maximal matching energy in O, , when n is even.

One of the most interesting things is that the extremal graphs for matching energy in
this paper are P! for some values of ¢, which are related to the extremal graph (i.e., PS)

having the maximal energy of unicyclic graphs (see [1] and [26]).

2 Preliminary

In this section, we list some previously known results that will be needed in the next two

sections.

Lemma 2.1 ( [12,15]). Let G be a simple graph. Then, for any edge e = uwv and

N(u) = {vi(=v),va,...,v}, we have the following two identities:
m(G, k) = m(G—uv,k)+m(G—u—v,k—1) (3)
¢
m(G, k) = m(Gfu,k’)+Zm(G7u71/i7k71). (4)
i=1

According to Eq. (4), we get m(P,UG, k) = m(G, k) directly, where G is an arbitrary

graph and P, is an isolated vertex.

Lemma 2.2 ( [5]). Let G be a simple graph and H be a subgraph (resp. proper subgraph)
of G. Then G = H (resp. = H).

Lemma 2.3 ( [30]). Let n, £ be positive integers, n > £ > 3. Denote by Uy, the set of

unicyclic graphs with n vertices and a cycle of length €. Then for any graph G € Uy,
ME(P,) > ME(G)
with equality if and only if G = P

In fact, the authors in [30] proved that P! = G for any G € Uy, \ {P*}.
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Lemma 2.4 ( [14,28]). In regard to the quasi-order =, we have the following ordering:
P,-PUP, s - P UP, 4>--->=PsUP, 3> PUP, 1.

Lemma 2.5 ( [18]). Let Hy and Hy be two graphs. If Hy = Hs, then H UG = Hy UG,

where G is an arbitrary graph.

Lemma 2.6 ( [21]). If the graph F is a forest, then its matching energy coincides with

its energy.

Lemma 2.7 ( [14,21]). If F is a forest with n (n > 6) vertices, then F' < P,, with F' ~ P,
if and only if FF = P, .

3 Oddn

As we know, O, , is the class of connected graphs with n vertices and n edges that contain
an odd cycle, say Cy, as a subgraph, where 3 < ¢ < n. It is known [21] that among all
unicyclic graphs on n vertices, C,, has the maximal matching energy. When n is odd,
C, € O,,, hence the graph having maximal matching energy in O, , is exactly C, .
In this section, we determine the graphs with the second through the fourth maximal
matching energies in O, , for n being odd. We begin this section with the following

lemma.

Lemma 3.1. Let n > 5 be odd and t be an even integer, where 0 < t < n — 5. Then

n—t n—t—2
Pyt - P .

Proof. When k = 0, then clearly, m(P?~*,0) = m(Py~2,0) = 1. When 1 < k < 271,

then by Eq. (3), we have
m(P ' k) = m(Py, k) + m(P,U Py 9,k — 1)
and
m(P*72 k) = m(Ppn, k) + m(Prya U Pyy g,k —1).

Since n is odd, while ¢ is even, then both ¢ and ¢ + 2 are even, both n — ¢t — 2 and
n —t —4 are odd. Thus by Lemma 2.4, P,UP,_y_5 > P12 U P,_;_4, which implies that
m(PU P42,k —1) > m(Py2U P,_;_4,k — 1). Meanwhile, there exists at least one ko
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such that m(P,UP,_;_ 2, ko) > m(P,12UP,_;_4, ko). Hence m(P* "t k) > m(P? "2 k) for
all k, especially, m(P? ko + 1) > m(P? %2 ko + 1). Accordingly, P*~t = Pr=t-2. O

Remark 1. By Lemma 3.1, we easily see that
Cp =P 2 prty prby  » PPy p3.

In fact, when n is odd, then P"~2 P"~* and P"~% are precisely the second, the third,
and the fourth maximal graphs in O,,, with respect to matching energy. We state the

following two theorems to prove this fact.

Theorem 3.2. Let n > 7 be odd. Then P2 and P"* are the graphs with the second

mazimal matching energy and the third mazimal matching energy in O, , respectively.

Proof. For any graph G € O,,,, with G 2 C,, suppose the girth of G is g(G) = ¢, where
n>7isoddand 3 < <n-—2.

Case 1. If G 2 P72, then by Lemma 2.3 and Remark 1, G < Pf < P"2. With
G ~ P! and P! ~ P"2 if and only if G & P"2 a contradiction. Thus G < P2,
In addition, we have known that C,, = P?~2. Therefore, P"~2 has the second maximal
matching energy in O, ,.

Case 2. If G & P[L‘_2 and G 2 PT’L‘_‘*, then similarly, for 3 < ¢ < n — 4, we have
G = P! < Pr=% With G ~ P! and P! ~ P"~* if and only if G & P"*, a contradiction.
Hence G < P4,

For ¢ =n — 2, since G 2 P2, then obviously G & H; or H, in Fig. 3.1.

By direct checking, it’s easy to verify that H; < P"~* as well as Hy < P"~*. Therefore,
we can always show that G < P?"% Namely, P"* has the third maximal matching
energy in O, since we also have C,, = Pr2 » pr—4,

Combining Case 1 with Case 2, we complete the proof. |

Now we give a supplementary notation and a lemma associated with it, which are
needed in our proof.

Let G be a simple graph, e be an edge of G connecting the vertices v, and vs. By
G(e/j) we denote the graph obtained by inserting j (5 > 0) new vertices (of degree two)
on the edge e. Hence if G has n vertices, then G(e/j) has n + j vertices; if j = 0, then
G(e/j) = G; if j > 0, then the vertices v, and v, are not adjacent in G(e/j). There is a
following result on the number of k-matchings of the graph G(e/j).
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Lemma 3.3 ( [18]). For all j > 0,

m(G(e/j+2),k) =m(G(e/j+1),k)+m(G(e/j),k—1).

Theorem 3.4. Let n > 9 be odd. Then P % is the graph with the fourth mazimal

n
matching energy in O,, for n > 11, and Hgy is the graph with the fourth mazimal

matching energy in Ogg, where Hgq is shown in Fig. 3.1.

Proof. For any graph G € O,,,, with G 2 C,, let the girth of G be ¢(G) = ¢, where n > 9
is odd and 3 < ¢ < n — 2. Suppose that G 2 P2, G % P"*, and G 2 P75,

If 3 < ¢ < n — 6, then similar to Case 1 in Theorem 3.2, we get G < Pﬁ‘ﬁ.

If ¢ =n—2, ie, G = H or Hy, then by simple calculation, we also get H, < P7~°
and H, < Pr=5.

If ¢ =n—4, then G = H; (i = 3,4,...,20) in Fig. 3.1.

Case 1. When G = Hz and n = 9, then

m(Hs, k) = m(T,k)+m(PsU P k—1)+m(Ps, k—2)

m(Pr 0 k) = m(Py,k)+m(PsU Py, k—1)+m(PU Py, k —2)
Hy

@YC.:“.W.K”*
%@;ﬁq

Hio
U
o—o o—o
o &
o oy
o, b
Hig Hia Hu
y
. ol el ol ,
o o
o
o Lo
His Hzn

N
B Hso

Figure 3.1: The graphs needed in the proof of Theorem 3.2 and Theorem 3.4.
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where T} € Tg. Hence m(Hs, k) < m(P"= 8 k) since m(T1, k) < m(Py, k) and m(Ps, k —
2) < m(PyU Py, k—2). Moreover, m(Hz,4) < m(Pr5,4) since m(Ps,2) < m(PU Py, 2).
Therefore, Hy < P75 for n = 9.

Case 2. When G = Hjz and n > 11, then

m(Hg,k) = m(Tg,k)+m(Pn,6UP37kf1)+m(Pn,67k72)

m(P* 5 k) = m(P.,k)+m(P, gUPs,k—1) +m(P,_gU Py, k—2)

where Ty € T,. Since n > 11, then m(T3, k) < m(Py, k), m(Pn—e U P3,k— 1) < m(P,_sU
Ps, k—1), m(P,_¢, k—2) < m(P,_sUP;, k—2). Which imply that m(Hs, k) < m(P"5 k).
Furthermore, since Ty 2 P,, there exists some ko such that m(T5, ko) < m(P,, ko). Thus
m(Hs, ko) < m(P"5 ko). It follows that Hy < P"=6 for n > 11.

Case 3. If G & Hy, similarly, then we can show that G < P"=% for n > 9.

Case 4. If G = H; (i =38,9,...,20), then one can check that there always exists some
pendent edge of G, say xy, such that z is in the unique cycle of G (see in the figure). Take
an edge zz of the unique cycle, such that G —xz =T3(€ T,,) < P, and G —z —z < P,_3.
Then

m(G, k)
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In addition, since G —zz < P,, there exists some ko such that m(G —xz, ko) < m(Py, ko).
That is, m(G, ko) < m(P*5 k). Hence G < P75,

Case 5. We now only need consider the cases for G = H,, Hs or Hg. For the graph
Hg, let the two 3-degree vertices be x and y, respectively. Suppose that the number
of vertices in the unique cycle between = and y is ¢, where 0 < ¢ < L%j Then it’s
obviously that Hg arrives at the maximal matching energy if and only if t = 0 (i.e., Hg
has larger matching energy when ¢ = 0 than that when 1 < ¢ < L%j) Hence in the
sequel, whenever we mention the graph Hg, it implies that ¢ = 0. Accordingly, it’s easy

to check that Hg > Hjs. Simultaneously, since

m(He, k) = m(Pr=y U Pa, k) +m(Po_s, k — 1) + m(Po_s, k — 2)
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whereas
m(Hy, k) = m(Pr=y U Pa, k) +m(Po_a,k — 1) +m(Po_g, k — 2)
then Hg > Hy as B,_5 = P,_s. Consequently, it suffices to compare P"~5 with Hg .

By the definition of G(e/j), P? 5 = P3(e/n —9) and Hg = Hgo(e/n — 9), where
Py and Hgy are depicted in Fig. 3.1. In [6], we have shown that o(G(e/j + 2),2) =
za(G(e/j + 1),x) — a(G(e/j),x). That is, both a(P? % z) and a(Hg,) satisfy the
recursive formula

fnyx)=xzf(n—1,2) — f(n—2,2).
The general solution of this linear homogeneous recurrence relation is

f(n,z) = Ci(z)(Vi(2))" + Co(a) (Ya(@)"

where Yi(z) = ”7\/2@7 Ya(z) = @7 with Yi(z) 4+ Y2(z) = 2 and Y (2)Ya(z) = 1.
We obtain the values of C;(z) (i = 1, 2) as follows.
By simple calculations, we get:
m(P3,0) =1, m(P3,1) = 9, m(P3,2) = 26, m(P?,3) = 26, m(P3,4) = 6, m(P3,k) = 0
for k > 5;
m(Ph,0) = 1, m(Ph,1) = 10, m(PL,2) = 34, m(Ph,3) = 46, m(P,4) = 22,
m(Pl,5) = 2, m(Py, k) = 0 for k > 6;
(Hs0,0) = 1, m(Hgo,1) = 9, m(Hs0,2) = 25, m(Hso,3) = 25, m(Heo,4) = 7,
(He,k) =0 for k > 5;
(
(

3

3

m(Hgp(e/1),0) = 1, m(Hgo(e/1),1) = 10, m(Heo(e/1),2) = 33, m(Hgo(e/1),3) = 43,
m(Hgp(e/1),4) = 20, m(Hgp(e/1),5) = 2, m(Hpo(e/1),k) =0 for k > 6.
Thus, the initial values are:
a(Pdz) = 2°— 92" +262° — 262° + 62
= (@) (Vi(2))° + Cala)(Ya(a))?
a(Ph,z) = 2% —102% + 342° — 462" 4 2227 — 2
= Ci(x)(Vi(2))"" + Co(@) (Ya(x))"
2? — 927 + 252° — 252° + T
= Ci(a)(V1(2))” + Cy(x)(Ya(2))°
10— 102% + 332° — 432" + 202° — 2
= Ci(a)(Vi(2)"" + (@) (Ya(x)) ™.

a(He, )

a(Heo(e/1),x)
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By solving the above equalities, we get

Ci(z) = ((32((1;))107:6)(_5/102(])3)5 @)
-t
Namely, a(Pp~%,x) = C1(x)(Y1(2))" + Cao(2)(Ya(x))" and a(Hs,x) = Cj(x)(Ya(2))" +

Cy(a) (Va(a)".

Similar to the calculation in [6], we have

ME(P,™) - ME(Hy) = = / 76”(5836 5)”)
- 2 [T Qe s O,
7)o Ciliz) (Yi(iz))" + Cylir) (Yali))"

where i = —1, Y, (iz) = 74”72* i and Ya(iz) = 2= ;2“2'.
We now define Z;(z) = —iVi(z) = ¥ and Z,(z) = —iYs(z) = &VEH e,
Yi(iz) = iZy(x) and Ya(ix) = iZ(x). In addition, we set

fi = da(Piz) = —2° — 927 — 262° — 262° — 62
fo = (P, iz) = —2' — 102® — 3425 — 462" — 2207 — 2
g = ia(Hgg,iz) = —2° — 927 — 252° — 252% — 7w

g = alHso(e/1),ix) = —2' — 102® — 3325 — 432* — 2027 — 2.

It follows that

Ci(ix) = ,(Z](mﬁg()(%@%ul)
Colir) = _(22(353()(]22&])6;%1)
Cilir) = 7(21(355()(‘95;53”1)
Ch(iz) = _(Zz(fi)(f()(q;;gl)ul)
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When n is odd, since Y;(iz) - Ya(iz) = 1, Zi(x) - Za(z) = =1, Z1(z) + Za(z) = x, and
Zl(il?) — Zg(l’) =V 2 + 47

Gy (i) (Y1 (ix))" 2 + Co(iz) (Ya(iz))"2 | Ciix)(Yi(i))" + Colia) (Vs (iw))"
Ci(iw)(Yi(iw))"+? + Cy(ix) (Ya(ix))" 2 Cpiz) (Vi (i) + Colia) (Ya(iz))"

In

=In (1 + szl(’ff}ﬂ))

where
Ko@) = (Cili)Cylin) - Coli)Ci(i) ) ((i(G))? — (Y(i))?)
= (fog1 — fig2)z
= 2" 41221 4+ 52210 4+ 1022% 4 9225 + 322 + 222
and
Ho(n,z) = (01 i) (Y1 (iz))" + Coliz)(Ya(iz))" ) .

(C’ (Vi (iz))"*? + O (zx)()@(w))””)
(P8 ix) - a(Hg(e/2), ix)

Em(PP=C, k) (i)™~ z’“) .
k>0

’I7l H6 6/2 )( )(n+2)2k>
k>0

= ( Zm (Pr=% k)™ 2’“) (i””Zm(Hﬁ(e/Q),k)x("”)Qk)

k>0 k>0

Zm (Pr=% k)™ 2’“) <Z m(Hﬁ(e/Q),k)x("”)?k).

k>0

Obviously, Ko(z) > 0. Moreover, Hy(n,z) > 0 since z > 0, m(P" 5 k) > 0 and
m(Heg(e/2),k) > 0 for all k. Hence £ ‘(’ > 0, which deduces that ln( HK‘(’,(LTZ)> >

In1 = 0. That is,

1 Coli) ()" + Colia) (Yali))" | C (i) (Yi(i))" + i) (i) "
(i) (Vs (i) "2 + Cyli) (Yalia) 77~ C) (V4 (i) + Ci) (Va(i)) ™

Thus, when n > 11,

oo n—6 ;.. o] 5 s
/ lnia(P" iu)dwz/ lnia(Pu’m)‘ dx.
o a(Hg,ix) o a(Hgp(e/2),ix)
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By computer-aided calculations, we get M E(PP)) = 13.74411 and M E(Hgo(e/2))
= 13.72523. Then
o Py, i) T 5
In———————dex = - |ME(P,) — ME(H 2))| > 0.
f e = 5 AR ~ ME(Hua(c/2)]

It follows that [;°In %dm > 0. Namely,

oo n—6
ME(P™ ) — ME(Hg) = %/U In %dm > 0.

Therefore, M E(P?~%) > M E(Hg) holds for odd n with n > 11. Consequently, combining
with Remark 1, we prove that the graph P"~¢ has the fourth maximal matching energy
in Oy, for odd n with n > 11.

On the other hand, when n = 9, by computer-aided calculations, we get ME(P)
= 11.12709, M E(Hgp) = 11.14211. Then ME(P§) < ME(Hgp). Hence, according to
Cases 1-5 and Theorem 3.2, when n = 9, the graph Hg has the fourth maximal matching
energy in Ogg.

By this, the proof of Theorem 3.4 has been completed. O

4 Evenn

The aim of this section is to discuss the case of even n. The section starts with a result
analogous to Lemma 3.1, followed by characterizing the graphs with maximal matching
energy in O,,, when n is even. Moreover, a good property about the ordering in Remark

2 is also obtained.

Lemma 4.1. Let n > 6 be even and t be an odd integer with 1 < t < n — 5. Then
Pt < Pt for 1 <t < "774; Pt o~ P2 for = "T"‘; pret - prt=? for

rd <t <n-5.

Proof. For 0 < k < 3§, we have
m(P* k) = m(Py, k) +m(P,U Py_y_o,k — 1)

and

m(P*72 k) = m(Pn, k) + m(Prya U Pyy g,k —1).

Since n is even but ¢ is odd, then ¢, t+2, n—t—2, n—t—4 areallodd. If t <nm—t—2
and t+2 <n—t—4, namely, t < ”T’G, then by Lemma 2.4, BLUP, ; 2 < PyoUP, ;4.
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ft<n—-t—2t+2>n—-t—4andt <n—t— 4, namely, —6 < t < 2= then
PUP,_ 9 R PoUP, 4 ft<n—-t-2t+2>n—-t—4andt>n—-t—4, namcly7
24 <4 <22 then BUP, 42> PyoUP, g Ift>n—t—2and t+2>n—1—4,
namely, ¢t > "; ,then BLUP,_; 92 > PyoU P, 44 Insummary, if 1 < ¢ < %7
then P U Py_y—y < Pra U Py, Ift = 5% then P, U Py = Prup U Pyyy. If
4 <t <n-—5 then BbUP, 5> P oU P, ;4 This yields P** < P"'~2 when

1<t<2zd prot~ Prt=2 when t = 254, and P77t = Pr'2 when %52 <t <n —5.

This completes the proof. O

Remark 2. According to Lemma 4.1, we know that
Pt < Pt < Pt < < PEY < BT < B - P - BT e P
P> = P3 for n =0 (mod 4),
and
Pt < Prd i 2 < PE P S PR AR =PI - P
PT = P35 = P3 for n =2 (mod 4).

Bearing in mind Lemma 2.3, and making full use of the above remark, the next

theorem follows immediately.

Theorem 4.2. If n =0 (mod 4), then the graph with mazimal matching energy in O, ,
is P2t If n =2 (mod 4), then the graphs with mazimal matching energy in O, , are

P and PET

In addition, in connection with the ordering in Remark 2, we find that P! ~ Pr=t+2,
Proposition 4.3. Let n be even and t be odd with 3 <t <n —1. Then P! ~ Pr=1+2,
Proof. For all k > 0, on the basis of Eq. (3), one obtains that

m(PLE) = m(Pyk) +m(P_sUP,_,k—1)

m(P*2 k) = m(Pu,k) +m(P_aUP, ;,k—1).

Apparently, m(P?, k) = m(Pr"2 k) holds for all k, which implies P! ~ Pr=t2, O
Similar to the case of n being odd, when n is even, with respect to matching energy,
we can apply the same method to consider the second maximal graph, the third maximal

graph, and so on.
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5 Summary

In this paper, when n is odd, only the first four maximal graphs with regard to matching
energy have been taken into account. Actually, we conjecture that the graphs P! are the

second through the (EJ /2 + 1)-th maximal graphs when the odd integer ¢ ranges from

n—2to [%1 Verifying this claim will be one of our tasks in the future.
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