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Abstract

In [Z. Chen, M. Dehmer, Y. Shi, H. Yang, Sharp upper bounds for the Balaban index of
bicyclic graphs, MATCH Communications in Mathematical and in Computer Chemistry, 75
(2016) 105-128.], the authors gave sharp upper bounds on Balaban index and sum-Balaban
index for bicyclic graphs. We find that there are some flaws in this paper, and that there
exists bicyclic graphs which having greater Balaban index and sum-Balaban index than
what are claimed by Chen at al. In this paper, we amend the upper bounds of Balaban
index and sum—Balaban index for bicyclic graphs, and characterize the bicyclic graphs which
attain the new bounds.

1 Introduction

Let G be a simple and connected graph with [V(G)| = n and |E(G)| = m. Let
Ng(u) be the neighbor vertex set of vertex w. Then dg(u) = |Ng(u)| is called the
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degree of u. The distance between vertices v and v in G is denoted by dg(u,v), and

Dg(u) = Z dg(u,v) is the distance sum of vertex u in G.
veV(G)
Let G be a graph and () £ U C V(G). The subgraph with vertex set U and edge set

consisting of those pairs of vertices that are edges in G is called the induced subgraph

of G, denoted by G[U]. For any vertex v € V(G), we define Dg(v,U) = ZdG(v, u).
uelU
The cyclomatic number p of G is the minimum number of edges that must be

removed from G in order to transform it to an acyclic graph. It is known that
p=lE@G)|-|V(G)|+l=m—-n+1
The Balaban index of a simple connected graph G is defined as
J(C) L o —
ptl weE(G) De(u)Dg(v)

It was proposed by Balaban in [1,2], which is also called the average distance sum
connectivity or J index. It appears to be a very useful molecular descriptor with
attractive properties. In 2010, Balaban et al. [3] also proposed the sum-Balaban
index SJ(G) of a connected graph G, which is defined as

m 1
(e S —
p+1 uveXE%G) DG(U) + DG(U)

Balaban index and sum—Balaban index were used in various quantitative structure-
property relationship (QSPR) and quantitative structure activity relationship (QSAR)
studies. It has been shown that Balaban index has a strong correlation with the
chemical properties of the chemical compound and other topological indices octanes.
Mathematical properties of Balaban index and sum-Balaban index can be found in
[3-13].

A bicyclic graph G is a connected simple graph which satisfies | E(G)| = |[V(G)|+1.
There are two basic bicyclic graphs: oco-graph and #-graph. More concisely, an oo-
graph, denoted by oo(p, ¢,1), is obtained from two vertex-disjoint cycles C), and C,
by connecting one vertex of C, and one vertex of C; with a path F; of length [ — 1
(in the case of [ = 1, identifying the above two vertices); and a 6-graph, denoted by
6(p,q,1), is a union of three internally disjoint paths P41, Pyy1, Prs1 of length p, g, 1

respectively with common end vertices, where p, ¢, > 1 and at most one of them is
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1. Observe that any bicyclic graph G is obtained from an oo-graph or a #-graph Gy
(possibly) by attaching trees to some of its vertices. We call Gy the kernel of G.

Do
U1 v
... P,
u . l+1 v
P
oo(p, q,1) o
0(p,q,1)

Figure 1.1 oo-graph and #-graph

In the recent paper [3], sharp upper bounds for Balaban and sum-Balaban indices
were given for bicyclic graphs. We find that there are some flaws in this paper, and
that there exists the bicyclic graph which has the bigger Balaban index and sum
Balaban index than earlier claimed.

In this paper, we amend the upper bounds for the Balaban and sum-Balaban
indices for bicyclic graphs, and characterize the bicyclic graphs which attain the new
bounds. In Section 2, we introduce some useful graph transformations, and research
the changes of Balaban index and sum—Balaban index of a bicyclic graph after these
transformations. In Section 3, we obtain upper bounds for Balaban index and sum—
Balaban index for bicyclic graphs, which are better than the upper bounds of [3], and
characterize the bicyclic graphs which attain the bounds. In Section 4, we give some

examples to show that there are flaws in the paper [3].

2 Some useful graph transformations

In this section, we introduce some useful graph transformations.

2.1 Edge-lifting transformation ( [4,5])

Let G; and G5 be two graphs with n; > 2 and ny > 2 vertices, respectively. If G is
the graph obtained from G, and Gy by adding an edge between a vertex g of Gy and
a vertex vg of G, G’ is the graph obtained by identifying uy of Gy to vg of Gy and
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adding a pendent edge to ug(vp), then G’ is called the edge-lifting transformation of

G (see Figure 2.1).

wWo

G G

Figure 2.1 The edge-lifting transformation

Lemma 2.1 ( [4,5]). Let G’ be the edge-lifting transformation of G. Then J(G) <
J(G), and SJ(G) < SI(G).

Denote B, by the set of all bicyclic graphs of order n. By Lemma 2.1, we can
verify that if B € B, attains the maximum Balaban index and sum-Balaban index
of all graphs in B, then the following two conditions hold.

(C1) The kernel By of B is co(p, g, 1) or 6(p, q,1);

(C2) The graph B is obtained from By by attaching some pendant edges.

Let n,p, ¢, t be positive integers with 1 <t <p, 1 <t<qgand p+q—t<n. Let
B(p, g,t) be a digraph of order p + ¢ — t as in Figure 2.2, and é(p,q,t) be a digraph
of order n obtained from B(p,q,t) by attaching n — p — g + ¢t pendant edges to its
vertices. It is clear that B(pj q,t) € B,.

Up U1 g
oV, 1 Sy L JT
Ut41 Ut Upgy

Figure 2.2 Graph B(p, ¢, t)

Let n,p, q,t be positive integers. Denote Bn = {B(p7 ¢t | p+qg—t<n1<t<
P+1,1 <t <%+1} In order to determine the bicyclic graph which attains the
maximum Balaban index and maximum sum-Balaban index of all graphs in B, we

just need to discuss the graphs B(p, ¢, t) in B,.
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In the following, we define three new graph transformations.

2.2 Cycle transformation

Let B(p,q,t) € By, where W,, = {w | wv; € E(B(p,q,t)) and dppqn(w) = 1} and
We,| =k for 1 <i < p, and W, = {w | wy; € E(B(p,q,t)) and dp, , »(w) = 1}
and [W,,| =l for t +1 < j < q. If pis even and p > 4, then B'(p,q,t) is the
graph obtained from B(p, q,t) by deleting the edge v,v,-1 and all pendent vertices
of v,, meanwhile, adding the edge v1v,—1 and k,_; pendent edges to v;. If p is odd
and p > 5, then B’(p, g,t) is the graph obtained from Be(p7 q,t) by deleting the edge
UpUp—1, Vp—1VUp—2 and all pendent edges of vy, v,_1, meanwhile, adding the edge viv,_1
and k, + k,_; pendent edges to v;.

We say that 3'(1}, q,t) is obtained from E(p, q,t) by the cycle transformation (see
Figure 2.3).

P ky
S L ki + ky
Up ™ Ug L
. Vp— Do Ug— .
.>' =1 Ca “<~ Cycle transformation
_
Ut+1 Ut Upty

B(p,q,t) (pis even and p > 4)

P 1
D) afp
Up o Uq
v, o Ug
kyp_1d: v, D U 14
p—14: ® Yp-1 : -1 Cycle transformation
% . .
. . Up—1 . uqfll<:
Vg1 Ut Upyq :

Up—2 U Upyq

B(p,q,t) (pis odd and p > 5)

B'(p,q,1)

Figure 2.3 The cycle transformation
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Lemma 2.2 ( [7]). Let z,y,a € R™ such that x > y + a. Then \/%7/ > m,

and the equality holds if and only if v =y + a.

Lemma 2.3 ([11]). Let x1,29,41,y2 € RT such that x1 > y1 and xo—x1 = yo—y1 >

1 1 1 1

Lemma 2.4. Let B = Be(p7 q,t) € B, withp > q and p > 4, and B' = B’(p, q,t) is
obtained from B(p, q,t) by the cycle transformation (see Figure 2.3). Then J(B’) <
J(B).
Proof Let V = {vy,vg,---,0,}, U = {tgs1,uera, - g}y, Wy, = {w | wv; € E(B)
and dg(w) = 1} and [W,,| = k; for 1 < i < p, Wy, = {w | wu; € E(B) and
dg(w) =1} and [Wy,| =1l for t +1 < j < gq.

Case 1. p is even.

We first consider the vertex v, € V(B) \ {v,}. Tt easy to see that

P q
Dg(ve) = Dy(vs, V) + Y Dpg(va,Wo,) + Dy (va, U) + Y Di(vs, Wi
i=1 J=t+1
and
P q
D () = Dy (va, V) + Y Dy (ve, W) + Dy, (va, U) + Y Dy (va, Wi
i=1 J=t+1

From the operation of cycle transformation, note that B[U U Wy, = BUU Wy,
and d(ve, uj) > dpg (v, u5). Thus, Dg(ve, W) > D (v, W, ), where

J

vy € V(B)\ {vp},t +1 < j < g. Then for any vertex v, € V(B) \ {v,},

q q

Dg(vs,U) > Dy (2, U), Y Dp(ve, Wa)) = Y D (02, Wa)) -
j=t+1 J=t+1

Meanwhile, for any vertex v, € V(B) \ {v,},1 <1 <p,

P P

Dy(0s, V) > Dy (0, V), > Dp(ve, W) 2> Dy (02, W)
i=1 i=1

For the vertex v, € V(B) \ {v,}, we have

DB('UI) — DB,(UZ) = [DB(U,E, V) - DB,(ﬂ;E, V)]
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P

+ D Dglve, Wo) = > D (v, Wui)} + [Dp(ve, U) = D (e, U)]

i=1 i=1

+ |:/i DB(UZ:VVW)f i DB'('Uqu,):| >0. (1)

j=t+1 j=t+1
It can be checked directly that
1 1 -
> , where v, € V(B) \ {v,}. (2)
\/DB’(UE)DB'(%) \/DB(/UI)D[}(Uy) !

In what follows, we consider the edges on vertex v, of B: v,vq, vp_1vp, the edges

on v, to W,

Case 1.1. v,v; € E(B).
It can be checked directly that

Dpi(vp, V) = D(v, V)

Il
—
[
S
—_
+
+
]
o |
o
S~
+
S

|
—
[

ZDB/(/UP7WUL)7ZD]§(/UP7I/V/U1) = Z[Dé/(vmmu)7Df3(vpvwvl)} = Z ki

i=1 i=1 i—rs2
D (v, U) = Dg(v,,U)
a q
> Dplv, W) = Y Dyl Wa,).
j=t+1 j=t+1
Then we have
D (vp) — Dg(vy)
P P
=D vy, V) = Dy (v, VI + [ D (05, W) = D~ D0, Wo,)]
i=1 i=1
a a
+[D (0, U) = D0, U + [ D D (v, W) = Y Dy, W)
j=t+1 j=t+1
P »
j=pt2
2
Similarly, we have
P
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Then we have

P
p
Dy (vy) = Dy(vy) = Dp(v1) = Dy (1) = D i+ 5L (3)
=212
Since dg, (vp, v1) = 1, we have
3 p
Dy (o) = Dg(wr) =n=2> 3 kit 5 —1=Dy(v,) = Dglvy).  (4)

j— p+2
=7

P
Let . = Dy (vp),y = Dp/(v1),a = Z ki+§fl. Then z —y=n—2 > a. By

. p+2
=7

Lemma 2.2, we have

1 1 1
5
DDy D) D) T a)  VDa)Dy

Case 1.2. v, 10, € E(B) .
By (1) and (4), we have Dy (v,—1) < Dg(vp-1), Dp/(v1) < Dp(vp). Then

1 1
\/DB”(UP 1 B’ U1 \/D Up— 1 )

Case 1.3. The edges on v, to W,,.
By (1) and (4), we have Dg(v,) > Dg,(v1), Dg(ve) > Dpgi(vs), where v, € W,,.

Then
1 1

VD (1) Dy (v,) \/D vp) Dy (vs)
By (2), (5), (6), and (7), it can be checked dlrectly that

where v, € W, . (7)

1 1
/D (00D 0y /Da(n)Dyloy)’

From the definition of Balaban index, if p is even, we have J(B') > J(B).

where v,,v, € V(B).

Case 2. p is odd.
We first consider the vertex v, € V(B)\ {v,,v,_1}. From the operation of cycle

transformation, noting that B/[U U Wy,] = BlUU Wyl and dg(ve, uj) > dg (vg, uj),
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Dy(ve, Wy;) = Dpi(vg, Wy;), where v, € V/( B)\ {vp,v,_1}, t+1 < j < gq. Then for
any vertex v, € V(B)\ {v,, v,_1}, we have

a q

Dp(v,U) > Dy (0, U) Y Dylvm, W) = Y D (02, W) -

j=t+1 j=t+1

Meanwhile, for any v, € V(B) \ {v,, 1,1}, 1 <i < p, we have

14 14
Df)’(vzvv) 2 DB/(Uzvv)v ZDI?(UZ7WUi) 2 ZDE'(’UMWUL)'

i=1 i=1

Then for the vertices v, € V/(B) \ {v,, v,_1}, we have
Dp(ve) = D (va) - ®)

For the vertex v, v, € V(B)\ {vp, v,_1}, we have

1 1
Dy Dy (5) -~ \/Dp(o)Dslny)

In what follows, we consider the edges on the vertices vy, v,—1 of B: v,v1, vp_1vp,

)

Vp—2Up_1, the edges on v, to W, and v, 1 to W,,_,

Case 2.1. v,v; € E(B).
It can be checked directly that

q q
Z D/ (vp, Wa) Z D (vy, W)
j=t+1 j=t+1
Then
D (vp) = Dp(vp) = kp + 1 (10)

Similarly, we have

Dy(v1,V) = Dp/(v,V)=p—3
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Dp(v1,U) = D, (v1,U)

q q

Z DB(UthJ): Z DB/(ULW%)
j=t+1 j=t+1

P P
ZDB(WMVVW) _ZDB/ Uh vz Z[D 2)1 7;1 DE/(’UhVVvZ)] 2 kp~
i=1 i=1

Then
Dg(v)) — Dy (01) > ky+p—3 > ky+ 1= Dy, (v,) — Dy(uy). (11)

Since d g, (vp, v1) = 1, we have
Dgi(vp) = Dpg(v1) =n—2>ky+1=Dp(v,) — Dp(vp). (12)

Let = Dp,(vp), y = Dgi(v1), a = kp+ 1. Then £ —y = n — 2 > a. By Lemma
2.2, we have
1 . 1 1 R
VD)D)~ v/(Dg () — ) D o) +@) . /Dilp)Der)
Case 2.2. v,_1v, € E(B).
It can be checked directly that

Dg(vp-1) = Dpgi(v1) > [Dg(vp-1,V) = D (v1, V)]

+ [Dp(vp-1, Wo) = D (01, Wo )] 2 p = 34k > ke 11

DB'(vpfl) = Dé/(vp)'

y (10) and (12), we have Dp,(vp—1) — Dp(vp) = Dpi(vp) — Dg(vp) = kp + 1 and
Dg(v,) > Dg,(v1). Then Dy, (vy—1) > Dg(vp) > Dgi(v1). Let © = Dy (vp_1), y =
Dy (v1), a =k, + 1. Then z > y + a. By Lemma 2.2, we have

1 1 1
>

VD (0p-1)Dp(v1) /(D (vp-1) — a) (D \/D (V1)
(14)

Case 2.3. vp_ov,_1 € E(B).

It can be checked directly that Dg(vp—2) > Dp,(vp—2), Dg(vp—1) > Dp (v1). Then
1 1

VD (0p-2)D g (v1) \/D 5(0p-1)

(15)
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Case 2.4. The edges on v, to W, and the edges on v,_; to W, _, of B.

p—1
By (8) and (12), we have Dg(v,) > Dy, (v1), Dg(vs) > Dg,(vy), where v, € W,

Then
1 1

\/DB,(vl CH) \/D vp) D )7

where v, € W,,. (16)

Since D (vp-1) > Dp (v1) and Dy(ve) > Dp (v,), where v, € W,,_,. Then
1 < 1
VD () Dg(va) ~ /Dp(vp-1)Dp ()

By (9) and (13)—(17), it can be checked directly that

where v, € W,,_,. (17)

1 1
/D (v2) D (vy) \/D v:)D(vy)

From the definition of Balaban index, if p is odd, we have J(B’) > J(B). O

, where v, v, € V(B).

Lemma 2.5. Let B = Be(p7 q,t) € B, withp > q and p > 4, and B' = B’(p, q,t) is
obtained from B(p, q,t) by the cycle transformation (see Figure 2.3). Then SJ(B) <
SJ(B.

Proof Let V,U,W,,,W,, be defined as in the proof of Lemma 2.4.
Case 1. p is even.
For the vertices vy, v, € V(B) \ {v,}, by (1), we have

1 1
>
V/Dp(a) + D (vy) ~ /Dy(ve) + Dg(vy)

,where v,,v, € V(B)\ {v,}.  (18)

We following consider the edges on vertex v, of B: UpU1, Vp_1Vp, the edges on v,
to W,

Case 1.1. v, € E(B) .
By (3), we have Dy, (v1) + Dp (vp) = Dg(v1) + Dg(vp). Then

1 1
- . (19)
/Dp () + D (1) /Dglv,) + Dp(v1)
Case 1.2. v, 10, € E(B) .
By (1) and (4), we have Dy, (v,-1) < Dg(vp—1), Dg/(v1) < Dp(vp). Then
1 1
(20)

VD (vp1) + D (v1) \/D vp1) + Dg(vy)
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Case 1.3. The edges on v, to W,,.
By (1) and (4), we have Dy (v1) < Dp(vp), Dpi(ve) < Dg(vy), where v, € W,

17p
Then
1 1

\/D (v1) + Dgi(vz) \/DB’ Up) JFDB/(Um)7

where v, € W, . (21)

y (18)-(21) and the definition of sum-Balaban index, if p is even, we have

SJ(B) > SJ(B).

Case 2. pis odd (p > 5).
For the vertices vy, v, € V(B)\ {v,, v,-1}, by (8), we have

1 1
\/D (V) + Dpi(vy) \/D (vs) + Dpg(vy)

(22)

where vy, v, € V(B)\ {v,, v,_1}.
In what follows, we consider the edges on vertices v,,v,—1 of B: vyv1, vp_1vp,

Up—2Up_1, the edges on v, to W, and v, 1 to W,,_,.

Case 2.1. v,v; € E(B).
By (11), we have

1 1
/Dy (vp) + Dy (v7) \/D (vp) + Dp(v1)

Case 2.2. v, 10, € E(B).
It can be checked directly that Dg(vy—1)— Dy (v1) > kp+1 = Dy, (v,—1) — Dg(vy).

Then
1 1

. (24)
/Dy/(v1) + Dy (vp_1) \/D (vp—1) + Dg(vy)
Case 2.3. vp_ovp_1 € E(B)
Since D (vp—2) > Dpi(vp—2) and Dg(vp—1) > Dp,(v1), we have
1 1
(25)

\/DB,(UP,Q)JrDB, v1) \/D Up—2) + D (v, )

Case 2.4. The edges on v, to W, and the edges on v,_; to W,,,_, of B, ,.
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By (8) and (12), we have Dg(v,) > Dy (v1), Dg(vs) > Dg(vy), where v, € W,,.

Then
1 1

VD (1) + Dy (vy) \/D vp) + Dy (1)7,)7

where v, € W,,. (26)

Since D (vp-1) > Dp (v1) and Dg(ve) > Dy, (vs), where v, € W,,_,, we have
1 1
VDg (v1) + D (v:) \/D (vp—1) + Dp(ve)
By (22)—(27), we have
1 1
VD5 ¥ Dplo) . V/Da(e) T Daley)
From the definition of sum-Balaban index, if p is odd, we have SJ(B/) > S.J (B).

, where v, € W,

Vp—1°*

(27)

where v,, v, € V(B).

O

By repeating cycle transformations, for any graph B (p,q,t) € B, we will get
B(3,3,1) (when t = 1) and B(3,3,2) (when ¢ > 2) from B(p,q,t), where graphs
3(3, 3,1) and l;’(3, 3,2) are defined in Figure 2.4.

B(3,3,1) B(3,3,2)

Figure 2.4 Graphs B(3,3,1) and B(3,3, 2)

Figure 2.5 shows an example how to obtain B(S7 3,2) by repeating cycle transfor-
mations from graph B(7,6,5).

We say that B(3,3, 1) is obtained from B(3,3,1) by pendent edges transformation
(see Figure 2.6).
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Vs
U1 °
vr
v o U7
V29 2 v
1
V3 ¢
P Cycle transformation u
_— [ ] ‘1
Vs 0 U3 Isomorphism
_—
Ve
Us Vg
~ U5
B(7,6,5)
B(5,3,2)
Ve
L]
. Us U6
vs o U7
U1 Vg (%
1 E
Vg ¢ Cycle transformation U3 !
—>
V3
Vg
~ (%)
bE.5.2) B(3,3,2)

Figure 2.5 An example

Pendent edges transformation

B(3,3,1) B(3,3,1)

Figure 2.6 The pendent edges transformation (Choose i = 2)
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By Lemmas 2.4 and 2.5, we now only need to consider the Balaban indices and

sum-Balaban indices of the graphs B(3,3,1) and B(3,3,2).

2.3 Pendent edges transformation on B(3,3,1)

Let Cy = vivovs, Coy = vyvgv5, W, = {w | wu; € E(B(3,3, 1)) and d3(3,3,1)(w) =1},
and |W,,| = k; for 1 <4 < 5. Choose any i € {2,3,4,5}. The graph E’(3,3,1) is

obtained from E(S, 3,1) by deleting the pendent edges of v;, and adding k; pendent

edges to v;.

Lemma 2.6. Let B = B(3,3,1) and B' = B/(3,3,1) be defined as Figure 2.6 and
ky > 0. Then J(B') > J(B) and SJ(B') > SJ(B) .

Proof Let Vi = {v1,v2, 03,04, 05}, Wy, = {w | wv; € E(é) and dg(w) = 1}, and
|[Wo,| = ki for 1 <i <5.

Case 1. v, € V(B)\{va}.
It can be checked directly that Dg(v,) > Dy (v,), then for any vertices v,, v, €

V(B)\{vs}, we have

1 1
\/DB'(UI)DB’(UJJ) - \/DB(UE)DB(U;V) 7

where v,, v, € V(B)\{’Uz} (28)

and

NPT )1+DA =z \/D~(v,,)1+DA(v S, where v,0, € VB\{ws}.  (29)

Case 2. v, € V(B).
We following consider the edges on vertices v of B: V1Vg, Vov3 and vew € E(Be)7

where w € W, .

Case 2.1. vivs € E(B).
It can be checked directly that Dg(vi) — Dp,(v1) = Dpi(v2) — Dg(v2) = ko and
Dyi(v2) = Dp,(v1) > k1 + ko Let & = Dg,(v2),y = Dp,(v1),a = ko. Then z > y + a.
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By Lemma 2.2, we have

1 1
\/DB,(Ul 5 (v2) \/D (v1)

and
1 1

VD) + Dy (v2) /Do) + Dy(v)

Case 2.2. vyw € E(B), where w € W,,,.

It can be checked directly that Dy, (ve) —Dp(v2) = ko, Dg,(v2) —D g, (v1) > ki +ka,
then Dg(vy) > Dp (v1). Noting that dg(ve, w) = 1, dp (vi, w) = 1, where w € W,
we have Dg(w) = Dg(v2) +n—2, Dg,(w) = Dp,(v1) +n—2. Then Dy(w) > Dy, (w),

1 1
JDa(oD \/D T P where w € W, (32)
B (V1 2)
and
! ! here w € W, (33)
, where w s -
Dy () + Dy (w \/D vg) + Dp(w) :

Case 2.3. vyv3 € E(B) and vyvs € E(B).

It can be checked directly that Dy, (va) — Dg(v2) = Dg(v1) — Dpi(v1) = ko > 0,
and Dg(vs) > Dy, (v1). Let 5 = Dy, (v3), 21 = Dg(va), y2 = Dg(v1), y1 = Dy (v1).
Then x5 — 21 = yo — y1 = ko > 0 and 27 > y;. By Lemma 2.3, we have

1 1 1 1
> + .
\/DB, vg) \/DB, v1) \/DB(UQ) \/DB(vl)

Meanwhile, Dy(vs3) = D (vs). Then

1 1
\/DBS/ (UQ)DB/ Ug \/DB’ U1 DB,(U;),)
1 1

(34)

+
VD) Dy(vs)  \/Dy(vr)Dp(vs)
Let 2y = Dg(va)+ka+ Dy (v3), 1 = Dy(v2)+Dp(vs), yo = D, (v1)+ka+Dp(vs),
th = Dp,(v1) + Dp(vs). Then 23 — 21 = yo — y1 = k2 > 0. By Lemma 2.3, we have



-145-

1 1
+
\/DB,(U2)+DB,(U3) \/DB,(U1)+DB/(U3)
1 1
> + .
VDg(v2) + Dg(vs) - /Dp(v1) + Dp(vs)
By (28), (30), (32), (34), and the definition of Balaban index, we have J(B') >
J(B). By (29), (31), (33), (35), and the definition of sum-Balaban index, we have
SJ(B) > SJ(B). O

(35)

By repeating pendent edges transformations on B(3,3,1), we will get B (3,3,1)
from E’(S, 3,1), where graph [?1(37 3,1) is defined in Figure 2.7.

Vg

Vs Vs

Figure 2.7 Graph B;(3,3,1)

2.4 Pendent edges transformation on B(3,3,2)

Let W,, = {w | wv; € E(B(3,3,2)) and dp gz (w) =1}, and [W,, | = kifor 1 <i < 4.
Choose any i € {2,3,4}. The graph B(3,3,2) is obtained from B(3,3,2) by deleting
the pendent edges of v;, and adding k; pendent edges to v;.

We say B'(3,3,2) is obtained from B(3,3,2) by pendent edges transformation (see

Figure 2.8).

Lemma 2.7. Let B = §(37 3,2) and B = B’(B, 3,2) be defined as Figure 2.8 and
ky > 0. Then J(B') > J(B) and SJ(B') > SJ(B).

Proof Let Vi = {vy,v5, 03,04}, Wy, = {w | wv; € E(B) and dg(w) = 1,}, and
|[Wh,| = ki for 1 < i < 4.
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Pendent edges transformation

ks

B(3,3,2) B(3,3,2)
Figure 2.8 The pendent edges transformation (Choose ¢ = 2)
Case 1. v, € V(B)\{v:}.

It can be checked directly that Dy(v,) > Dy (v,), then for any vertices v,, v, €
V(B)\{vs}, we have

1
VD5 @D5(8,) - /D Da(t,)

where v,, v, € V(B)\{vs}, (36)

and

1 1
/Dy (v) + D (vy) \/D (vg) + Dg(vy)

, where v, v, € V(B)\{v2}. (37

Case 2. v, € V(B).
We following consider the edges on vertices vy of B: V1V, Vov3 and vow € E(f)’)7

where w € W, .

Case 2.1. v,v; € E(B).

It can be checked directly that Dg(vi) — Dp,(v1) = Dpi(v2) — Dg(v2) = ko and
Dyi(v2) — Dgi(v1) > ki + ko. Let © = Dp,(v2),y = Dp,(v1),a = ko. Then z > y + a.
By Lemma 2.2, we have

1 1
/D, (v1) Dy (v2) \/D v1) D (vs)

(38)
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and
1 1

VD (1) + Dy (v2)  /Da(vn) + Dp(v)

(39)

Case 2.2. vyw € E(B), where w € W,,,.

It can be checked directly that Dy, (ve) —Dg(v2) = ko, Dg,(v2) —D g, (v1) > ki +ka,
then Dg(vy) > Dpg (v1). Noting that dg(ve, w) = 1, dp (vi, w) = 1, where w € W,
we have Dg(w) = Dg(v2) +n—2, Dg,(w) = Dg,(v1) +n—2. Then Dg(w) > Dpg,(w)

and
1 1

/D, (v1)D \/D vg)D

1 1
\/DB,(v1)+DB, \/D U2 -‘rD ( ),

(40)

and

where w € W,, . (41)

Case 2.3. vyv3 € E(B) and vyvs € E(B).

It can be checked directly that Dy, (ve) — Dg(va) = Dg(v1) — Dpi(v1) = ks > 0,
and Dp(va) > Dp (v1). Let o = Dy, (v2), ©1 = Dg(v2), y2 = Dg(v1), y1 = Dg (v1).
Then zy — 1 = yo — y1 = ko > 0 and 27 > y;. By Lemma 2.3, we have

1 1 1 1
+

VD (v2) /D (vr) \/D (v2) \/Df}(vl) '
Meanwhile, Dy(vs3) = D (vs), then
1 1 1 1

\/DB,(’UQ 5 (v3) \/DB, v1)D g (vs) \/D (va)Dg(v3) \/D (v1)D Ud)
(42)

Let 2o = Dg(va)+ka+ Dy (v3), 1 = Dy(v2)+Dp(vs), yo = D (v1)+ka+Dp(vs),

y1 = Dg/(v1) + Dp(vs). Then zo — 2y = yo — y1 = ko > 0 and z; > y;. By Lemma
2.3 we have
1 1
VD (v2) + D (v3) \/Dn/ v1) + D (vs)
1 1
\/D va) + Dp(vs) \/D v1) + Dj (vg)
By (36), (38), (40), (41), and the definition of Balaban index, we have J(B/) >
J(B). By (37), (39), (41), (43), and the definition of sum-Balaban index, we have
SJ(B) > SJ(B). O

(43)
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ki + kg + kg

ky 4+ ko + ks + kg
U1

V2 &

Gy G

Figure 2.9 Graphs G; and Gy

Lemma 2.8. Let G; and Go be defined as Figure 2.9, ks > 0 and ky + ks + ky > 0.
Then J(G‘Z) > J(Gl) and SJ(GQ) > SJ(Gl)

Proof Let Vi = {vy,vs,v3,04}, Wy, = {w | wy; € E(Gy) and dg, (w) = 1} for
1<i <4, Wy, | = k14 ka4 ky, [Wo,| = [W,,] =0, and [W,,| = ks.
We first consider the vertex v, € V(G1)\{vs}, secondly, we consider the vertex

U3 € V(Gl)

Case 1. v, € V(Gy)\{vs}.
It can be checked directly that Dg,(v,) > Dg, (vs), then for any vertices v,, v, €
V(G1)\{v3}, we have

1 1
Da@)Daton) - VDambatey) e e € VG (1)

and
1 N 1
\/DG2(UZ) + DGQ(vy) B \/DGI (Uw) + DGl (,Uy) 7

where v,, v, € V(G). (45)

Case 2. v3 € V(G1).
We following consider the edges on vertices v of Gy: v3v1, v3V2, vV3V4, and V3w €

E(G4), where w € W, .
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Case 2.1. viv3 € E(Gy).

It can be checked directly that Dg,(v3) — Dg, (v3) = Dg,(v1) — Dg,(v1) = k3 and

Dg,(v3) — Dg,(v1) > k3. Let @ = Dg,(v3),y = Dg,(v1),a = k3. Then & > y + a. By
Lemma 2.2, we have

1 1

(46)
\/DG2 ’U D(v2 U1 \/DG1 U DGl('Ul)

and
1 1
VDo) Dols)  v/Da (o) T Dar(n) 0

Case 2.2. vyu3, v304 € E(Gy).

It can be checked directly that Dg,(vs) — D¢, (vs) = Dg,(v1) — Dg,(v1) = k3. Let
x2 = Dg,(vs), 1 = Dg, (v3), Y2 = D, (v1), y1 = D, (v1). Then zo—x1 = y2—y1 = k3
and x; > y;. By Lemma 2.3, we have

1 1 1 1
VDo) VDa) . VDo) D)

Since D¢, (v2) = D¢, (v2) and Dg, (v4) = Dg,(v4), we have

1 1
V/Da,(v2) Dg, (vs) \/D(*z (v1) D, (v2)
1 1 (48)
\/Dcl (v2) D, (vs) \/DG1 (v1) D, (v2)
and
1 1
v/De,(v3)Dg, (vs) \/DG2 (v1)Dg, (v4)
1 1

(49)

\/Dm (v3) D, (v4) \/Dcl (v1)De, (va)
Let z3 = Dg,(v3) + D, (v2), 21 = Da, (vs) + Da, (v2), y2 = Da, (v1) + De, (v2),
1 = Dg,(v1) + Dg,(ve). Then xo — 21 = yo — 41 = k3 and @7 > y;. By Lemma 2.3,

we have
1 1
>
/D, (vs) + Dg, (v2) \/D(zvl ) + D, (v2)
1 1

+
\/DG1 115 +DG1 1}2 \/DGl l' +DC1(1))

(50)
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Similarly, we have

1 1
>
v/De,(vs) + Da, (vs) \/ De¢,(v1) + Dg,(v4)
1 1
\/DG1 7) + DG1 1}4 \/DG1 U -‘r Dcl (1’4) .

Case 2.3. vsw € F(G), where w € W,,.
It can be checked directly that D¢, (v3) > Dg,(v1) and D¢, (w) > D¢, (w), where

w € W,,. Then
1 1

\/DGQ U DGz \/DGl U DGI( )

(52)

and
1 1

\/D(v2 (1)1 + D(*z \/D(,,l U + Dg, (’UJ) ’
By (44), (46), (48), (50), (52), and the deﬁmtlon of Balaban index, we have J(Gz) >
J(G1). By (45), (47), (49), (51), (53), and the definition of sum-Balaban index, we

have S.](Gz) > SJ(Gl) O

(53)

By repeating pendent edges transformations on B(B, 3,2), we will get 32(3, 3,2)
from B (3,3,2), where graph E2(3, 3,2) is defined in Figure 2.10.

Vg (1

Vs

Figure 2.10 Graph 32(3, 3,2)
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3 Maximum Balaban index and sum—Balaban
index of bicyclic graphs

From the discussions of Section 2, for any bicyclic graph B (p,q,t) € B,,, we finally
get the graph By(3,3,1) (if t = 1) or By(3,3,2) (if ¢t > 2) from B(p,q,t) by cycle
transformation, pendent edges transformation, or any combination of these, where
graphs B1(3, 3,1) and BQ(S, 3,2) are defined in Figures 2.7 and 2.10, respectively. By
Lemmas 2.4, 2.5, 2.6, 2.7, and 2.8, we have

J(Bi(3,3,1)), if t =1

J(B(p,g,1) < )
J(By(3,3,2)), if t > 2

and .
A SJ(Bi(3,3,1)), if t = 1

SJ(B(p,q,t)) < R
S.J(By(3,3,2)), if t > 2.

We now prove J(B;(3,3,1)) < J(Ba(3,3,2)) and 5.J(B1(3,3,1)) < SJ(B5(3,3,2)),
that is to say, 32(3, 3,2) attains the maximum Balaban index and sum—Balaban index

of all graphs in B,.

Lemma 3.1. Let By = B1(3,3,1) and By = B,(3,3,2) be defined in Figures 2.7 and
2.10, respectively. Then J(By) < J(By) and SJ(B,) < SJ(Bs).

Proof It can be checked directly that

Dy (1) = Dy (vn) =0 — 1
Dy, (v2) = Dy (v2) = 6 +2(n —5) =2n — 4,
Dy, (v4) = Dy (v4) =6 +2(n —5) = 2n — 4,
Dy, (vs) = Dy, (vs) —1=2n—5,
Dg,(vs) = Dy, (vs) +1 = 2n— 3,
Dy, (w) = Dy, (w) = 2n — 3, where w € W,,.

We first consider the vertex vs € V(BAl)7 secondly, we consider the vertex v, €

V(B1)\{vs}.
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Case 1. v5 € V(By).

we following consider the edges on vertex vz € V(Bl): v1v5 and v4vs.

Case 1.1. vyv5 € E(Bl)
For the edges vivs and vivs, let wy = Dy (vs) = 2n — 3, 21 = Dy (v3) = 2n — 4,
Y2 = Dy, (vs) =2n — 4, y1 = Dy, (v3) = 2n — 5. Then vy — 21 =y —y1 = 1 > 0 and
1 > y;. By Lemma 2.3, we have
1

1 1
\/ 5, (V3) \/D > \/DB’l(Ug) ’ \/DB’l(Us) '

Since Dy, (v1) = D, (v1), we have

\/DB (v1)Dg, (vs) \/D (v1)Dg, (vs)
> . (54)
\/ Dg, (v1)Dg, (vs) \/ Dg, (v1)Dg, (vs)

Let x5 = Dp, (vs) + Dg,(v1) = 3n — 4, x1 = Dp (vs) + Dy (v1) = 3n — 5,
Y2 = Dpg (v3) + Dg, (v1) =3n =5, y1 = D, (v3) + D, (v1) = 3n — 6. Then x5 — 2 =

Yo —y1 = 1> 0and z; > y;. By Lemma 2.3, we have
1 1
VD5, (05) + Dy, (v1) \/D32 vs) + Dy, (v1)
1 1

g \/DA (vs) + Dy, \/DBI vs) + Dy, (1) %)

Case 1.2. vyv5 € E(él)
For the edge vqvs € E(Bl) and vsv, € E(Bg), Dy, (va) = Dp,(va) and Dy (vs) =
2n —4 < 2n —5= Dg,(v3), then
1 1
\/D]§2(U3)D’§2 Vy) \/DB1 v4) D, (v5)

(56)

and
1 1

\/DB~2(1)3)+D vy) \/D (va) + Dy, (v )

(57)
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Case 2. v, € V(B)\{vs}.
For the vertex v, € V(B1)\{vs}, DP;Z (vz) < Dy, (v;). Then

1
\/Dgz(uz 5, (vy) \/DB1 vz)D 5, (vy)

, where v,, v, € V(By)\{vs}, (58)

and
1 1
\/DA( o)+ Dy, \/D (v2) + Dy, (v,)

, where v,,v, € V(B)\{vs}. (59)

By (54), (56), (58), and the definition of Balaban index, we have J(B;) < J(By).
By (55), (57), (59), and the definition of sum-Balaban index, we have .J(B;) < J(Bs).
O

Theorem 3.2. Let By = By(3,3,2) be defined in Figure 2.10. Then By(3,3,2)
is the unique unicyclic graph in B,, which attains the mazximum Balaban index and

sum~—Balaban index of all graphs in B, and

2n + 2 . 2n + 2
3vV2n2 —6n+4  3v4n? — 18n + 20

J(By(3,3,2)) =

n+1 i n?—3n—4
3V2n2 —Tn+5 3v2n2—5n+3

2n + 2 n 2n + 2 n n+1 Jrn273n74
3V3n—5 3v4n—-9 3v3n -6 3v3n —4

SJ(By(3,3,2)) =

Proof From the above discussions, we have that 32(3, 3,2) is the unique unicyclic

graph of order n which attains the maximum Balaban index and sum-Balaban index

of all graphs in B,,. We now calculate the values J(BZI(S, 3,2)) and SJ(BQI(S, 3,2)).
It can be checked directly that

Dp,(v1) =

Dp,(va) = Déz( 1) = 2n — 4,

Dy, (vs) =

Dy, (w) = 2n — 3, where w € W,,.
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Thus
5 +1 1 1 1
J(By) = "3 + +
\/Dgz(vl)Dgz(vz) \/Dgz(vz)Dm(Us) \/DB?Q(Ts)DE;Q(W)
1
+ + Yy —
/Do) Dy ¢DBZ v)D, (vs) W, Dm(vl)Dgxm
_ 2n + 2 2n + 2 n—+1
B 3V2n2 —6n+4  3V4An2—18n+20 3vV2n2—Tn+5
n?—3n—4
3vV2n?2 —5n+3
and
SJ(By) n+1 1 1
. 2 =
3 \/D U +D 1}2 \/D U2 +D (’1)3)
1 1 1
+
\/D~(115)+D \/D vi) + D, (vs) \/D vi) + D, (v3)
1
+ >

wewy, 1/ Dg,(v1) + Dp,(w)
2n + 2 2n + 2 n+1 n?>—3n—4
+ + +
3WVan—5 3V4n—-9 3V3n—-6 3V/3n—4

It is clear that the upper bounds of Theorem 3.2 is bigger than the upper bounds

of Theorems 3.2 and 4.2 in [3].

4 A note on the paper [3]
In this section, we will give three examples to show some flaws in [3].

Example 4.1. Let G and G’ be the bicyclic graphs of order 7 as in Figure 4.1.
According to Definition 2.3 in [3], G’ is the crossing—edge-lifting transformation of G
(see Figure 4.1).
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Take Uy = {u3, uq, us}. By the proof of Case 1 of Lemma 2.9 in [3], for any vertex
u € Uy, we have Dg(u) > Dgr(u). However, Dg(us) = 12, Dg/(uy) = 13, and so
Dg(U4) < Dg/(U,4).

Us Up U1
o Us Uy Vi
Uy < uy
s U2 02 Uz Uz V2
G Vel

Figure 4.1 Graphs G and G’

Example 4.2. Let G be the bicyclic graph of order 5 as in Figure 4.2.

According to Lemma 2.10 in [3], there is the unique graph G' obtained from G by
repeating the crossing—edge-lifting transformations until the two cycles of G’ have only
one crossing point. However, for the graph G as in Figure 4.2, we can not obtained

such graph from G.

Uy U2

(%)

Figure 4.2 Graph G

Example 4.3. Let G and G’ be the bicyclic graphs of order 7 as in Figure 4.3.
According to Definition 2.4 in [3], G’ is the cycle-edge-transformation of G (see Figure
4.3). Take Uy = {ug, u1, us, uz, us}. By (2.25) in (3], for u;,u; € Uy,
1 1
< .
\/DG (UZ') DG (’LLj) \/D(;r(ui) DGr (u]-)

However, since Dg(us) = 12, De/(uz) = 13, and Dg(us) = Der(ua) = 10, we have

1 1
/Da(us) Do) /Do) Derlua)
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Uy U
4 U3 s ug
U
0 o
up U
1 U2 W Uy
G o

Figure 4.3 Graphs G and G/
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