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Abstract

A number of topological indices have recently been incorporated as distance-based descrip-
tors. The Balaban index, a useful distance-based descriptor in Chemometrics, introduced by
A.T. Balaban, is known to depend both on the number of nodes and topology of graphs. In this
paper, we study the sharp upper bounds of Balaban index and Sum-Balaban index among all
bicyclic graphs, by using some graph transformations. The graphs attaining these bounds are
also characterized.

1 Introduction

Thousands of topological indices are introduced to characterize the physical-chemical
properties of molecules [43]. These topological indices are mainly divided into three
types: degree-based indices, distance-based indices and spectrum-based indices. Degree-
based indices contain (general) Randié index [38], (general) zeroth order Randi¢ index [38],

Zagreb index [27], connective eccentricity index [48,50] and so on. Distance-based indices
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[46] include the Balaban index [3,4], the Wiener index [21], Wiener polarity index [16,40],
the Szeged index [26], the Kirchhoff index [20,23,24], the Harary index [1] and so forth [17].
Eigenvalues of graphs [34, 35,49, 51|, various of graph energies [7,30,31, 33, 39], Estrada
index [28] and HOMO-LUMO index [32,37] belong to spectrum-based indices. Actually,
there are also some topological indices defined based on both degrees and distances [2,8,
45], such as Gutman index [25], degree distance [19], graph entropies [6,9,10]. The main
contribution of this paper is to prove bounds for the Balaban index and the Sum-Balaban
index.

We first start by providing graph-theoretical preliminaries [29]. Let G = (V, E) be a
simple graph. The distance between vertices u and v is denoted by dg(u, v). Let Dg(u) =
> vev(e) da(u, v), which is the distance sum of vertex u in G. Suppose |V :=n, |E| = m.
The cyclomatic number p of G is the minimum number of edges that must be removed
from G in order to transform it to an acyclic graph. It is known that p = m —n + 1,
see [43]. A bicyclic graph is a graph with = 2. Denote by deg(v) the degree of vertex v.

The Balaban indez of a connected graph G = (V, E) is defined as

m 1
D S T

Tt has been proposed by Balaban [3,4] in 1982, which is also called the average distance-
sum connectivity index or Balaban J index. Furthermore, Balaban et al. [5] proposed the

concept, of the Sum-Balaban index of a connected graph G. It has been defined by

m 1
SJ(G) = .
( ) M+1u§E \/Dg(u)+Dg(U)
We emphasize that many mathematical properties and results on the Balaban index and

the Sum-Balaban index of trees and unicyclic graphs have been achieved, see [11-14, 18,

36,41,44,47,52]. he following theorem is an example.
Theorem 1.1 ( [11-14,36,41,44]) If T is a tree with n > 2 vertices, then
J(P) < J(T) < J(S,), SI(P) < SI(T) < SI(S,),
and the left (right) equality holds if and only if T = P, (T = S, ), where P, and S, are
the path graph and the star graph on n vertices, respectively.

In this paper, we study sharp upper bounds of the Balaban index and Sum-Balaban

index by using all bicyclic graphs. We characterize the bicyclic graphs with the maximum
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Balaban index (Sum-Balaban index) among all bicyclic graphs, two cycles of those are
with ny, ngy vertices, respectively. A plausible reason for using these graphs relates to the
definition of the Balaban index and Sum-Balaban. As these indices are based on distances
in a graph, special cyclic graphs are easy to calculate by using these quantities. Another
reason is that mathematical properties of the Balaban index have been explored for trees
extensively [11-14, 36,41, 44]. The bounds we have proved help to better understand
the mathematical framework that has already been proven useful, see, e.g., [3,12,15,42].
Therefore, we now pursue studying mathematical properties of these quantities by using

graphs containing cycles.

2 Lemmas

First of all, we list some useful lemmas.

’

Lemma 2.1 ( [14]) Let a,d’,b,b',w,z,y, 2 € R* such that & >

a
Then ———e+ > L 4 L
Vwta)(z+a’) VI T VwE L Sagh) (y+b)

a,w=ux,2=1y.

w R

v

U>2w>az>y

the equality holds if and only if b= a,t =

Lemma 2.2 ( [14]) Let a,z,y € R* such that x > y+a. Then \/%Ty > m, and

the equality holds if and only if x =y + a.

Lemma 2.3 Let x1,%0,y1,y2 € RT such that 1 > y1, To — 31 = yo —y1 > 0. Then

1 1 1 1
e S Ve T
Proof. Let s = x5—x1 = y2—y; > 0. Define a function f(z) = %,\/21? It is easy to verify

1 1 1

i . . . o B 1
that f(z) is a decreasing function of z. Since z; > y;, we have N =ty v et

|
Now we recall a useful graph transformation introduced in [11] which we use extensively

in our paper.

Definition 2.1 (The edge-lifting transformation) Let Gy, Gz be two graphs withny >
2, ny > 2 wvertices, respectively. Suppose ug € Gy and vy € Go. If G is the graph obtained
from G1, Go by adding an edge between uy and vg, and G’ is the graph obtained by iden-
tifying ug and vy and adding a pendent edge to ug(vo), then G is called the edge-lifting
transformation of G (see Figure 2.1).
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G G

Figure 2.1: The edge-lifting transformation.

Lemma 2.4 ( [11,12]) Let G’ be the edge-lifting transformation of G. Then J(G) <
J(G') and SJ(G) < JS(G").

A rooted graph has one vertex called the root distinguished from the others [29]. Let
T1,Ts,..., T be k rooted trees with |V(T;)| > 2 (1 < i < k) and roots uy, us, ..., uy,
respectively. Let C, be a cycle with length r(r > 3).

For 1 <k < r < n,1 < ky < 1y < ny, let (Gi(ng,r1, k1), Ga(na, 12, k) be
the bicyclic graph obtained from C,,, C.,,T1,T5, ..., Ty, T}, T3, ..., T},, by attaching k;
rooted trees 11,75, ..., Tk, to ky distinct vertices of C,, and attaching ks rooted trees

1, T;,..., Ty, to ky distinct vertices of C,,, where C,,, C,, are jointed.

Figure 2.2: A graph (G’{(nl, T1, k1)7 G;(ﬂg, T2, kQ)) (S (G’{(nl, T1, k1)7 G;(?’L27 T2, k?))

Let S = {S|S is a rooted star with the center as its root}. Let (Gj(ni,r1,k1),
G (n2, 12, k2)) be the set of all bicyclic graphs obtained from C,,, C,, by attaching ki, k2
rooted stars in S to ki, ke distinct vertices of C,,, C,.,, respectively (see Figure 2.2). By

Lemma 2.4, we repeat the edge-lifting transformation to the rooted trees of
(Gi(na,711, k1), Ga(nz, ra, ka)),
and then obtain the following result.

Lemma 2.5 Let ny, ki,7m1,n9, ke, 70 be positive integers with 1 < k; < r;,3 < r <

ny — ki, 1 < ko < 19,3 < 1y < ng — ky, and (Gi(n1,7r1, k1), Ga(na, ro, k2)) defined as
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above. Let (Gi(ny, 11, k1), Ga(n2,r2, k2)) € (Gi(n1, 71, k1), G5(na, ra, ks)) be obtained from
(Gi(ny, 71, k1), Go(na, re, k2)) by repeating the edge-lifting transformations. Then

J(G1(ﬂ177”17k1)7G2(ﬂ277”27k2)) < J(Gf(”lﬂ”hkl)yGE(”zﬂ’mkz)),
SJ(Gr(n1,71, k1), Ga(ng, 2, k2)) < ST(Gi(ny, 71, k1), G5(n2, 2, k2)),

and the equality holds if and only if
(G1(77/1~,7“17 k1)7G2(TL277“27 kz)) = (Gf(nlﬂ‘hk1)7G§(n277‘27k2))-

Actually, Figure 2.2 depicts the three cases of bicyclic graphs obtained by repeating
the edge-lifting transformations. Obviously, Case 1 can be exchanged to Case 2 by the
edge-lifting transformations, so there are only two cases in the edge-lifting transformations
of bicyclic graphs.

In the following, we define a new transformation, which is called branch transforma-

tion.

Definition 2.2 (Branch transformation) Let G = (G5(n1,r1, k1), Gy(ne, 12, k2))
€ (Gi(n1,71,k1),G3(na, r2, ko)) be defined as above. For convenience, let m = |5 ] and

n=|%2]|

2
If ri,ry are even, define Cy, = uy,..., UnUn, ..., 01,Cry =21, .., Tpln, .., U1

if 1,79 are odd, define Cp, = Uy, ..., Umi1Vm, -, 01, Cry = T1y ooy T 1Yny - - -5 Y15

if r1 is even, ro is odd, define C,, = Uy, ..., UnUm, ..., 01,Cry = T1, .., Tng1Yn, - -, Y1,
if ry is odd, ro is even, define Cp, = Uy, ..., Umi1VUm, -+ - V1, Cry = T1y 0o, TnYny -, Y1

The graph G’ is obtained from G by deleting the pendent edge v;w and adding a pendent
edge uyw for any i € {1,2,...,m} (if such v;w exists), where w € V(G5(n1,r1,k1)) \
V(C,,). We say that G’ is obtained from G by branch transformation.

Obviously, if G” is obtained from G’ by deleting the pendent edge y;w and adding the
pendent edge x;w for any ¢ € {1,2,--- ,n} (if such y;w exists), where w € V(G4(na, ra, k2))\
V(C,,). We also say that G” is obtained from G’ by branch transformation. We refer to

Figure 2.3.

Lemma 2.6 Let ny, ki,71,n9, ke, 70 be positive integers with 1 < k; < r;,3 < r <
ny — k1,1 < ko < 19,3 <1y < ng — ko Suppose G = (G5(ny, 11, k1), G(na, 12, ko)) €
(Gi(ny,7r1, k1), Gy(na, 2, k2)). Let G’ be the graph obtained from G by the branch trans-

formation. Then J(G) < J(G").
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Figure 2.3: The branch transformation when r1, 79 are even.

Proof. We suppose that the two cycles of the bicyclic graph have only one common ver-

tex. Let Gy = Gi(ny,r1, k1), Ga = Ga(na, o, ks), Vo = {v1,v9,... 0}, Vi = {w|yw €
E(G1),deg(w) = 1,1 <i <m}, Uy = {ur,us,...,un}, U1 = {wlyw € E(Gy),deg(w) =
1,1 <4 < m} when r; = 2m is even, U; = {wjy,w € E(Gp),deg(w) = 1,1 <
i < m}U{tums1} when 11 = 2m + 1 is odd, Yo = {v1,%2,---,Un}, Y1 = {w|lyw €
E(Gy),deg(w) = 1,1 <i <n}, Xo = {z1,22,...,7,}, X1 = {wlzw € E(G), deg(w) =
1,1 <4 < n} when 1y = 2n is even, Xy = {w|z,w € E(Gs),deg(w) = 1,1 < i <

n} U{@ns1} when ro = 2n + 1 is odd.

For any s with 1 < s <m, it is clear that
D¢ (vs) = Dg(vs, Vo) + D (vs, Up) + D (vs, Vi) + D (vs, Ur) + Dg(vs, G2) (2.1)
and
Der(us) = Dar(us, Vo) + Do (us, Uo) + Der(us, Vi) + Der(us, Ur) + Der(us, Ga). - (2:2)

Note that Dg(vs, Uy) = Der(us, Vo), Da(vs, Vo) = Der(us, Uy), Da(vs, Vi) = Der(us, Vi).
Observe that Dg(vs, U1) > Der(us, Ur), Da(vs, G2) > Der(us, G2). Thus, we infer

DG(US) - DG’(us) = DG(IUM Ul) - DG’(um Ul) + DG(Usy G2) - DG’(US7 GQ) > 0. (23)
Similarly, we obtain

DG(us) = DG(US:‘/O) + DG(usa UO) + DG(US)VI) + DG(us’ Ul) + DG(us: G2)7 (24)
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and

D¢ (vs) = Der(vs, Vo) + Dar(vs, Ug) + Dar(vs, Vi) + Der(vs, Ur) + Der(vs, Go). (2.5)

Hence,
D¢ (vs) — D (us) = Der(vs, Uy) — De(us, Ur) + Der(vg, Go) — Da(ug, G2) > 0. (2.6)

Therefore, we get

D¢(vs) — Der(us) = Dy (vs) — D (us) > 0. (2.7)
From Egs (2.1)-(2.5), we get

D(;/(T)S) — DG(US) = DG(“S) — DGr(us) > 0. (28)

For any edge usu; € E(G1[Up]), vsvy € E(G1[Vh]), take © = Der(us), y = Der(u), w =
D¢ (vs), z= Dg(v), a = Dgi(vs) — Dg(vs), @' = Dgr(vy) — Dg(vt), b = Dg(us) — D (us),
b = Dg(ut) — Dgr(u). Then b = a > 0, ¥/ = o > 0 by (2.8). It is obvious that
a,a’ b, ,w,x,y,z € RY, w>x, 2>y, which implies that % > %I > “; Therefore, by
Lemma 2.1, we obtain
1 1 1 1
/D (ug) Der (uy) \/DG, (vs) D (vy) \/DG (us) D (uy) \/DG YDe ()
Similarly, for any vertex w € U; UV; and any edge usw € E(G), we get Dg(w) > Der(w)
and D¢(us) > Der(us) by (2.8). Thus,
1 1
VD) Daw)  v/Dalus)Dalw)
For any edge v,w € E(G) and usw € E(G), we obtain

(2.9)

(2.10)

De(w) = Dg(w, Vo) + Da(w, Up) + Da(w, Vi) + Da(w, Uy) + Da(w,Gs) - (2.11)
and
D (w) = Des(w, Vo) + Desr(w, Up) + Desr(w, Vi) + Der(w, Us) + De(w, Ga). (2.12)
So,
Dg(w) = Dgr(w) = Dg(w, Ur) — Der(w, Ur) + Dg(w, G2) — Dar(w, Go) > 0. (2.13)

By Eq. (2.7), we have D¢(vs) > D (u,), and then
1 1
\/D(ﬂ ub D(v U} \/Dp ’Ub Dp( )

(2.14)
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For any edge uy,+1w € E(G) (if such an edge exists), it is obvious that
1 1

= . (2.15)
V/Der(ms1)Der(w) /D (tmir) Da(w)
For edge ujvy, by Lemma 2.3 and Eq. (2.8), we obtain
1 1
(2.16)

\/D(v (u1)Dgr (vy \/Dp (uy D(,(vl)
For any z;,ys € E(G), it is clear that Dg(zs) > Deg/(xs), Da(ys) > Der(ys), and so
1 1
\/D(w s)Der (1) \/DG )Dg( .Lt)
1 1

/D (ys) Der (ye) \/DG (ys)De(ye)
From (2.10)—(2.18), we obtain J(G) < J(G’) by the definition of Balaban index.

(2.17)

(2.18)

By applying a similar method, we can also prove the case that the two cycles of a
bicyclic graph have k common vertices. 1

Similarly, we infer J(G') < J(G").

Lemma 2.7 Let nq, ki, 11,09, ko, 7o be positive integers with 1 < k; < r;,3 < r; <
ny — k1,1 < ke < 19,3 <1y < mg — ko Suppose G = (Gi(na,r1, k1), Gy(n2,ra, ko)) €
(Gi(n1,71, k1), Gs(no, ra, ko). Let G be the graph obtained from G by the branch trans-
formation. Then SJ(G) < SJ(G").

Proof. We suppose that the two cycles of the bicyclic graph have only one common vertex.
Let Uy, Uy, Vo, Vi, a,a’, b, b be defined as in Lemma 2.6. Let f(z) = % — m. Observe
that f(z) is a decreasing function of z. Note that Dg(v,)+ D¢ (vi) > Der(us)+ Der () =

D¢ (us) + Dg(ur) —b— 1V, we have

1 1
\/D(;(’Us) + Dg(vt) \/D(;(/US) + Dg(vy) + b+
1 1
< — .
\/Dg(us) +Dg(ut) —b-V \/Dg(us) +Dg(ut)
Therefore,
1 1
\/ D¢ (vs) + Der(vr) \/ Der(us) + Der(ur)
1 1

\/DG ’US + DG ’UL \/DG Us + Dg(’ut)
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Similarly, for any vertex w € U; | V4 and any edge usw € E(G), Dg(w) > Der(w),
D¢(us) > Dgr(ug). Then, we obtain

1 1
(2.19)
\/D(, ’LLs +D(, \/D( Ug +D(,( )
For any edge vsw € E(G), then usw € E(G), we have Dg(vs) > Der(us), and thus
1 1
(2.20)
/D (us) + Der(w \/DC Y+ Da(w)
For any edge up,1w € E(G) (if such an edge exists), it is obvious that
1 1
- . (2.21)
/D (mi1) + Dor(w) /D (tms1) + Da(w)
For edge ujvy, by (2.8), we obtain
1 1
(2.22)

VD (u1) + Dar(v1)  /De(w) + Da(or)
For any z,ys € E(G), it is clear that Dg(xs) > Dei(xs) and De(ys) > Der(ys), which

implies that
1 1
\/Dp/ (zs) + Dgr () \/Dp +Dp(xt)
1 1
/De(ys) + D (i) \/DG (vs) + Da(ye)
From (2.19)—(2.24), we obtain SJ(G) < SJ(G') by the definition of Sum-Balaban index.

(2.23)

(2.24)

Similarly, we can prove the case that the two cycles of the bicyclic graph have k
common vertices. |

Similarly, we infer SJ(G") < SJ(G”").

Case 1 Case 2

Figure 2.4: A graph (G{(n1,1,1), G5(n2,73,2)) € (Gi(n1, 71, 1), G5(na, 73, 2)).

Lemma 2.8 Let ny, ki,71,n9, ke, 70 be positive integers with 1 < k < r;,3 < r <
ny — k1,1 < ko < 19,3 <1y < ng — ka. Suppose G = (G5(ni1,11, k1), G5(na, 2, ko)) €
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(Gi(n1,7r1, k1), Gs(na, 2, k2)). Let G' be the unique graph obtained from G by repeating
the branch transformations. Then

(1) G’ € (Gi(ny,r1,1),Gh(ng2, 9, 1)) (see Figure 2.4).

(2) J(G) < J(G"), and the equality holds if and only if G = G'.

(3) SJ(G) < SJ(G"), and the equality holds if and only if G = G'. ]

In order to pursue, we introduce two new transformations.

Figure 2.5: The crossing-edge-lifting transformation.

Definition 2.3 (The crossing-edge-lifting transformation) Let G € (Gj(nq, 1,

1), Gi(na, 2, 1)) be a bicyclic graph such that the two cycles have k common vertices. As
shown in Figure 2.5, let ug the last common vertex of the two cycles, which is adjacent
to v, u1, uz, where uy € Cp,us € Cp, and vy is also a common vertex.w is a vertex
adjacent to ug and deg(w) = 1. Denote by G’ the graph obtained from G by deleting edges
Ugly, Upla, ugw and adding edges vouq, voug, vow. We say that G’ is the crossing-edge-

lifting transformation of G (see Figure 2.5). 1

Definition 2.4 (The cycle-edge-lifting transformation) Let G = C,,, ,,, be a bicyclic
graph such that all the vertices lie on the cycles Cy, n, with ny,ny > 3,and the cycles have
only one crossing point ug. If G' is the graph obtained from G by deleting a vertex in G
apart from ug,and adding a edge between uy and a new vertex vy,then connecting the ver-
tices adjacent to the deleted vertex. Then G' is called the cycle-edge-lifting transformation

of G. (see Figure 2.6). 1

Lemma 2.9 Let G’ be the crossing-edge-lifting transformation of G. Then

J(G) < J(G), SI(G) < SJ(G)
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Figure 2.6: The cycle-edge-lifting transformation.

Proof. Denote by K the set of k& common vertices. Let Uy = C,, \ K, Vo =C,, \ K, W =
{wlwuy € G, deg(w) = 1}.

Case 1: For any vertex u € Up, we have
De(u) = De(u, Up) + Da(u, Vo) + Da(u, W) + D (u, K),

D¢ (u) = Dgr(u7 Uo) + D¢ (u, Vb) + DGI(U, W) + D(;r(u, K)

Since Dg(u,Uy) = Degr(u, Up), Dg(u, Vo) = Dear(u, Vo), Da(u) — Dgr(u) = Da(u, W) +
De(u, K) = (Dgr(u, W) 4 Der(u, K)) > (ny +np — 71 —12) (| 3] +1) — [ 5] > 0, we have
D¢(u) > Der(u).

Case 2: For any vertex v € Vj, it is similar as that in Case 1, and so we have
D¢ (v) > Der(v).

Case 3: For any vertex p € K, we get
Dec(p) = Da(p, Us) + Da(p, Vo) + Da(p, W) + Da(p, K),

Dei(p) = Der(p, Uo) + Dar(p, Vo) + D (p, W) + Der(p, K).

Since Dg(p,Us) > De(p,Us), Da(p,Vo) > Dg(p, Vo), Da(p, W) = Dg(p, W) and
D¢ (p, K) = Dgi(p, K), we have Dg(p) > Der(p).

Case 4: For any vertex w € W, obviously, Dg(w) > Dgr(w).

Combining the above arguments and by using the definitions of the Balaban index

and Sum-Balaban index, we obtain J(G) < J(G'), SJ(G) < SJ(G). ]

Lemma 2.10 Let ny, ky,11,n2, ko, 7o be positive integers with 1 < ky < r,3 < r; <
ny — k1,1 < ky < 19,3 < 19 < mg — ky. Suppose G = (Gi(ny,711,1),Gy(na,r2,1)) €
(Gi(n1,71,1),G5(na, ra, 1)) is the bicyclic graph whose two cycles have k common ver-
tices. Let G' be the unique graph obtained from G by repeating the crossing-edge-lifting

transformations until the two cycles of G' have only one crossing point. Then we have
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(1) G" € (Gi(n1,r1 — k +1,1),Gs(na,re — k + 1,1)), with one common vertex (see
Figure 2.7).

(2) J(G) < J(G"), and the equality holds if and only if G = G".

(3) SJ(G) < SJ(G"), and the equality holds if and only if G = G'. 1

vo

Figure 2.7: A graph (Gj(n,m1 —k + 1,1),G5(ng, 1m0 — k + 1,2)) € (Gj(n1,m1 — k +
171)~,G2(77’27TZ k+1,2))

Lemma 2.11 Let G’ be the cycle-edge-lifting transformation of G. Then
J(G) < J(G') and SJ(G) < SJ(G)
Proof. Let Uy = V(Ch,), Vo = V(C,,). For any u € Uy, v € Vp, it is clearly that
D¢ (u) = Dg(u, Up) + Dg(u, Vy), Da(v) = Dg(v,Us) + Dg(v, Vo),

DG/(u) = DGr(u7 Uo) + D(;r(u, Vg)7 D(,'/(U) = Dgf(v, Ug) + Dgl(’l)7 Vg)7

Obviously, D¢ (u,Uy) = Der(u,Up), so Dg(u) — DG/(u) = D¢g(u, Vo) — Dgr(u, Vp) =
[%]—-12>0,and Dg(v) =D (v) > %] =[]+ %] -1-[%]+1=0forv e Vy,v # vg.

Thus, we have

1 1
(2.25)
v Da(u;) D (u)) \/ D (u;) Dy (uz)”
1 1
(2.26)
\/DG ’U, DG U \/Dgf Uz Dgl(’l)7)
for w;, u; € Up,v5,v; € Vg and u; ~ uj,v; ~ v;
1 1
(2.27)

< .
\/Daluyz ) Dolugzzy +1) v/ Do) Do (o)

From (2.25)—(2.27), we obtain J(G) < J(G’) by using the definition of the Balaban index.

We 1 < 1 ) 1 < 1 d
¢ e \/DG(“1)+DG(UJ V/Dr (i) +Der(uy)” /D (vi)+Da(v;) VD (vi)+Der(vs) !
1 1

L . <
Dotey 321+ Dtz 17 \/Dc’ ot similarly. Then we obtain that SJ(G) <
SJ(G") by the definition of the Sum-Balaban index. 1
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3 Bicyclic Graphs

There are three types of bicyclic graphs according to the number of common vertices of
two cycles. In this section, we will determine the graph which has the maximum Balaban
index among all bicyclic graphs with n vertices.

The preceding discussion shows that the Balaban index of a bicyclic graph G is lower
than the Balaban index of G’ obtained from G by repeating edge-lifting transforma-
tions, branch transformations and crossing-edge-lifting transformations. Thus, the bi-
cyclic graph which has the maximum Balaban index among all bicyclic graphs on n1+no—k
vertices is the bicyclic graph such that the two cycles have only one common vertex. Now
we only need to prove J(G) < J(Gj(n1,3,1), G3(n9, 3,1)), where G is the bicyclic graph
such that the two cycles have only one common vertex.

Let G be a bicyclic graph on ny +ns — 1 vertices. Then |E(G)| = n1 + ne, p =2, and

— nitng 1
then J(G) = "2 3 e p(o) Do)

Lemma 3.1 Let the two cycles of the bicyclic graph have only one common wvertex.
Let ny,r1,n9,7m9 be positive integers with 1 < r; < ny,1 < ry9 < ng — ky and G =
(Gi(n1,71,1),G3(n2, 12, 1)) € (Gi(n1,1r1,1),Gj(na, 72,1)) (see Case 1 of Figure 2.4). We
get that

(1). if 1,72 are even, then

3J(G) ny+ng —7r1— T2
ny+ny 2 2 2 2
L \/(%+%—T1—T2+2(ﬂ/1+n2)—3) (%-&-%—ﬁ—ﬁ-&-m-&-m)
2 2
+ +

1<i<id D%;(“/i)D(l;(“H-l) 1<5<2 D(l;(Uj)D};(”jH)
(2). if r1,ro are odd, then
3J(G) ni+mng —11 -T2

ny+n 2 2 2 2
1+ n2 \/(%+%_741—742+2(7L1+n2)—%)(%4—%—7‘1—7‘2—4—n1+n2—%>
2 1
N Z 2 2 MR g 1
19‘3%’1 DG(“Z’)D(;(UHI) TtIT 5 (nl +ng—ry— 1) —ri+3
2 1

Tt 7, +1 1
1S]’S72«7;l D%(T}j)D%(vj_'_l) jl"rf-f- 12 (711+7L2—T1—1)—T2+§

+
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(3). if r1 is odd and ro is even, then

3J(G) ni+ng—1r1 -T2
+ng PR 2 2
e \/(% + T§4 1 r1 —r2+2(ny + ng) — 3) (T% + 754 L ry—re+n + n2>
2 2
+ —_— 4 —
1<icnizt A/ DE ) D (uiv1) 1=z 1/ DE(05) D (v541)
1

T1+ +T1+1(n1+’nz—r1—l)—r2+2

(4). if r1 is even and ro is odd, then

3J(G) Ny +nNg—17 — 7o

ny+n _ -
tee \/(T?1+§,T1772+2(n1+n2)73)(§+“§4—17r17r2+n1+n2>

4
_ro—1
1§]§T

1<i<=t Tl

“@)D‘é(um) D (v11)
1

r ,,,2 ’
L2yt tny—r—1)—r+3

+

IS

2 2 2 2

where D (u;) = L+24i(ny+no—ri—1)—ra+1, Dg(v;) = F+24j(ni+ne—ra—1)—ri+
2 2 2 L2

1, D¢ (u;) = ﬂfﬂ(nﬁm—n—l)—rﬁ%, D(v;) = T—l+—2+y(m+n2—rz—1)—n+$,

Dé(ul) = ; 1 ‘(7Z1+TL2*7'1*1)*7‘2+1, Dé(’l)]) r171+ +](n1+n27r271)77“1+1,
D¢ (w) = % +z(n1+n277"171)77“2+1, Di(v;) = nolyn +](n1+n277“271)7r1+1.

Proof. We calculate D¢ (u) for any vertex u € V(G).

Case 1. 1,79 is even.

Subcase 1.1. uw € V(G)\ V(C,,) UV (C,,).

In this subcase, we have Dg(u) = % + % —r1 — 712+ 2(ny +n2) — 3.

Subcase 1.2. u=u; € V(C,,).

Note that D¢(u;) = De(uy—i+2), we only need to calculate De(u;) for 1 < i < 12,
Clearly, when 1 <i < %, we have Dg(u;) = 71 + + ing+ng—r —1)—rg+ 1.

Subcase 1.3. u=v; € V(C,,).

It is similar as Subcase 1.2. When 1 < j < ”;2, we have D¢ (v;) = % + % +j(ny +

TLQ—TQ—l)—T’1+1.
Case 2. 1,719 are odd.

Subcase 2.1. u e V(G)\ V(C,,) UV (C,,).
In this subcase, we have Dg(u) = % + % —ry — 712+ 2(ny +ng) — %

Subcase 2.2. u=u; € V(C,,).
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Note that Dg(u;) = Dg (s, —i+2), we only need to calculate Dg(u;) for 1 < i < %
Clearly, when 1 <7 < ”2—“, we have Dg(u;) = % + % +i(ni+ne—r—1)—ra+ %

Subcase 2.3. u=wv; € V(C,,).

It is similar as Subcase 2.2. When 1 < j < 2t we have Dg(v;) = % + % +j(m+
ne—ry—1)—r + 3.

Case 3. r; is odd and 7, is even.

Subcase 3.1. u e V(G)\ V(C,,) UV (C,,).

In this subcase, we have Dg(u) = % —+ % —ry — 12+ 2(ny + ng) — %.

Subcase 3.2. u=u; € V(C,,).

Note that Dg(u;) = Dg (s, —iv2), we only need to calculate Dg(u;) for 1 < i < %
Clearly, when 1 <7 < ”2—“, we have Dg(u;) = % + % +i(ni+ne—r—1)—ro+ %.

Subcase 3.3. u=wv; € V(C,,).

Note that Dg(v;) = Dg(tr,—j42), we only need to calculate De(v;) for 1 < j < 22,
Clearly, when 1 < j < %, we have Dg(v;) = % + % +ini+ng—re—1)—r + %

Case 4. r; is even and 7, is odd.

Obviously, this case is similar as Case 3.

By combining the above arguments the proof is thus completed. 1

Theorem 3.2 Letny,ry,ng, mo be positive integers with 1 < ri+k—1 < mnj, 1 < ro+k—1 <
ne—ko. Let G be a connected bicyclic graph on ni+nq—1 vertices such that the two cycles
have k common vertices and r1 +k — 1, ro + k — 1 vertices, respectively. Then J(G) <
mE2 (A + B+ C), and the equality holds if and only if G = (G5(n1,3,1),G5(n2,3,1)),

p _ 2 — ni+ng2—6 — 4
where A = st B = Jatmrmtimems 0 T Jamrm—omms

Proof. Let G 2 C,,, n,. There exist positive integers ny, k1,71, N9, ko, 7o with 1 < &y <
rm+k—1,3<r+k—1<n; —k, 1<k <ro+k—13<ry+k—1<ny— kysuch
that G = (G1(n1,m1 + k — 1, k1), Ga(ng, 2 + k — 1, ko).

By Lemma 2.5, there exists a graph Gy € (Gi(n1,r1 +k—1,k1),G5(ng, ro +k — 1, kz))
such that G is obtained from G by repeating edge-lifting transformations. Then J(G) <
J(G4), and the equality holds if and only if G = G;. By Lemma 2.8, we obtain a graph
Gy = (G5 (ny,r1+k—1,1), G5 (n2, 12+ k—1,1)) € (G}(n1,m1+k—1,1),G5(n2, r2+k—1,1))
from G; by repeating branch transformations such that J(G;) < J(Gz), with equality if
and only if G; = G5. By Lemma 2.10, we obtain a graph G3 € (Gj(n1,71,1), G5(na, ro, 1))
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such that the two cycles have only one common vertex, from Gy by repeating crossing-
edge-lifting transformations such that J(G3) < J(Gj3), with equality if and only if Gy =
G3. By Lemma 3.1, we need to prove that
J(Gi(ny,11,1), Gs(na, 12, 1))
<max{J(G(n1,3,1), G5(n2,3,1)), J(G1(n,3,1), G3(n2,4, 1)), J(Gi(n1,4, 1),
G5(ng,3,1)), J(Gi(n1,4,1), Gs(na, 4,1)) }.
We consider the following cases.

Case 1. rq, 7 is even.

Let f(r1,m2) = (?4’%—7'1 —7”2+2(n1+n2)—3)( + —r1—ro+ni+ns), gi(r1,m2) =
(%—&-%-ﬁ-i(nﬁ—ng—h—l)—r2+l)(ﬁ-i-ﬁ-i-(i—i-l)(nl—&-nz—ﬁ—1)—r2+1) for1<i< 4,
and h;(ry,m2) = (4 iy +](n1+n2—rl—1)—1"1—5—1)(%—5—%—&-(]—5—1)(711+n2—r1—1)—r1+1)
for 1 <j < 2.

It is obvious that f, >0, f/, >0, g}, >0, ---, g’%m >0, gip, >0, -+, g’%.rz >
0, hy,, >0, -, h’r;T >0, hy,, > , h’%r2 > 0. So J(Gi(n1,71,1), Gs(na, re, 1)) is

a decreasing function of 71, ry. Thus, we have

J(GS{(nl/ 47 1)7 G;(n274) 1)) >‘](Gy1‘(nl7 67 1)3 G;(n% 67 1)) >

-1 -1
>J(Gilm, 2l 5= 1, 1), G (n, 2| o=, 1)),

Case 2. 1,7y is odd.
2 2
Let f(ry,m) = (%—i—%—rl — 19+ 2(ny + ng) —%)(%-ﬁ-% —r =Tt ni+ng— 1),
r? r2 . 2 2 .
gi(ri,m) = (T 4+ 2 +i(m4ne—r—1) =+ ) (F+ 2+ ((+ 1) (nm+no—r—1) —rp+13)

S . P r? r2 . r? r2 .
for 1 <i <8 hi(r,m) = (F+2+jm+n—r—1)—r+5)(F+2+G+1)(n+

r? r2 T
ng—ri—1) =r+3) for 1 <j < B p(ry,m) = 5+ F+ 0 (i dng —r = 1) =+ 5

and q(r1,m2) = % + % + 25 (g —rp— 1) = + 1.
Clearly, the partial derivative of f(r1,72), gi(r1,72), hj(r1,72), p(r1,72), ¢(11, r2) for r1, 72

is positive, so J(G7(n1,r1,1), G3(ns,72,1)) is decreasing. Thus we have

J(Gi(n1,3,1),G3(ne,3,1)) >J(G7(n1,5, 1), G*(nQ,S 1)) >

>J(G*(n172[ J +1,1), Gz(n2,2[ J+1 1)).

Case 3. r; is odd and 7, is even.

3

7.2 ,r2
Let f(ry,re) = (G-4+F—r1—ra+2(ni+ng)— f)(j“‘f—'f’]—'f‘g-i-’ﬂ]-‘rng ) gi(r1,m2) =
1)

2 2
(%-ﬁ-%’—&-i(m—&-ng—rl—1)—7‘2—&-1)(%4—%—0—( (mi+ne—r—1)—ra+3) for 1 < < 2H
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2 2 2 2 P
hi(r1,re) = (B +24j5(ni+na—r =) —r+3) (L + 24+ G+ D (m+ne—ri—1)—r1+3)
2 2
for 1 <j<Zandp(r,rm)=2+2+22(ni+ny—r—1)—ro+ 1.
Clearly, the partial derivative of f(r1,72), g;(r1,72), hj(r1,72), p(r1, r2) for ri, ro is larger
than 0, so J(G%(ny,71,1), G3(na,72,1)) is a decreasing function. Thus, we have

J(G’{(n1737 1)7 G;(TL2,4./ 1)) >J(GT(”17 57 1)/ G;(”’% 67 1)) >

> J(Gi(m, 2" 241, 1),0;(n2,2L"2T—1J, ).

Case 4. r; is even and 7y is odd.

Similarly as that in Case 3, we have

J(Gi(n1,4,1),G3(n2,3,1)) >J(G7(n1,6,1), Gy(ne,5,1)) > -+ -
ng—1 ng — 2
>J(G§(n1,2LlTJ71),G;(n2,2L 22
On the other hand, by performing some elementary calculations, we get
_3
ny + Na
3
= — (J(G5(n1,3,1),G3(n2,3,1)) — J(G5(n1,3,1), G (na,4,1))) >0

ny + ng

|+ 1,1)).

(J(G1(n1,3,1), G3(n2,3,1)) = J(G1(n1,4,1), G5(n2, 3, 1))

and

ﬁ (J(Gi(n1,3,1), G5(n2, 3, 1)) = J(G(m1,3,1), G5 (ns, 4, 1))
_ ny+n,—6 n 4
V@21 +n) =5)(ny +n2—2)  /(2(n1 +n2) — 6)(n1 + np — 2)
4 2 _ ny + ng — 7
2(n1+1m2) =6 \/(2(ny +ng) —4)(ny +ng — 1)
2 _ 2
V@1 +ny) —6)(ni +ne— 1) /(2001 + n2) — 6)(3(ny +na) — 1)
2 1

T ) =i oD 2mim) -5 "

Moreover, we have

e (J(G 1, 3.1), G (2 3,1)) ~ TG, 4,1), G, 4,1)
ny+ng —6 n 4
V@2my +1n9) —5) (g +n2—2)  /(2(m1 +n2) — 6)(ny +ng — 2)
B ny+ne —8 _ 4
V@2 +ns) — Bi(nl +n2) /(2 +n) ; 5)(n1 + na)

vV (2(ny +ns) —5)(3(ny + n2) — 10) " 2(ny +ng) — 6 -0
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From the above arguments, we have

J(Gi(n1, 1, 1), Gy(ng, 72, 1))
<max{J(G;(n1,3,1),G5(ns,3,1)), J(Gi(n1,3,1), G5(ns,4,1)),
J(Gi(n1,4,1),G5(n2, 3,1)), J(Gi(n1,4,1), G3(ns2,4,1))}
=J(Gi(n1,3,1), G3(ns,3,1)).

If G = Cy, 5y, by Lemma 2.11, we get
J(G) < J(Gj(n,3,1),G5(ne, 3,1)).

Therefore, if G is a bicyclic graph such that the two cycles have k common vertices, then

J(G) < J(G’{(TL17371)/G;(TL2,371)) 1

4 Maximum Sum-Balaban Index of Bicyclic Graphs

In this section, we will determine the graph which has the maximum Sum-Balaban index
among all bicyclic graphs with n vertices.

Similar to the arguments of the maximum Balaban index of bicyclic graphs, we see
that the bicyclic graph which has the maximum Sum-Balaban index among all bicyclic
graphs on n; + ng — k vertices is the bicyclic graph such that the two cycles have only
one common vertex. Now we only need to prove SJ(G) < SJ(G5(n1,3,1), G5(n2, 3,1)),
where G is the bicyclic graph such that the two cycles have only one common vertex.

Let G = (V, E) be a bicyclic graph on n;+ny—1 vertices. Suppose |E| = nj+ng, =2
and then J(G) = 242237 o) —————. Similarly, we obtain the following results

3 Dg(u)+Dg(v)
straightforwardly.

Lemma 4.1 Suppose the two cycles of the bicyclic graph have only one common ver-
tex. Let ny,11,n9,1r9 be positive integers with 1 < r; < ny,1 < ry < ng — ke, G =
(G5(n1,11,1),G5(n2,12,1)) € (Gi(n1,71,1), G5(no, 12, 1)) (see Case 1 of Figure 2.4). We
have
(1). if r1, 7o are even, then

3SJ(G) ny+mne—ry—re n 2

T2 2
ke \/71 +F —2(r1+r2) +3(n1 +n2) =3 1<i<d D (i) + Dg(uit1)

2
> ;
15272 /D& (v5) + Dg(v41)
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(2). if r1,ro are odd, then
35J(G) ny+mng —ry — 1o
ny + ng o

2 2
T+ 220 +r) +3(ng +n2) — 4
1

2 2
%+%+(r1+1)(711+n2—r1—1)—2r2+1
1

+

2 2
FHZ 4+ Dm+ng—r—1)—2r+1
2

2
+ > + 0y ;
1<i<tzl D (ui) + Dg(uit1) 1<j< 2t DZ,(vj) + Dg(vj+1)

(3). if r1 is odd and ry is even, then

35J(G) ny+mng —Tr1— T2
- 2 2
ke \/%Jr%f (ri+72) +3(n1+ng) — %
1
+

7‘2 7,2
3 +g+r+1)m+ne—r—1)—2rp+1
2 2
+

1§i§”,—;l Dg:(“i) + D?}(“i-%-l) 1<<2 D?}('Uj) + D?}(vﬁ'l)

+

(4). if r1 is even and ro is odd, then

35J(G) ny+ng —ry—1ry
ni + ng -

ﬁ+ﬁ, ( +7r 3( 9 _7
3 2 r1+72) +3(n1 4+ n2) — 4
1

+
2 2
%+%+(rz+1)(nl+n2—r2—1)—2r1+1

2 2

> —— —— ) = —
1<i< /Do) + Dg(uivt)  jcjcrat /D)) + Dg(vj41)

2 2 2 2
where DE(u;) = %+%+i(n1+n2—r1—1)—rg+1, D¢ (vy) = %+%+j(n1+n2—7’2—1)—r1+
T

+

2 2 . 2 L2
1, D&(w;) = T+ 24i(n+no—r1—1)—ra+1, D&(vj) = T+ 2 +j(ni+no—re—1)—r1+3,

Dé(ul) = §+Tl+i(n1+7’b2*7“1*1)*7‘2+1, D%(’U]) = szl+%+j(n1+n27r271)7h+1,
Dé(ul) = %4» 271+i(n1+n277"171)7r2+1, Dé(’[}]) = T'2471+%+‘j(n1+n277"271)77‘1+1.
1
Note that
3 * * * *
(SJ(Gi(n1,3,1),G3(ne,3,1)) = SJ(G7(n1,3,1), G5(ns,4,1)))
ny + ng
ny+mny,—06 2 4 ny+mnyg—7
= + —
\/B(nl +ng) —7 \/4(711 +ng) — 12 \/3(n1 +ny) —8 \/S(m +ny)—5

2 1 2 2
V3 +n2) =6 A +n2) =10 /3(ny +n0) =7 /5(ng +ny) — 17
> 0,
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and
3
——— (SJ(Gi(n1,3,1),G5(n2,3,1)) — ST(Gi(n1,4,1),G5(n2,3,1)))
3
= (SI(Gi 3,1, G3l02,3.1)) — ST(Gm,3,1), Gyl 1) > 0

Moreover, we have

3 (SJ(G3(n1,3,1),G3(ne,3,1)) — ST(Gi(n1,4,1),G5(ng, 4,1)))
ny + no

. nitng— 6 n 2 n 4
V3 +n2) =7 VAl +n) — 12 \/3(ng +ng) — 8

ny+mng —8 4 4
+ + > 0.
\/3TL1+'ﬂg \/3TL1+712 \/5n1+n2)—15

Therefore, we infer the following theorem.

Theorem 4.2 Letny,ri,ns, mo be positive integers with 1 < ri+k—1 < ny, 1 < ro+k—1<
— ko. Suppose G is a connected bicyclic graph on ny +no — 1 vertices such that the two
cycles have k common vertices and r + k — 1,79 + k — 1 vertices, respectively. Then

S,](G)§n1+n2 ny+ng—6 n 2 n 4 7
3 V3 +n2) =7 A +n2) — 12 \/3(ng +np) — 8

and the equality holds if and only if G = (G5(n1,r1,1), G3(na, 72, 1)) (k = 1).
Proof. Similar to the proof of Theorem 3.2, we have

J(Gi(ny,m+k—1,1),Gs(ng,ma + k — 1,1))
<max{SJ(Gi(n1,3,1),G5(ns,3,1)),SJ(G](n1,3,1), G5(ns,4,1)),
SJ(G7(n1,4,1),G5(ne,3,1)), SJ(Gi(n1,4,1), G3(n2,4,1))}
=S5J(G5(n1,3,1),G5(n2,3,1))(k = 1).

If G = Cy, n,y, then by Lemma 2.11, we obtain
SJ(G) < SJ(Gi(n1,3,1),G5(n2,3,1)).

Combining the above cases, we complete the proof. 1
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5 Conclusion

In this paper, we studied sharp upper bounds for the Balaban index and the Sum-Balaban
index among all bicyclic graphs, by using some transformations. The graphs attaining
these bounds were also characterized. An important question is how general the bounds
are. Obviously, the proof techniques use structural properties of the graphs under con-
sideration and it may be intricate to extend the techniques when using more general
graphs.

Consequently we will consider the extremal problems of the Balaban index for general
graphs, i.e., the graphs with the cyclomatic number p = k for any integer £ > 3, and
also some special networks as future work. Further, we would like to explore advanced
structural properties of the Balaban index, and relations between the Balaban index and

some other topological indices.
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