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Abstract
The Randi¢ energy of a graph is the sum of the absolute values of its Randié¢
eigenvalues. In this note, new bounds on the Randi¢ energy of a graph are estab-
lished.

1 Introduction
All graphs considered here are simple, undirected and finite. Let G be a graph with

V(G)|, denoted by n,

vertex set V(G) = {v1,vq,...,v,} and edge set E(G). Its order is
and its size is |£(G)|, denoted by m. For i =1,2,...,n, let d; be the degree of the vertex
v; € V(G).

Randi¢ [15] invented a molecular structure descriptor which is defined as

R=RG)= ) !

viv;€E(G) (iidj

where the summation is over all (unordered) edges v;v; of the underlying (molecular)
graph G. Nowadays, R is referred to as the Randi¢ index. It has been found count-
less chemical applications and became a popular topic of research in mathematics and

mathematical chemistry, for more details see [10, 13,14, 20, 21].
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Gutman et al. [8] pointed out that the Randié-index—concept is purposeful to associate
the graph G a symmetric square matrix of order n, named Randi¢ matrix R(G), whose

(i, j)-entry is defined as

L if vv; € E(G);
7'7']' =

0 otherwise .

Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of vertex de-
grees of G, respectively. Clearly, R(G) = D(G)~"/?A(G)D(G)~/2. Hence rank(A(G)) =
rank(R(G)). As usual, we shall index the eigenvalues of A(G) and R(G) (or the eigen-
values and the Randié¢ eigenvalues of G, respectively) in non-increasing order and denote
them as A1 (G) > Aa(G) > -+ > N\ (G) and p1(G) > pa(G) > -+ > p,(G), respectively.
When only one graph G is under consideration, we sometimes use A, D, R, A; and p;
instead of A(G), D(G) and R(G), \i(G) and p;(G) for i = 1,2,...,n, respectively.

The (ordinary) energy E(G) of a graph G is defined as the sum of the absolute values

of its eigenvalues:

n

E=E(G)=) |\ (1)

i=1
Details and more information on graph energy can be found in the reviews [9,11,12] and
the recent papers [16,19].

The concept of the Randi¢ energy of a graph G, denoted by RE(G), was introduced
in [2] as:

RE = RE(G) =>_ |pil
i=1

and was conceived in full analogy with the ordinary graph energy, Eq. (1). Some basic
properties of the Randi¢ energy were determined in the papers [1-3,5,7,8,18], including
upper and lower bounds. In particular, the authors [8] conjectured that the connected
graphs of order n with maximal Randié¢ energy is a tree. And explored the structure of
the maximum-RE trees.
Remark 1. Recall that the normalized Laplacian matrix of G is £(G) = I, — R(G) [4]
and its normalized Laplacian energy is E-(G) = Y1 | — 1] [3], where pg > po >
- > up are the eigenvalues of £L(G). Then p; = 1 — pp_i4q1 for i = 1,2,...,n and
Er(G) = RE(G) [8]. Therefore, results obtained for y; (i = 1,2,...,n) and Ez(G) can
be immediately re-stated for p; (i =1,2,...,n) and RE(G), respectively.
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In this note, some further properties on RE(G) are established, mainly upper and

lower bounds on RE(G).
2 Main result

Recall that the general Randi¢ index R_; of a connected graph G is

1
did;’

R,1 = Rfl(G) = Z

0, €E(G)

where the summation is over all (unordered) edges v;v; in G [3]. Some basic properties
of the general Randi¢ index were determined in the paper [3], including upper and lower
bounds.

In this section, further properties on RE(G) are explored, mainly upper and lower

bounds. We begin with the following well-known facts on the Randi¢ eigenvalues of G.

Fact 2 ( [4,17]). Let G be a connected graph of order n with Randi¢ eigenvalues p; >
P2 2 o 2 Pn- Then

(1) m=1 Z?:l pi=0, Z?:l P,? =2R_; and Zi<j PiPj = R .
(i) When G 2 K,,, then p; =1l and py =+ = p, = =% .

(i) When G # K, then ps > 0. Moreover, the equality holds if and only if G is a

complete multipartite graph.
(iv) When G is bipartite, then p; = —pn_jy1 for i =1,2,..., | ]

Proposition 3 ( [8]). Let G be a connected graph of order n. Then RE(G) > 2. More-
over, the equality holds if and only if G is a complete multipartite graph.

Proof. Form Fact 2(i), we have RE(G) > 2p; = 2. The equality holds if and only if
p2 < 0. That is G is complete multipartite graph form Fact 2(ii) and (iii). |

In [3], bounds on E.(G) in terms of R_; were established. Those can be re-stated for

RE(QG) as follows.

Lemma 4 ( [3]). Let G be a graph of order n with no isolated vertices. Then

2R,1 S RE(G) S \/Z’ILR,1 . (2)
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We now give another bounds on RE(G) in terms of R_; as follows.
Theorem 5. Let G be a connected graph of order n with Randié¢ eigenvalues py > ps >

- > pn. Then
V2R —1+42[1-R|+1<RE(G)<V(n—1)(2R_, —1)+1. (3)

Moreover, the lower bound is attained if and only if G is a complete multipartite graph;

and the upper bound is attained if and only if |pa| = -+ = |pul.

Proof. Form Fact 2(i), we have >, pipj = 1 — Ry and p, < 0 for the connected
graph G. Note that >y, |pillpj| = |2 9cic; pipjl = |1 — R-1|. The equality holds if
and only if p; < 0 for ¢ = 2,... n since p, < 0. That is G is a complete multipartite
graph from Fact 2(ii) and (iii). Note that

n 2
_ (z m) z o+ 3 ol
=1 i#j

Z loil* + QZ loil + > lpillos]

2<i#]

2R +2(RE—1)+2]1—-R_4| .

v

That is (RE — 1)? > 2R_; — 1 + 2|1 — R_;| with equality if and only if G is a com-

plete multipartite graph. This implies that RE(G) > /2R_; — 1 + 2|1 — R_;| + 1 with
equality if and only if G is a complete multipartite graph.

Moreover, note that

4nR_, —2RE* = ZZ lpil = 1pi])?

i=1 j=1
= 22 loal = lpil)* + (loil = 1os1)°
=2 j=2
= 2(n+2R.,—2RE) + (loil = 1ps1)°
i=2 j=2

> 2(n+2R_, —2RE) .

That is (RE—1)? < (n—1)(2R_; —1) with equality if and only if >}, S (lpil = Ipi)? =
0. This implies that RE(G) < 4/(n—1)(2R_; — 1) + 1 with equality if and only if
|pa| = -+ =|pn|. This completes the proof. |
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Remark 6. The lower bound in (3) is an improvement of Proposition 3 since

{ V2R —1+4+2[1-R4|+1=2 iR, <L

V2R —1+2[1-R4|+1>2 ifR,;>1.

And the upper bound in (3) is also an improvement of that in (2) since

(mn—1)2R-1 —1)+1<+2nR_; .

But the lower bounds (2) and (3) are incomparable since

{2313\/2R1—1+2|1—Rl|+1—2 if R, <1
2R > 2R —1+2[1-R4[+1>2 ifR;>1.

Remark 7. It should be pointed out that when G = K, then |ps| = -+ = |pa| = =5
from Fact 2(ii). Hence the upper bound in (3) is attained for K,,. However, the problem
of determining all connected graphs for which the upper bound in (3) is attained appears
to be somewhat more difficult.

To deduce more bounds on RE, the following lemma is needed.

Lemma 8 ( [6]). Let ®,y € R" and let A(z) = 137 2, Aly) = 130 . If
¢<x <P andy <y <T, then

S>> w > u| < V@ = AWNAE) - 9T — AG)AG) )

Now we turn to new bounds on RE(G).

Theorem 9. Let G be a connected graph of order n with Randié¢ eigenvalues py > ps >

e 2 Pn- Then
2R+ (n—1)af—1
a+p

where o = win {|pd} and § = max{ps. |pul}

RE >

+1, (4)

Proof. Note that

n 2 n n n
R~ (HZm-) eSS Dl 23 ol
=2 =2 =2

2<iAj
That is
RE®—2RE+2=2R 1+ Y |pillp;|, as X0, |l* = 2Ry . (5)

2<i]
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Let P = 370 . loillpsl, @i = |pi| and y; = RE — 1 — |p| for i = 2,...,n. Then
P =37 iy

Recall that o = 1ryl<n {|pi|} and 8 = max{ps, |pn|}. Thena < z; < fand RE—1-0 <
yi < RE—1-a. Also A(z) = 251 and A(y) = (=2(RE-1) * Hepce by Lemma 8, we

n—1

- RE—1\*/RE-1 2
- (6_ nfl) (nfl —a) '

P>(RE-1+(n-1af - (a+B)(RE-1).

have

P (n—2)(RE —1)?
n—1 (n—1)2
It follows that

This together with (5) imply that
RE? —2RE+2=2R +P>2R + (RE — 1)+ (n—1)af — (a + B)(RE — 1) .

It follows that

< 2R+ (n—1)ap—1
- a+

This completes the proof. |

RE +1.

Note that the right-hand side of (4) is a non-decreasing function on o > 0. Then we
have
Corollary 10. Let G be a connected graph of order n with Randi¢ eigenvalues p1 > ps >
<o+ > pp. Then
2R, —1

RE}T—H, (6)

where B = max{pa, |pnl} .

Remark 11. The equalities of (4) and (6) are attained for G = K,, and G is complete
bipartite graph, respectively. Moreover, note that the right-hand sides of (4) and (6) are
non-decreasing functions on R_;, respectively. Hence lower bounds on R_; in [3] can be

used to deduce more bounds on RE.

Recall that rank(A) = rank(R) for any graph G. And note that 0 is a Randi¢

eigenvalue of G when rank(R) < n. Then we have the following general result.

Theorem 12. Let G be a connected graph of order n with Randié eigenvalues py > py >
<+ > pp. If rank(A) =r, then

2R+ (r—1a*f—1
a*+

RE > +1, (7)

where o* = min {|p;] }pi #0,i=1,2,...,n} and B =max{ps, |pal} -
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Proof. Note that there are r non-zero Randié¢ eigenvalues in G since rank(A) = r. Let

py > ps > -+ > pr be r non-zero Randi¢ eigenvalues of G. Clearly, p; = 1. Hence

, 2
Ez—(1+2|pﬂ> 1+Z\pz|2+2|pll\pﬁ+22|pz
=2 2<i#j

2R +2RE -2+ Y |pillp}l -

2<i]

Then similar argument as the proof of Theorem 9 leads to RE > % + 1.

This completes the proof. |
In particular, if G is bipartite, then we have the following.

Theorem 13. Let G be a connected bipartite graph of order n with Randi¢ eigenvalues

pL>po > > pu. If G is not a complete bipartite graph, then

REZQ(R-ﬁQ;J—Uam—lH)’ )

o+ p2

where o = <m<1{1 . {lpil}-

Proof. Note that G is a bipartite graph. Then from Fact 2(iv), we have p; = —p,11-;
and p; > 0 for i =1,...,%]. In particular, py = —p, = 1. Therefore,

L5) 2 3] 3] L5)

RE* = [2+2) p, —4+4Zp, +4 ) plp]JrBZpl )
i=2 2<it]
That is
5]
(RE—-2?=4R_1 —4+4 ) pip; . (9)
2<i#j
5] 5]
Let P = Y pip;. Note that Zpl =8 _ 1 a<p <pyfori=2..,[2] and

2<i#j
po > 0 since G is not a complete blpartl‘re graph. Then similar argument as the proof of

Theorem 9 leads to

P (B ) (13 ) am—@rn (1)

This together with (9) imply that

R1+(L3J—1>apz—1+1> ,

REEQ(
a+ pa

which completes the proof. |
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Note that the right-hand side of (8) is also a non-decreasing function on a > 0. Then

we have

Corollary 14. Let G be a connected bipartite graph of order n with Randi¢ eigenvalues

pL > p2 > > po. If G is not a complete bipartite graph, then

REﬂ(MH) .
P2

Note that for a bipartite graph G, if rank(A) = r, then r is even. Similarly, we have

the following general result for bipartite graphs.

Theorem 15. Let G be a connected bipartite graph of order n with Randié eigenvalues

p1 > pa > > py. If rank(A) =1 and G is not a complete bipartite graph, then

REZQ(R_1+(21)QPZI+1>7

ar+ pa
where o* = min{|p,-| }pi #0,i = 1,27...7n}.

Proof. Note that G is a bipartite graph with rank(A) = r. Then there are r non-zero
Randi¢ eigenvalues in G. Let pj > p5 > --- > p} be r non-zero Randi¢ eigenvalues of G.
Clearly, p; = —p;_;,; fori=1,2,...,5. Hence
r 2 r r r
2 2 2 2
RE® = |2+2) pi| = 444> (0)*+4 ) o} +8> 0}
i=2 i=2 2<i#j i=2

-

2
= 4R, +4(RE—-2)+4 ) pip} .

2<ij
Then similar argument as the proof of Theorem 13 leads to
Rya+(5(—-1)a*ps—1
RE22< (5= 1)atn +1> .
a*+py
This completes the proof. |

Acknowledgements: The authors would like to thank the anonymous referees for their
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original manuscript.
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