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Abstract

The energy £(G) of a graph G is defined as the sum of the absolute values of the
eigenvalues of its adjacency matrix. A graph G of order n is said to be borderenergetic if its
energy equals the energy of the complete graph K, , i.e., if £(G) = 2(n — 1). We first show
by examples that there exist connected borderenergetic graphs, different from the complete
graph K, . The smallest such graph is of order 7. We then show that for each integer
n, n > 7, there exists borderenergetic graphs of order n, different from K, , and describe
the construction of some of these graphs.

1 Introduction

Throughout this paper, all graphs are assumed to be simple, undirected and finite.

Let G be such a graph of order n, and Aj, Ag,..., A, be its eigenvalues, i.e., the
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eigenvalues of the adjacency adjacent matrix A(G) of G. These eigenvalues form the
spectrum of the graph G which will be denoted by Sp(G); for details on spectral graph
theory see [6].

A graph is said to be integral if all its eigenvalues are integers; for details on
integral graphs see [2,5].

The energy of G, denoted by £(G), is the sum of the absolute values of the eigen-
values of A(G), that is, £(G) = i |Ail . This notion is related to some applications
of graph theory in chemistry an(f =h]as been studied intensively, see [1,8,17,18,20,21,
23,25-27], the survey papers [9,11-13,15], as well as the books [16,24].

Recall that the complete graph K, has energy 2(n — 1), and a graph G of order
n is said to be hyperenergetic if E(G) > 2(n — 1); for details see [10, 14,19, 22, 26,28
30]. Consequently, a graph G would be non-hyperenergetic if £(G) < 2(n —1). In

connection with this, we ask the following question:

Question: Are there graphs of order n, different from the complete graph K, , whose

energy is equal to 2(n — 1) ?

For convenience, graphs G of order n, for which £(G) = 2(n — 1), will be referred
to as borderenergetic. A borderenergetic graph is said to be non-complete if it is
different from the complete graph K, .

In this paper, we focus on constructing non-complete borderenergetic graphs. In
Section 2, we report the results of our computer search for borderenergetic graphs of
small order. In Section 3, we first show how additional disconnected and connected
non-complete borderenergetic graphs can be constructed. In particular, we show how

such graphs of order n can be constructed for each n , n > 8.

2 The smallest non-complete borderenergetic
graphs

From the Appendix of [6], we established that there are no non-complete borderen-
ergetic graphs of order less than 6. Some non-complete borderenergetic graphs with

n=7,8,9,10 can be found in the tables of spectra of integral graphs [2], but a com-
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plete list could be obtained only a checking all n-vertex graphs. We have performed
such a computer—aided calculation for n = 7,8, and 9 and obtained the following

results:

Proposition 1. The smallest non-complete borderenergetic graph Gy has n =7 ver-

tices and m = 17 edges, and is unique. This graph is depicted in Fig. 1.

Go

Fig. 1. The smallest non-complete borderenergetic graph. It is an integral graph
with spectrum Sp(Gp) = {5,1,-1,-1,—-1,-1,—2}.

Proposition 2. There exist (ezactly) siz non-complete borderenergetic graphs of order

8. These graphs are depicted in Fig. 2.
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Fig. 2. The six non-complete borderenergetic graphs of order 8. These have different
number of edges (between 19 and 25).
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The graphs shown in Fig. 2 have the following spectra:

Sp(Gy) = {5,1,1,—1,—1,—1,-2, -2}
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We thus see that borderenergetic graphs need not be integral. In fact, the next

Proposition suggests that the majority of borderenergetic graphs are non-integral.

Proposition 3. There exist (exactly) seventeen non-complete borderenergetic graphs

of order 9. These graphs are depicted in Fig. 3. Only four among them are integral.
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Fig. 3. The seventeen non-complete borderenergetic graphs of order 9. These have

different number of edges (between 22 and 34).
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3 Non-complete borderenergetic graphs

In this section, we investigate non-complete borderenergetic graphs by using tensor
product, line graph, strongly regular graphs, the union of graphs, and complements,

respectively.

3.1 Tensor product

The tensor product of two graphs G and G is the graph G; ® Gy with vertex set
V(G,) x V(Gs), in which two vertices (ug,ug) and (v, vs) are adjacent if and only
if both uyjv; € E(Gy) and ugvgy € E(G3). For a graph G, denote by |G| and ||G||
the number of vertices and the number of edges of G, respectively. Based on the

definition of the tensor product, we have:

Lemma 4. Let Gy and Go be two non-empty graphs and G = G1 @ Go. Then
(i) G1 ® Gy is not complete.
(i) G4 ® Go is connected if and only if both Gy and Gy are connected, and either G,

or Gy contains an odd cycle.

Proof. From the definition, we have ||G; @ Gs|| = 2||G1]| X ||Gsl|. Then

o JGilIGI =) | [Gal(1Gal = 1)

<
IGre Gl < . .
|G [|G[(IG1] = (1G] — 1)
2
< [GIG[(IG11Gy ~ 1)
5 .

Then the claim (i) follows.

For the proof of claim (ii) see Theorem 1 in [4]. O

In [1], Balakrishnan obtained the following result:

Lemma 5. [1, Corollary 5.5] If G1 and Gy are any two graphs, then

E(G1®G2) = E(G1) E(G) .
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Combining Lemmas 4 and 5, we get:

Theorem 1. Let G be a borderenergetic graph. Suppose that G is obtained from the
tensor product of two integral graphs Hy and H,. Then both |Hy| and |H,| are odd

numbers.

Proof. Because the energy of a graph is never an odd integer; see [3], we have that
E(H;) = 2(|H;| — k;) for @ = 1,2, where ki, ky are integers. Note that since G is

borderenergetic, by Lemma 5 we have
A(H| = k)(|Ho| = ko) = 2(|H:[[Ha| = 1)

That is,
|Hy||Ha| — 2k1|Ha| — 2ko|Hy| + 2k1ka +1 =10,

which implies the result. O

Using Theorem 1, we can construct some borderenergetic graphs of small order.

To ensure the connectedness, without loss of generality, suppose that H; contains odd

cycles. Further, suppose that H; = K|g,|. Then ky =1, ky = 7‘111”;2;‘211;2'“ and thus
|H:||Hs| — 1
E(Hy)) = ——FF—— . 1

Using the data from the Appendix of [6], when we take H; = K3 and Hy = K,
Hy = K5 and Hy = Gy, and Hy = K; and Hy = (9, respectively, one can verify
that K3® K3, K5 ® Gy, and K7 ® Gy are all connected non-complete borderenergetic
graphs, where G; and G are depicted in Fig. 4.

CONC

Fig. 4. Two integral graphs: G, has energy 6, G, has energy 8.
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In Eq. (1), £(Gy) = |Ga| + 1 if |G| = |Gsl|. Hence, if we can show that for some
odd integer n, there exists a connected graph G of order n such that £(G) =n+ 1,
then we can obtain many non-complete borderenergetic graphs. However, this is not

an easy task!

3.2 Line graph operation

Let G be a graph with edge set E(G). The line graph of G, denoted by L(G), is
the graph whose vertex set is E(G); two vertices of L(G) are adjacent if and only
if the corresponding edges in G are adjacent. Denote by ¢(G,x) the characteristic

polynomial of G. The following result is well known.
Lemma 6. [7, Lemma 8.2.5] Suppose that G is a k-regular graph of order n. Then
O(L(G),x) = (x+ 2"/ * " ¢(G,x — k+2) .
Applying Lemma 6, we obtain

Theorem 2. The line graph of the Petersen graph is a connected non-complete bor-
derenergetic graph.
Proof. Note that the spectrum of the Petersen graph is
{3,1,1,1,1,1,-2, -2, -2, -2} .
Then the spectrum of the line graph of the Petersen graph is
{4,-1,-1,-1,-1,2,2,2,2,2, -2, -2, -2, —2, -2}

and thus it is borderenergetic. O
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3.3 Strongly regular graphs

Let G be a regular graph that is neither complete nor empty. Then G is said to be
a strongly regular graph with parameters (n,k,a,c) if it is k-regular with order n,
every pair of adjacent vertices has a common neighbors, and every pair of distinct
non-adjacent vertices has ¢ common neighbors. As known [6, 7], the eigenvalues
of a strongly regular graph with parameters (n,k,a,c) are k with multiplicity 1,
0=[(a—c)+ \/N /2 with multiplicity mg and 7 = [(a—c)— \/K] /2 with multiplicity
m,, where
A=(a—c)P+4(k—c)
and my, m, satisfy the equations

mg+m;,=n—1 , megb+m,7=—k. (2)

Usually, a strongly regular graph with mg = m is called a conference graph. Thus

we have

Theorem 3. Let G be a conference graph. If G is integral and non-complete bor-

derenergetic, then G has parameters (9,4, 1,2).

Proof. Note that my = m,. Then from (2) we get my =m, = %(n — 1), and thus

2k

[4 =——
T n—1"

which implies that —2k/(n — 1) is an integer, since G is integral. Note that G is
non-complete. Then k = 3(n—1), a—c= -1, and
0+7=-1. (3)
Eq. (3) implies that the eigenvalue 6 is non-negative and 7 is negative. Thus
E(G) :k+%(n—1)(1+29) =(n-1)(1+90).
Recall that G is borderenergetic, that is, £(G) = 2(n — 1). Thus § =1 and 7 = —2.

Applying the relation between the sum of all the eigenvalues of the square of A(G)

and its trace, we have

1 .
5(71— D@+ +k=2|G| == (n—1)n,

1
2
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from which we find n = 9. Recall that 1 = [(a—c)—i-\/N/Z and A = (a—c)+4(k—c),
implying @ = 1 and ¢ = 2. The result then follows. O

In addition, from Table 10.1 of [7], one can find that the strongly regular graph
with parameters (16,5,0,2) is borderenergetic, since all the eigenvalues of such a

graph are 5 with multiplicity 1, 1 with multiplicity 10 and —3 with multiplicity 5.

3.4 The union of graphs

Using the union of graphs, in this subsection we show that for each integer n, n > 13,
there exists a non-complete borderenergetic graph of order n. The union of two vertex-
disjoint graphs G and G is denoted by G;UG». The union of k vertex-disjoint copies
of a graph H is sometimes denoted by k H.

Theorem 4. For each integer n , n > 13, there exists a non-complete borderenergetic

graph of order n.

Proof. Denote by G; (i =0,1,...,11) the graphs (K3 ® K;) U Ky, (K3 ® K4) UK>,
(K3® K4) U K3, the strongly regular graph with parameters (16, 5,0, 2), (K3 ® K5)U
2K, , (K30 Ks) UK UK, , (K3@Ks)UK3UK, , (K3®Ks) UK UK, , (K@ K5)U2K; ,
(K3 K5)UK3 UKy, (K3® K5)U2Ky, and (K3 ® K5) U K, U K5, respectively. For

any given n , n > 13, there exists a unique pair of integers p, such that
n=13+px12+1

where 0 <4 < 11.
Denote for brevity the graph K3 ® K4 by H. One can easily verify that £(H) = 24
and £(G;) = 2(|G;| — 1) for t = 0,1,...,11. Therefore,

EWHUG:) =24p+2(Gi| —1) = 2(n —1) .

Then the result follows. O
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3.5 Complementary graph operation

Lemma 7. [7, Lemma 8.5.1] Let G be a k-regular graph of order n with spectrum
Sp(G) = {k,Xas..., An}. Then the spectrum of the complement G of G is Sp(G) =

{n—1—k—1—Xy...,—1—\,}.

Theorem 5. Let p, q, and r be non-negative integers, and let p +q = 2. Then
pCyUqCgUrCy is borderenergetic.

Proof. Note that Sp(Cy) = {2,—2,0,0}, Sp(Cs) = {2,1,1,—1,—1, -2}, and Sp(C3) =
{2,—1,—1}. Then the order of pCy UqCs U7 Cs is 4p + 6¢ + 3r and by Lemma 7,
the eigenvalues of p C; U ¢ Cs U Cs are 4p + 6q + 3r — 3 with multiplicity 1, —3 with
multiplicity p + ¢ + r — 1, 1 with multiplicity p + ¢, 0 with multiplicity 2q + 2r, —1
with multiplicity 2p, and —2 with multiplicity 2¢. Consequently,

E(pCyUqCsUrCs) =10p+14q +6r — 6 .
Recall that p+ g = 2. Then
E(pCiUqCsUrCy) = 2(4p + 6¢ + 3r — 1)
which means that p C, U ¢ Cg U Cs is borderenergetic. O

Corollary 8. For each integer n , n > 7, there exists a connected non-complete

borderenergetic graph of order n.

Proof. From Section 2, we know that there are connected non-complete borderener-

getic graphs of order 7, 8, and 9. For each integer n , n > 10, let

nos ) ifn—3 n-8 is even;
3 3

-8
{n J — 1, otherwise,

3
qg=(n—3r—28)/2, and p=2—g¢. Then p, ¢, and r satisfy the conditions of Theorem
5 and thus pCy U qCgs Ur Cs is borderenergetic. By a well known result of graph
theory, since pCy U qCg U r Cj is disconnected, its complement must be connected.

The result thus follows. 0
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