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Abstract

Considering a consequence of the Cauchy—Schwarz inequality we obtain a sharp
upper bound of the energy of a bipartite graph and a large family graphs, namely
those graphs whose adjacency matrix is partitioned into blocks with constant row
sum.

1 Introduction

Let G = (V, E) be an undirected simple graph with n vertices and m edges. The eigenval-
ues of G are the eigenvalues of its adjacency matrix, Ag. The multiset of the eigenvalues

of a matrix M is the spectrum of M and will be denoted by oj;. The spectrum of a
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graph G, is 04, for short we denote it by, o¢. If G has at least one edge, then A¢ has
a negative eigenvalue, not greater than —1 and a positive eigenvalue not less than the
average degree of the vertices of G (see [1,7]). Throughout the paper, the eigenvalues of
a real symmetric matrix M of order n are ordered as follows: A\ (M) > --- > \,(M). In
a similar way, A (G) > -+ > \,(G) are ordered the eigenvalues of G. The energy of G is

defined as N
EG) =) NG
i=1

This concept was introduced by Gutman and is intensively studied in chemistry, since it
can be used to approximate the total m-electron energy of a molecule (see [5,6]).
Many upper bounds for the energy of a graph present in the literature (see, [8-10])

were obtained by using the Cauchy—Schwarz inequality (see [11].)

Lemma 1 Let z = (z1,29, ..., x")t and y = (y1, Y2, - - -, yn)t in C" then

Equality holds if and only if y = ax, a € C.
By taken z; = 1, for all 1 <14 < n, we obtain

Lemma 2 Let y = (y1,%s,-..,Ya) in C" then

FEquality holds if and only if || = -+ = |ya| = 7{2 |y1~\2 .
i=1

Now we need to recall (see [3]) that a balanced incomplete block design (BIBD)
consist of v elements and b subsets of these elements called blocks such that (i) each
element is contained in r blocks, (#i) each block contains k elements, and (i#i) each pair
of elements is simultaneously contained in A* blocks. The integers (v, b, 7, k, \*) are called
the parameters of the design. In the particular case r = k the design is called symmetric.
The incidence matrix B of a design is the v x b matrix defined by setting for each =
an element and N a block, B, x := 0if ¢ N and B,y := 1 otherwise. B satisfies
BBT = (r — A)I + X*J and JB = kJ, such that J denotes a square matrix whose all
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entries are equal to 1. The incidence graph of a design is defined to be the graph G with

0 B
AG:(BT 0)

Clearly, the graph is bipartite with each vertex of degree r or k, and its eigenvalues
are 0, £v/7 — A* and +v/rk with multiplicities b — v, v — 1, and 1, respectively, where
vr = bk, \*(v—1) =r(k—1).

adjacency matrix

It is well known [3] that the eigenvalues of a bipartite graph G on n = 2N vertices
occur in pairs: £y, £XAg, ..., +Ay. Let ¢ = Zf\il M. By the Cauchy-Schwarz inequality,
m? < Ng.

Rada and Tineo showed the following [15]: Let G be a bipartite graph on 2N vertices.
If 1 <m?/q < N, then

E(G)g% [(m—m)+(zv—1) (m— ﬁ)} 3)
where Q = Ng —m?. Equality holds if G is the graph of a symmetric BIBD. Conversely,
if the equality holds and G is regular, then G is the graph of a symmetric BIBD.

In this paper, we obtain a sharp upper bound for the energy of connected bipartite
graphs. We remark that the set of graphs that realize our upper bound contains all the
connected graphs that realize the previous upper bound. Moreover, we have found two
infinite families of graphs realizing our upper bound and not the previously.

The present paper is organized in four sections. In the second section we show an
inequality which is a consequence of the Cauchy—Schwarz inequality and we study the
equality case (see [16]). In the third section we apply the equality results obtained in the
preceding section to an imprimitive symmetric matrix and we use these results to obtain
a sharp upper bound of the energy of connected bipartite graphs. The most general
result of this section is then used, in a subsection, to obtain tight upper bounds for the
energy of a generalized Bethe tree (see [17]). In the fourth section we apply the results of
the second one to an important family of graphs, namely those graphs whose adjacency
matrix is given into block form with equitable partitions. We apply the result for energy
of real symmetric equitable partitioned matrices to the H-join which is a generalization

to more than two graphs of the join of two graphs.
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2 A Consequence of the Cauchy—Schwarz Inequality
Now we obtain a new version of Eq. (2) (see [16]).

Lemma 3 Let y = (y1,%s, ..., yn) i C* and p an integer with 1 < p < n. Then

n

n p
Z\Uz\ < ZPHH\QJF Z (n—p) |yl
i=1 i=1

i=p+1

IN

n
2
n Z [yl
i=1

P
The left inequality is an equality if and only if |y1| = -+ = |yp| = a = %Z lyi|* and
i=1

‘yp+1| = ‘yn| =b= n— p Z Iy,\
i=p+1

Proof. For the left inequality we Just apply two times the Cauchy—Schwarz inequality,

firstly to Z ly;| and thereafter to Z |y;|. For the right inequality we apply the Cauchy—
i=p+1

p
Schwarz inequality to & = (a1, as)" and z = (by,by)" , where a; = VD b= > |yi|2,
V i=1

as = +y/n—pand by = Z \yl\z It is evident that the left equality holds for the case
i=p+1
in the statement. Reciprocally, if the left equality holds, then

Sl + Y in—ZIyilh/n—p\j > inQ—MﬁJZyiluvn—p > lwil

i=1 i=p+1 i=1 i=p+1 i=1 i=p+1

p P
In consequence, Y |yi| = \/py[ > |yil* and by Cauchy-Schwarz equality case we obtain
i=1 i=1

P
lyi| = =yl = a = ;1) Z |y ;| By following analogous steps those above, now for
n n 2
the sum ) |y;| we obtain |y,41| = = |yn| =b= %p Syl w
i=p+1 i=p+1

Let M be an my X mgy real matrix we denote by |M| = /trace (M M*) the Frobenius

matrix norm of M. Nikiforov [13] defined the energy of M as the sum of its singular
values. Let p = min {my,mo} and consider oy (M) > 09 (M) > --- > 0, (M) as the
singular values of M. As a generalization of the result of Theorem 1 in [8], into the proof

of Theorem 1 in [13], it is shown that

E(M) <oy (M) + /(0 — 1) (M - 03 (M) . (4)
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Let M be a real symmetric £ x ¢ matrix. According to Nikiforov [14], the Ky Fan k-norm
|M]] s is the sum of the k largest absolute values of the eigenvalues of M. If k = ¢, the

Ky Fan /-norm and the energy of M coincide. Therefore,
¢

B(M) =Ml = 2 M-
i=

The following inequality is an immediate consequence of the Cauchy—Schwarz result, for
any real symmetric matrix M

E(M)<ViIM]|. (5)
3 Bipartite Graphs

Definition 1 For an irreducible nonnegative matriz M with mazimal eigenvalue r, with
ezactly h eigenvalues of modulus r, the number h is called the imprimitivity index of M
(see [12, Ch. 3]). If h = 1, then the matriz M is said to be primitive; otherwise it is

imprimaitive.

Remark 1 A symmetric imprimitive matricv M must have index 2. By the Frobenius

Form of an Irreducible Matriz [12, Theorem 3.1/, in those cases there exists a permutation

o 0 My
AhP(MQI 0 )P (6)

matriz P such that

We note that My, = M, .

In the next result we obtain an upper bound for the energy of an irreducible nonneg-

ative imprimitive symmetric matrix M.

Theorem 1 Let M be an imprimitive symmetric matriz whose Frobenius form is given
in Eq. (6). If Mg has order mq xma, and May has order ma xmy and m = min {my, ma}.

Then

E (M) <2\ (M) + 2\/(m = 1) (IM]* /2= X3 (M)) .

FEquality holds if and only if m = 1 or if M has 2(m — 1) eigenvalues distinct from
£+ (M) with the same modulus, namely \/[ |MJ? /2 — A2 (M)]/(m—1) and |mg — my]

eigenvalues equal to 0.

Proof. Without loss of generality, we can assume that m = my. Therefore,

M5 M. 0
2 _ pt 124v421
M?=P ( o Mz1M12) P. (7)
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Since MisMy; and May Mis share the same nonzero eigenvalues, the multiplicity of the
eigenvalue 0 of M is at least my — m;. So the energy of M is the sum of absolute value
of the 2m; other eigenvalues. On the other hand, it is not difficult to prove that M and
—M are similar matrices. In consequence, the nonzero eigenvalues of M are on pairs, A
and —A\.

Let o4 (M) ={\ € oap : A > 0}. Note that 0 < |0 (M) | < my. Therefore,

MP=2 Y N

Aeoy (M)

and

E(M)= Y 2\ <2\ (M)+ 2\/(m1 — 1) (IM]? /2= X3 (M)) . (8)

Aeoy (M)
Thus, the inequality holds.
If my =1, it is clear that E(M) = 2X;(M) and the equality holds in (8).
If M has 2(my — 1) eigenvalues distinct from A (M) with the same modulus, say a,

and the other my — m; eigenvalues equal to 0, then

E(M) =Y |A=M(M)+2(m —1)a

A€oy

and the equality holds in (8). Conversely, if

> A=2M (M) + 2\/(m1 — 1) (IM* /2= X3 (M),

A€o

then, m; =1 or

SO =M (M) + \/(m1 —1)(IMP /2= X (M)) .
A€oy (M)
and the result follows from Lemma 2 m
In what follows we apply the above result to search an upper bound for the energy
of a bipartite graph. Let G be a bipartite graph with bipartition {X,Y}, where | X| =k
and |Y| = ¢. We label the vertices of G so that

_ 0 A12
ro= (4 "0). )

where Ajp and As have order k x ¢ and ¢ x k, respectively. If G is a connected graph,
then Ag is an irreducible nonnegative symmetric matrix. We are now in a position to

apply Theorem 1 to Ag .
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Corollary 1 Let G be a connected bipartite graph with n vertices and m edges and sup-
pose that {X,Y} is a bipartition of the vertices of G, with |X| = k and |Y| = €. Let
k = min {k,t}. Then

E(G) <2\ (G) +2\/(%7 1) (m— X (Q)) .

Equality holds if and only if k= 1, or if Ag has 2 (E - 1> eigenvalues distinct from

+\; (M) with the same modulus, namely \/(m - A2 (M))/ (E - 1), and |k — (] eigenval-
ues equal to 0.
Proof. By considering P = I,,, the identity matrix, in Eq. (6) it is possible identify Aq

2
[M]

in Eq. (9) with M. In this case k and m coincide. Moreover, MT

and Ay (M) correspond
to m and A; (G), respectively, and the inequality holds. Considering further that the
order of the adjacency matrix coincides with the number of vertices we see the case of
equality in the statement reproduces the case for equality in Theorem 1. Thus, the result

is proved. ®

Remark 2 The set of connected bipartite graphs that realize the upper bound in Corollary

1 contains all connected graphs that realize the upper bound in equation (3).

Remark 3 The set of incidence graph of a BIBD (symmetric or not) is a family of

graphs that is extremal in the sense of Corollary 1.

The subdivision of a graph G is the graph obtained by inserting a new vertex on
every edge of G. We denote by Sai1 the subdivision of the star Ky . According to
Ghorbani [4], os,,,, = {£vk +1,0,£1¢ D},

Remark 4 For k > 3, the graphs Sari1 are not the incidence graph of a design (because

of the degree of its vertices) and they are extremal in the sense of Corolllary 1.

In the Remarks 3 and 4 we exhibit two infinite families of graphs that are extremal
to our upper bound in Corollary 1 and are not extremal to the upper bound for bipartite
graphs in Eq. (3): the set of incidence graph of a BIBD that are not symmetric and the
graphs Sogy1.
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3.1 Generalized Bethe Trees

We now continue with the application of the result of Theorem 1 to search an upper
bound for the energy of some balanced trees, namely the generalized Bethe trees. Let T
be an unweighted rooted tree of k levels, where the root is the only vertex at first level
and such that, if we consider the decreasing order, all the vertices in the (k — j + 1)-th
level have equal degree, d;. Thus di and d; (= 1) are the degrees of the root vertex and
the vertices at level k (pendant vertices), respectively. By a suitable labeled, the authors

in [18] have characterized the eigenvalues of the adjacency matrix of 7. Define

0 H-1 0 0
V=1 0  d—1 :
0 V-1 :

Ry = 4
: V=1 0

: . Vg1 —1 0 Vi
0 0 NP 0

For 1 < j <k, let denote by n; the total number of vertices at level kK — j + 1. Thus

Theorem 2 [18] For1 < j <k—1, let R;, be the principal submatriz of order j of Ry.
IfQ={j:1<j<k—1, nj—nj >0}. Then
1. o(Ar)=c(Ry)U|Jo(R)).
jeq
2. For j € Q the multiplicity of each eigenvalue of the matriz R;, as an eigenvalue of

A7, is at least nj —njq1 and equal to 1 for j =k .

Remark 5 ;From interlacing Theorem we immediately note that the spectral radius of

T corresponds to the spectral radius of Ry. Moreover, for the energy of T it is holds

E(T)=E(R)+ Y (nj—nj11) E(Ry). (11)
jeq
For a € R we denote by [a] the greater integer less than or equal to a.
Remark 6 It is well known that for 1 < j < k, the matriz R; is a symmetric imprimitive

matriz and it has at most [j/2] nonzero eigenvalues. By Theorem 1 we derive that

E(R) <2\ (R) +2y/(1j/2 1) (R, /2 N (R))) . (12)
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where

o~
Il
-

1
5B = (13

Our aim here is to give an upper bound for the energy of 7. By Egs. (11) and (12)

we establish.

Theorem 3 Let T be a Bethe tree as described above. Then

E(T)/2< M (T) 4/ (k/2) — 1) (R /2= X3 (T))

+ 5 (5= ny10) (Al (B)+ /(15/2)— 1) (B 2 - X (Rj))) S

JEQ
Fquality in (14) holds if and only if k € {2,3,4,5} or if for each j € QU {k}, j >
6, the matriz R; has 2([j/2] — 1) nonzero eigenvalues with the same modulus, namely

VURE /2= X () /(13/2) - D).

4 Equitable Partitions

k

For 1 <i,j <k, let us consider the n; x n; matrices M;;. Let n = ) n; and suppose that
i=1

M;; = Mj; for all (i,5). We consider the n x n symmetric matrix having the block form

My My ... My,
My Mo, Moy,

M= : o] (15)
My ... My,

Let denote by J,, the all one matrix of order p x ¢ and simply by J, the all one vector of
order p x 1. The quotient matrix B of M is the k x k matrix whose (i, j)-entry, b;; is

the average of the row sums of M;;. More precisely
1
by =— (I, M;; J,,) 1<i,j<k. (16)
n; N

The partition into blocks of M is called regular (or equitable) if each block M;; of M
has constant row sum. Note that in this case BM corresponds to the row sums ma-
trix. According to Lemma 2.3.1 in [1], if M is reqular then all the eigenvalues of BM
are eigenvalues of M. Let g;; = JLMUJM = ¢ji- Note that n;b;; = ¢;;, forall 1 < 4,5 < k.
Let

F =diag (v/na,...,/n) (17)
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Lemma 4 Let BM and F defined as in Eqs. (16) and (17), respectively. If FBMF~! =
S, then S is a symmetric matriz whose (1, j)-entry is s;; = Gij/ /M, -

VAL M;bi i 1 ij
Proof. It is clear that the (i, j)-entry of S is Y—- = (q]) =% Onthe
N e
, n;bji A1 y »
other hand the (j,7)-entry of FBMF~1 js Y2 ’] = /M (qJ ) o f;]nt = iijnf

and the result holds. m

Remark 7 If M is a symmetric regular partitioned matriz and BM and S are defined
as in Eq. 16 and Lemma 4 respectively, then all the eigenvalues of S are eigenvalues of
M. Therefore, o5 C op (as multisets), and
E(M)=E(S)+ Y IA. (18)
Aeonp\os
At follows we present an upper bound for the energy of symmetric matrices regular

partitioned into blocks.

k
Theorem 4 Let M be the real symmetric regular partitioned matriz of order n = Y n;
i=1

and BM and S defined as in (16) and Lemma 4 respectively. Then

E(M) < +\/n— ) (|IM[* = [S]%). (19)

Equality holds if and only if M has n — k eigenvalues, distinct to those from S, with the
same modulus, we say a, where o = \/(\]\4\2 - \S|2) /(n—k).

Proof. Note that S [AP= S |A*+ X |AP or equivalently

Aea(M) Aeon\os A€o (S)
Y =M sP (20)
Aeon\os

The inequality in Eq. (19) is an immediate consequence of Eq. (18) and Cauchy—Schwarz
inequality. It is evident that the equality holds for the case in the statement. Reciprocally
if the equality holds, then

k

son=Y NS+ > M|—Z\A IESTEI NS

i=1 )\AJW)EU]\,{\UQ‘ \i(M)€op\os

20)] .

In consequence,

Y A =Va—k S )

Xi(M)€on\os Xi(M)eor\os
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and by Cauchy—Schwarz equality case we obtain oy (M) = -+ = @, (M) = a =
\/(|M|27|S|2)/( — k), where {apy1 (M), ..., 00 (M)} =0p \os. m

An exact analogue of Lemma 3 for symmetric matrices partitioned into blocks with

constant row sum is given below.

k
Theorem 5 Let M be the real symmetric regular partitioned matriz of order n =3 n;

i=1
as in (15) and S the matriz defined in Lemma (4) then

E(M) < VRIS +\/(n - k) (M~ |57) < va|M]. (21)

Equality in the left inequality holds if and only if M has k eigenvalues with the same
modulus, namely \/|S|* /k and the others n—k eigenvalues of M have the same modulus,

namely \/(\]\ﬂz —181) / (n— k).

Proof. ;From (5), E(S) <vk|S|. Now we use Eq. (19) and result holds. The equality

case is a direct consequence of the equality case in the Lemma 3. m

Theorem 6 Let M be the real irreducible nonnegative symmetric reqular partitioned ma-

k
triz of order n = > n; and consider S in Lemma 4. Then
i=1

E(M) < M (M) +/(k = 1) (IS = X (M) +/(n— k) (IMP —ISP).  (22)

FEquality holds if and only if S has k — 1 eigenvalues distinct to Ay (M) with the same
modulus, namely \/(|S|2 — A (M)) / (k—1) and the others n — k eigenvalues of M have

the same modulus, namely \/(|]\/[|2 - \S\Z) /(n—Fk).

Proof. It is well known that for a irreducible nonnegative matrix, the only eigenvalue
with a nonnegative eigenvector is its maximal eigenvalue (see [12]). Since M is nonnega-
tive then B it is hence its maximal eigenvalue \; (BM) has a nonnegative eigenvector,
we say X. Since M is regular partitioned, all the eigenvalues of B (hence of S) are
eigenvalues of M. By Theorem 2.5.1 in [1] there exists a n X k nonnegative matrix 7" such
that y = T'x is an eigenvector of M. Hence, y nonnegative imply that A\; (BM) =\ (M),
hence Ay (S) = A\ (M).
By Eq. (4)

E(S) <M (S) +/(k = 1) (ISP~ 22(5)) -

By Eq. (19) the inequality in the statement follows. The equality case is a direct conse-

quence of the equality case in the Lemma 3. m
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Remark 8 Let M be the real irreducible nonnegative symmetric reqular partitioned ma-
triz of order n = Zk: n; and consider S as in Lemma 4. By Lemma 3 the upper bound
in Eq. (19) is shal:pler than the upper bound in Eq. (22) and we confirm that the upper
bound in Eq. (22) is sharper than its analogue in Eqs. (21) and (4).

4.1 Join graph operations

A generalization of the join operation was introduced in [2] as follows: Consider a family
of k graphs, F = {G1,..., Gy}, where each graph G; has order n;, for 1 < i < k, and
a graph H such that V(H) = {vi,...,v;}. Each vertex v; € V(H) is assigned to the

graph G; € F. The H-join of Gy,...,Gy is the graph G = H[G},..., Gy such that
k

V(G) = U V(G;) and edge set:
i=1

k
@) = (Ue(c,-)) Ul U Ao vieV(Gl),v,eV(G.)}
i=1 wwes (H)
This operation, where H is an arbitrary graph of order k, is the same as the so called
generalized composition, was studied in [19] with the notation H[G1, ..., Gyl

Consider a family of k regular graphs, F = {Gy,..., Gy}, where each graph G; has
order n;, and vertex degree p; for 1 < i < k, and a graph H such that V(H) = {v1, ..., v}
Suppose that Ay = (a;;) € R¥*. For 1 <i,j <k, let, hy; = a;j/mim; and define

p1 hip - hig
hia pa - hag
C= : o : :
hik th e peo1 e
hie ho -+ hprp—1  Dr
Let G = H|GY,...,Gg]. Since,
AG1 alZJ?‘Llnz e alkJnlnk
alZJnin AG2 e a2ku}]n2nk
A= : : : :
alkv]]nk,lnl GZpan,ﬂzg e AGk,l ak,k—l«]]nk,lnk
alku]]nknl a/ZkJnknz o ak,k‘*lu]]nknk,l AGk
in [2] it was proven that
k

o (G)=Jo (@) \{p}ua(C).

Jj=1
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In consequence,

E(G)=E(C)+

J

(E(G)) —pj).

k
=1

By Theorem 4 we obtain.

Corollary 2 Let F = {Gh, ..., Gy} a family of k regular graphs, where each graph G; has

order n; and vertex degree p;, for 1 <i <k, and a graph H such that V(H) = {vy,...,vc}.
k

Letn = Z n; and let consider G = H|GY,...,Gg]. Then

i=1

E(G) §E(C)+\/Zk:lp,;(ni—p,;)(n—k) .

Equality holds if and only if Ag has n — k eigenvalues, distinct to those from C', with the

k
same modulus, namely ([ > . pi(n; — p;)/(n — k) .
=1

Proof. If in Theorem 4 we replace M by Ag we obtain S = C. Therefore following the

result in Theorem 4 we derive that

E(G) < E(C)+1/(n—k) (J4al ~ [CP) .

Equality holds if and only if Ag has n — k eigenvalues, which are not shared with C,
k

with the same absolute value. Now by noticing that |Ag|” — |C* = 3 pi(n: — pi), the
i=1

result follows. m
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