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Abstract

The energy of a graph G is defined as the sum of the absolute values of the eigenvalues
of its adjacency matrix. In this paper we find trees with minimal and maximal energy
over the sets Q (n,2) and Q(n,3) of all trees with n vertices and exactly two and three
branched vertices, respectively (see Figures 1 and 2). We show that S (2,2;n — 8;2,2)
has maximal energy and S (l,_ |
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m-electron energy for graphs which in the Hiickel molecular orbital theory represent the
carbon-atom skeleton of a conjugated hydrocarbons [7]. However, it was in the 1970s
when this graph-spectrum-based invariant was recognized by Gutman as an interesting
object of study from a mathematical point of view, independently from its possible chem-

ical interpretation [6] . For further details on this theory we refer to [13] and the literature
cited in.

One of the fundamental problems in the energy theory is to find the smallest and largest
energy value in a significant class of graphs. For instance, it is well known that among the
set T, of all trees with n vertices, the star tree S, has the minimal energy and the path tree
P, has the maximal energy [5]. Since then, many classes of trees have been investigated,
among others, the set of trees with perfect matchings, chemical trees, Hiickel trees, trees
with a given diameter, trees with a number of pendent vertices, trees with a maximum
degree vertex or trees with two maximum degree vertices ( [1], [4], [10], [11], [12], [14]-
[22], [23]).

The quasi-order method is of great value for comparing the energies of trees. Given

two trees 17 and T with n vertices and characteristic polynomials
13) [5]

Op, (z) = (=1 m (11, k) 2"%* and ®r, (z) = (=1)F m (Ty, k) 2"~
k=0 k=0

ol

where m (T}, k) are the k-matching numbers of T;, we write T} = Ty or Ty = Tj if
m (T1, k) < m(Ty, k) for all k > 0. If, moreover, at least one of the inequalities is strict,

then we write 77 < Ty or Ty > T7. As a consequence of Coulson s integral formula [2]

5 %1 3]
2k
,;/?n 14> m (T, k) 2% | da
0

k=0

it turns out that the energy is increasing with respect to the quasi-order order relation
“xX7 ie if Ty < Ts then € (Th) < € (Tn).

Our interest in this paper is to initiate the study of minimal and maximal energy for
trees with a fixed number of branched vertices. Recall that a vertex u of a tree T' is a
branched vertex if the degree of u, denoted by dr (u), is greater than 2. The problem
for trees with n vertices and exactly one branched vertex (i.e. starlike trees) was solved
in [9]. It is natural then to consider the extremal value problem of the energy over the

set of trees with few branched vertices.
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Let us denote by € (n,2) the set of all trees with n vertices and exactly two branched

vertices. The structure of a tree in Q (n,2) is depicted in Figure 1.

ar by
N Ve
Pa1 . 4 P ! . Pb1
Pa, .:1 1:. ' By,
e N
ar b

s

Figure 1: The tree S(ay,...,a,;t;b1,...,bs) in Q(n,2)

We will find the trees in € (n, 2) with maximal and minimal energy. More specifically,

we show that S (2,2;n — 8;2,2) has maximal energy and S(1,...,1;2;1,1) has minimal
N —

n—4
energy over ) (n,2). Later, we consider the subset QF (n,2) of Q (n,2) consisting of trees

for which the two branched vertices are at a fixed distance ¢. Note that when ¢t = 2 we
recover the set of two-starlike trees. Again, we find the trees in Q (n,2) with maximal
and minimal energy for arbitrary positive integer ¢.

We also study the energy over the set Q (n,3) of all trees with n vertices and three
branched vertices (see Figure 2).

ay by bs 1

a Ct

Figure 2: The tree S (ay,...,a,;%x;b1,...,bs;y;5¢1,...,¢) in Q(n, 3)

We show that the tree S(1,1;1;1;1;1,...,1) has minimal energy among all trees in

n—6
Q(n,3). A much more complicated problem is to determine the maximal energy over

Q(n,3). Mainly we show that the maximal energy tree belongs to the class of trees
Q* (n, 3) consisting of trees of the form S (2,2;p;2; q;2,2), for positive integers p and q.
This is possible using the increasing property of the energy with respect to the quasi-
order relation defined above. However, inside the class Q* (n, 3) we show through several
examples that the trees are no longer comparable, and so finding the maximal energy tree

is only possible by means of the Coulson’s integral formula combined by methods of real
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analysis. In other words, finding the maximal energy tree in  (n,3) reduces to finding
the maximal energy tree in Q* (n,3), which is now an open problem. For 16 < n < 200
we computed the energy of all trees in Q* (n,3), which leads us to conjecture that the

maximal energy over (n,3) is attained when p = 1 and ¢ = n — 12 if n is even, and

p=4and ¢ =n—15if n is odd.

2 Two basic operations defined over trees

As we mentioned in the introduction, it is well known that if T € 7, is different from S,
and P,, then
E(S,) <&E(T)<E(R)

We will show a stronger result, namely, that it is possible to construct sequences of trees
Sp=T, < <1 <xTy=T

and

T:UU<U1<“‘<Uq:Pn

where T; is obtained from T;_; (resp. U; is obtained from U;_;) by an operation applied to
T;—1 (resp. U;—1). These operations will play an important role in the study of extremal
values of the energy over the set of trees with two branched vertices.

In what follows we will need some results on the number of matchings [3].

Lemma 2.1 Let G be a graph and e an edge connecting the vertices u and v. Then for
allk >0
m(Gk)=m(G—ek)+m(G—u—v,k—1).

Recall that the coalescence of the graphs G and H at the vertices u and v, respectively,

denoted by G (u,v) H, is obtained by identifying the vertices u and v.

Lemma 2.2 Let G and H be graphs with non-isolated vertices u and v, respectively. Then
for every integer k > 0
m (G (u,v) H, k) <m(GUH,k)

and

m (G (u,v)H,2) <m(GUH,?2).
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Proof. For every k > 0 there exists a trivial injective function between the k-
matchings of G (u,v) H and the k-matchings of G U H. Moreover, an edge containing
uin G and an edge containing v in H are independent in G U H but not in G (u,v) H. =

Consider the path P, with n vertices and arbitrary trees A and X different from P,
with vertices a € V (A) and z € V (X). For every 1 <14 < n we define by coalescence the
trees

Xni=P,(i,2) X, AX,,=A(a,n)X,; and A, = A(a,n)P,

(see Figure 3).

AR n 32
Xn,i AXn@' An
Figure 3: Some special trees.
The following result was shown by Gutman and Zhang ( [8], see also [13]).
Lemma 2.3 Let A and X be trees different from Py. Then
OP1 AX,; < AX,3 for all2 <i<n—2 andi# 3;
OP2 AX,, < AX, 1 foralln>2,n #3;

OP3 X, 0 < Xpa << Xpn5 < Xp3 < Xy1.

We now prove the following result.

Theorem 2.4 AX,, < AX,; for every n > 2.
Proof. Let X' = X — z. For every integer k > 1
m(AX, 2, k) =m (AX,_11,k) + m (A, UX' k—1)

and

m(AX, 1, k) =m (A, UX k) +m (A, UX' k—1).

Since AX,,—11 = A,—1(1,2) X, it follows from Lemma 2.2 that

m(AX,_11,k) <m (A1 UX, k)
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2 1 ~ 1

Figure 4: Case n = 2 in Theorem 2.4.

which implies m (AX,, 2, k) < m (AX,, 1, k). Since m (AX,—11,2) < m (A,—1 UX,2) then
AXpo < AX,; foreveryn > 2. m
One important case of Theorem 2.4 is when n = 2 (see Figure 4).

This will be our first operation, which we call a Ol-type operation applied at vertex

a €V (A).

Corollary 2.5 Let T' € T,. Then there exists a sequence of trees Ty, Ty, ..., T, with n
vertices such that

SniTp<"'<T1<T[]:T.
Moreover, each T; is obtained from T;_y by a Ol-type operation, for everyi=1,...,p.

Proof. Let u be a vertex of T" of degree > 2. If all neighbor vertices of u have degree
1 then 7' = S,, and we are done. Otherwise u has a neighbor vertex of degree > 2 which
implies that there exists trees A and X (both different from P;) such that T = AX,;.
By Theorem 2.4
T =AXo, < AXo1 =T

and 77 has one more pendent vertex than 7. We can repeat this process until we reach
the star S,. m

We now introduce a second operation applied to a tree, which we call a O2-type
operation. Let A be a tree. Denote by A (ni,na,...,n;) the tree which is obtained by

joining the terminal vertices of P,,, P,,, ..., P, to a vertex u of A (see Figure 5).
Pﬂl Png

Py

k

Figure 5: The tree A (ny,ng, ..., ng).

Theorem 2.6 Let A be a tree. Then

Ay, ng, .oy ne, 2, y) < A(ny,ng, . ne, w +y).
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Proof. Let X = A (ny,na,...,n;). Then
A (nh ng, ..., Nk, T, y) = Xz+y+1,y+1

and

A(ny,ng, .+ Y) = Xagyi11
The result follows from OP3 in Lemma 2.3. =
Corollary 2.7 Let U € T,. Then there exists a sequence of trees Uy, Un, ..., Uy with n

vertices such that

U=Uy<Uy <+ <U,=P,.

Moreover, each U; is obtained from U;_y by a O2-type operation, for everyi=1,...,q.
Proof. If U has a vertex u of degree > 3 then there exists a tree A such that
U= A(n,ng, .1 ,y)

By Theorem 2.6
U<U; = A(n17n27...7nk,x+y)

Moreover, this operation decreases in one the degree of v in U. Eventually, repeating this
process a finite number of times will end in a tree with no vertex of degree > 3. This is

the tree P,. =

3 Extremal values of the energy of trees with 2
branched vertices

Let T be a tree. Recall that a vertex u of T is a branched vertex if dr(u) > 3. We
denote by Q(n,2) the set of all trees with n vertices and two branched vertices. The tree
depicted in Figure 1 will be denoted by S(a, ..., a,;t;b1,...,bs). We begin considering

the problem of maximal energy in Q(n, 2).
Lemma 3.1 Letn > 10. Then
1. S(2,2;n—7;1,2) < S(2,2;n — 8;2,2).

2. 5(2,2,n—6;1,1) < S(2,2;n— 8;2,2).
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3. 5(L,1;n—5;1,2) < S(2,2;n— 8;2,2).
4.5(1,;n—4;1,1) < S(2,2;n— 8;2,2).
5.5(1,2;n—6;1,2) < S(2,2;n— 8;2,2).
Proof. This can be easily shown using OP1 in Lemma 2.3. =

Theorem 3.2 Let n > 10 and T = S(ay,...,a;;t;b1,...,bs) € Q(n,2) where t > 3.
Then
T=<5(2,2;n—8;2,2).

Proof. By Theorem 2.6 we can construct a tree T3 € Q(n,2) of the form T} =
S(p, q;t;r, s) such that T < Tj. Assume first that p+¢ > 4. Then by OP3 in Lemma 2.3
there exists a tree To = S (2,p + ¢ — 2; t; 7, 5) € Q(n, 2) such that T} < Ty. Since ¢ > 3, we
can apply OP1 in Lemma 2.3 to construct atree T3 = S (2,2;t + p+q — 4;7,5) € Q(n,2)
such that Ty < T3. Now if r + s > 4 then a similar argument ends the proof. Otherwise
r + s < 3 which implies that 73 = S (2,2;n — 7;1,2) or T3 = S (2,2;n — 6;1,1), and the
result follows from parts 1 and 2 of Lemma 3.1. The only case left to consider is when
p+q <3 and r+s <3, but in this situation the result follows from parts 3-5 of Lemma
31 m

The condition ¢ > 3 in the hypothesis of Theorem 3.2 is necessary, as we can see in

our next example.

Example 3.3 The trees A = 5(2,2;2;2,3) and B = 5 (2,2;3;2,2) belonging to Q(11,2)

are not comparable. In fact,

Dy (1) XM 10X +34X7 — 49X° 4+ 20X% — 5X

Pp(r) = XM —10X°+34X7 —48X° +29X® — 6X
When ¢ = 2 we can prove the following result.
Theorem 3.4 Letn > 10 and U = S(ay, ..., a,;2;b1,...,bs) € Q(n,2). Then

U=<5(222;2,n—8).
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Proof. By Theorem 2.6 we can construct a tree U; € Q(n,2) of the form U; =
S(p,q;2;r,s) such that U < U;. Note that p + ¢ +r + s > 8. We may assume without
loosing generality that p + ¢ > 4. Hence by OP3 in Lemma 2.3 there exists a tree
Uy=52,p+q—2;2;1,5) € Q(n,2) such that Uy < Us. If 7 + s > 4 then by OP3 in
Lemma 2.3 and [13, Lemma 7.18]

Uy = S2,p+q—2;2;2,r+5—2)
< 5(2,2;2;2,n—38).
Otherwise r + s < 3. If Uy = S (2,n — 7;2;2,1) then again by [13, Lemma 7.18]
Uy <5 (2,n—8;2;2,2)

and we are done. If Uy = S (2,n — 6;2;1,1) then by [13, Lemma 7.19] and the argument

above

U,

BN

S(2,n—17;2;1,2)

A

S(2,n—8;2;2,2).

Corollary 3.5 For every n > 11, S(2,2;n — 8;2,2) is the tree with mazimal energy in
Q(n, 2).

Proof. Using Coulson’s integral formula it was shown in [14] that for every n > 11,
E(S(2,2;n—8;2,2)) >E(5(2,2;2;2,n—8)).

The result follows from Theorems 3.2 and 3.4. m
In order to find the minimal tree in Q(n, 2) we prove the following result. Recall that

A, = A(a,n) P, for a given tree A (Figure 3).

Lemma 3.6 Let p,q > 2 be integers such that p < q. Then

S, Lt 1,0, = 5(1,..., 11,00, 1).

P q p—1 q+1
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Proof. Let U = S(1,...,1;t;1,...,1) and V = S(1,...,1;t;1,...,1). Consider the

P q p—1 q+1
star trees A = Sy and B = S,. Applying Lemma 2.1 to the tree U we obtain

m(U, k) =m(S(1,...,1;t;1,...,1), k) + m(Ap_y, bk —1);
———
p—1 q
for every k > 1. Similarly,
m(V, k) =m(S,...,1;t;1,...,1),k) + m(B,_1,k — 1);
p—1 q
for every k > 1. Since ¢ > p—1, then B;_; is a (proper) subgraph of A, ; and consecuently
m(Bi_1,k — 1) <m(Ai_1,k — 1) (the inequality is strict for k = 2). Hence V< U. =
Forn > 6 let S, = S(1,...,1;2;1,1).
24
Theorem 3.7 Letn > 6 and T € Q(n,2), T # Sy. Then T > Ss.
Proof. By Theorem 2.6 there exists a tree @Q; = S(1,...1;t;1,...1) € Q(n,2) such
S~ =

T S
that Q1 < T. Now by a repeated application of Theorem 2.4 we construct a tree Qs =

S(1,...,1;2;1,...,1) € Q(n,2) such that Q2 < @1, where we can assume without loosing
—— ———

P a
generality that p < ¢. Now by Lemma 3.6 we deduce that S < Q. ®

4 Extremal values of the energy of trees with 2
branched vertices at a fixed distance

Consider the set Qf(n,2) of all trees in (n,2) such that the distance between the two
branched vertices is t. We next find the trees with maximal and minimal energy in

Q%(n,2). Consider the tree By = S(1,1;¢;1,...,1), where n >t + 4.

n—t—2

Theorem 4.1 Letn>t+4 and T € Q' (n,2), T # Ry. Then Ry < T.
Proof. By Theorem 2.6 there exists a tree Ty = S(1,...,1;t;1,...,1) € Q(n,2) such
Y 1 ({d, ) ( )

P q
that 773 < T'. We may assume that p < ¢. Now a repeated application of Lemma 3.6 gives
that Rl < Tl‘ |

Let Guw(P., Py) be the tree obtained from G by joining the path P, to the vertex u

and joining the path P, to the vertex v (see Figure 6).
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Figure 6: Trees in Lemma 4.2.

Lemma 4.2 Let 1 > 2 be an integer. Then Guw(Py, Py) = Guy(Prii1, Pr).
Proof. Let A= G, (P, P2) and B = Gyy(P41, P1). By Lemma 2.1
m(A, k) = m(Guo(P, P1), k) + m(Guu(P, Py), k — 1);
for every integer k > 1; in analogous manner
m(B, k) = m(Gu(P, P1), k) + m(Guo(Pro1, Pr), k= 1).

Hence m(A, k) — m(B,k) = m(A',k — 1) — m(B’,k — 1) where A" and B’ are the trees

shown in Figure 7. Now by a repeated application of Lemma 2.1 to A" and B’ we deduce

m(Ak—1)=m(A —wz, k— 1)+ m(A' —w — 2,k — 2)

and

m(Bk—1)=m(B' —zy,k—1)+m(B' —z —y, k—2).

Note that A'—w—z is the lineal tree, consequently m(A'—w—=z, k—2) > m(B'—z—y, k—2).
Hence in order to obtain the desire result we compare A” = A’ — wz and B”" = B’ — ay

(see Figure 7).

c
.\ . ¢ .
P Py E Py

Py : P : : P : 2 :

z xT f

o B ’ A B

w Yy e
Figure 7: Trees in the proof of Lemma 4.2.

By using Lemma 2.1 we obtain

m(A" k—1)=m(4" —cd,k — 1) + m(A” —c—d, k — 2);
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and

m(B" k—1)=m(B" —ef,k—1)+m(B" —e— f,k—2).

Note that A” —c¢d = X5, U P, and B” — ef = X35 U Py where X is shown in Figure 8.
Therefore by OP3 given in Lemma 2.3, A”—cd = B"—ef. Similary, A”—c—d = X],, ; and
B"—e—f = X],,;, where X' = P,. Again by OP3 in Lemma 2.3, A" —c—d = B"—e—f.
It follows that m(A”,k —1) > m(B”,k — 1) and the result follows. m

S

[)l—l. : Pt
X

Figure 8: Tree in the proof of Lemma 4.2.

Lemma 4.3 Let a,b be integers such that a > b > 2. If b is odd then G (P, P,) <
Guv(Pat1, Po—1). If b is even then Gyup(Pay Py) = Guo(Pat1, Py—1).

Proof. Let R = Gy(P,, Py) and S = Gy (Pat1, Po-1). For every integer k > 1
Tn(R, k) = m(GmJ(P(n Pb—l)a k) + m(Guv(Paa Pb—2)7 k— 1)

and
m(S, k) = m(Guy(Pa, Po—1), k) + M(Gup(Pa1, Po—1), k — 1).

Hence

m(R, k) — m(S, k) = (1) [m(Gup(Paz1, Po—1), k — 1) = m(Guu(Pay Py—2), k — 1)]
Repeating this argument b — 2 times we deduce

m(R7 k) - m(S, k) = (_1)[)72 [m(Gm}(Pafb+2a PZ)» k—b+ 2) - m(Guv(Pafb+3a Pl)v k—b+ 2)] .
By Lemma 4.2, Go(Pa—pro, Po) = Gup(Pa—pis, P1) and the result follows. m
Theorem 4.4 Let M = 4k + i, where i € {0,1,2,3}. Then

Guv (Pn727 PZ) > Guv (Pn747 P4) Ial Guv (PM721€7 PZk) - Guv (PILI—(ZIH—l)y P2k'+1)

> Guu (PM—(Zk'—l)y P2k71) lal iR Gm/ (PM737 Pi) > Gm) (P]\f]'—ly Pl) .
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Proof. Let A = Gyy(P,, Py) and B = Gy (P,—2, Pyy2), where 2 < b < a — 4. Then for
every integer k > 1
m(A, k) = m(Guv(Pufh Pb)7 k) + m(Guv(Paf% Pb)7 k— 1)

and
m(B, k) = m(Guv(Pa-z2, Po1), k) + m(Guo(Paz, ), k = 1).
Consequently
m(A, k) = m(B, k) = (=1) [m(Guo(Pazz; o), k) = m(Guo(Pacr, 1), )]
and so

m(A, k) —m(B,k) =
(=1)? [M(Guo(Pacp1, Po) k — b+ 1) — m(Gu(Pap, P1), k — b+ 1)].

By Lemma 4.2, if b is even then A >~ B and if b is odd then A < B. Only remains to
prove that Gu,(Pr—ok, Par) > Guv(Pri—(2k+1) Pars1), but this is a direct consequence of
Lemma 4.3. =

Let n >t + 7 and consider the tree Ry = S(2,2;t;2,n —t — 6) € Q'(n,2).
Corollary 4.5 Let n >t+ 7 and T € Q'(n,2), T # Ry. Then T < Ry.

Proof. Let T = S(ay,...,a;t;b1,...,bs) € Q(n,2). As in the proof of Theorem 3.2,
there exists a tree T € Q'(n,2) of the form T} = S(2,7;t;2, s) such that T < Ty, where
r+s=mn—t—4. Note that T = G,,(P,, Ps), therefore the result follows from Theorem
44. m

5 Extremal values for the energy of trees with three
branched vertices

Let Q (n, 3) denote the set of all trees with n vertices and exactly three branched vertices.
The tree depicted in Figure 2 will be denoted by S (ay,...,a;%;b1,...,bs;y;¢1, ... ¢t)
where x and y denote the distances between the branched vertices.

One particular tree of major importance is the tree V3 = S(1,1;1;1;1;1,...,1) €

n—6
Q(n,3). In fact, we will show that the minimal energy over the set  (n, 3) is attained in

Vi (see Figure 9.)

First we need some preliminary results.
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Figure 9: The tree V; where the minimal energy is attained in €2 (n, 3)
Lemma 5.1 Let p',q" and r' be positive integers where 2 < p' < 1" + 1 and let S, T" be
the following trees in 2 (n,3) :

S =S(1,...,;1;1,...,1;1;1,...,1) and T'=S(1,...,1;1;1,...,1;1;1,...,1).
—— = —— Y= Y~
p'—1 q /41

7

P

Then S" = T'.

r

Proof. We compute directly the characteristic polynomials of S” and 7" :
Oy =a"—(n—1)a" 2+ (¢ +7" +1)+ (¢ + 1) ]a"* — pg/r'a"C
and
Or=a"—(n—1)a" 2+ [@ -+ +2)+ @+ + D)2 = = 1) (' +1)a"
Note that
Pdr = -1d (" +1) =40 —p +1)=20
and
W@+ + D)+ + )= [0 =1 (@ +7"+2)+ (¢ +1) (" +1)]
=7r—p+1>0
Consequently, S’ = T7". m

Lemma 5.2 Let ¢ and h' be positive integers and U' = S(1,1;1;1,...,1;1;1,...,1) €
~—_——

q h

Q(n,3).
1. If2<q < I then

U'-V'=81,1;1;1,...,1;1;1,...,1).
N———

7—1 (8]
2. If ¢ > N > 2 then

U'-W =51,1;1;1,...,1;1;1,....1).
S—— =
7+1 h—1
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Proof. 1. We compute the characteristic polynomials of U’ and V' :
Spr=a"—(n—1)a" 2+ [2(¢ + W + 1)+ (¢ +1)]z"* — 2¢Wa""
and
Py =2"—(n—1)a" 2+ [2(¢ +H +1)+¢ (K +1)]z"*—2(¢ — 1) (W +1)a" "
Since 2 < ¢’ < A’ then

20 —2(¢ -1 (K +1)=2("-¢d+1)>0

and
(+DNW—¢ (M +1)=h—-q¢>0.
Consequently U’ > V.

2. The characteristic polynomial of W' is
Py =a"—(n—1) 2" ?+2( +H+ 1)+ (@ +2) (W —D]a"*=2(¢ +1) (K — 1) 2" "

Furthermore,
@+ =(+2)(W-1)=¢—-N+2>0
and

20 -2+ 1) (W —-1)=2(¢ —-h+1)>0
implies that U’ > W'. =

Theorem 5.3 Letn > 8 and S € Q(n,3), S#Vi. Then V3 < S.
Proof. By Theorem 2.4 there exists a tree S” € Q (n,3) of the form

S'=95(1,...,5;1;1,...,1;1;1,...,1)
—— Y=

/

P
where 2 < p’ <7/+1, such that S > 5’ . By Lemma 5.1 we construct a tree U’ € Q (n, 3)
of the form
U'=8(1,1;1;1,...,1;1;1,...,1
~——
M Y
such that S" > U'. If ¢ < k' then by part 1 of Lemma 5.2, U’ = V5. If ¢ > k' then by

part 2 of Lemma 5.2 there exists a tree W’ € Q (n, 3) of the form

wW'=5(1,1;1;1,...,1;1;1,1)
——

n—"7
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such that U’ > W’'. Finally note that
Oy, =2"—(n—1)a"2+4(n—-5)a""*-2(n—6)2"°
and

Qyr=a"— (n—1)a" > +4(n—5) 2" —4(n—7)a"".
Since forn > 8

4n—=7)—2(n—-6)=2n—16>0

it follows that W’ = V; and consequently, S = V;. m
The maximal value for the energy over € (n,3) is more complicated as we shall see
next. We will rely on OP1-OP3 given in Lemma 2.3 and one more operation OP4 which

compares the two trees shown in Figure 10.

Lemma 5.4 [OP4] Let S and T be the trees depicted in Figure 10. For the fragment A

being an arbitrary tree and n > 4 we have S < T.

S T

Figure 10: Trees involved in operation OP4
Proof. The characteristic polynomials of S and 7" are given by
Ds(z) = Qa(2)Pw; () — Pa—u(z)Pw, (7)

and
Pr(z) = Pa(2)Pz (v) — Pau(2)Pz,(z)
where Wy, Wy, Z; and Z, are shown in Figure 11.
Note that
Pr(z) — s(2) = Pal2) (P2, (7) — Puy (7)) — Pa-u(@) (P2, (2) — P (7)) .

Since Wy < Z; and Wy < Z5 [13, Lemma 7.19], polynomials @z, (z) — Py, (z) and @z, (z)—
Dy, (z) are alternating which implies that the polynomial ®p(z) — ®g(z) is alternating.

This clearly implies that S <7. m

Let T = S(a,...,a;X5b1,...,bs;y;¢1,...,¢) € Qn,3). By Theorem 2.6 we can
construct a tree X; € Q(n,3) of the form X; = S(a,b;c;d;e; f,g) such that T < X;.
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1 Y
1%

1 T,

n—1
Z

b L

Figure 11: Trees W4, Wy, Z1, Zs involved in the proof Lemma 5.4

Therefore in order to consider the problem of maximal energy in Q(n,3) we can assume
without loosing generality that our initial tree has the form S(a, b; c; d;e; f, g) as is shown

in Figure 12.

a Id f
N : /
Jd X 1

1
c e
1 1™,
7 N
b g

Figure 12: The tree S(a,b;c;d;e; f, g)
From now on we consider the condition ¢ > 2 and e > 2. In our next result we show

that we can reduce the problem to the case d = 2.

Lemma 5.5 Let n > 15 and T = S(a,b;c;d;e; f,g) € Qn,3) where ¢ > 2 and e > 2.
Then

T < S(d,V;c;2;¢5 . d),
where ¢’ > 2 and € > 2.

Proof. We divide the proof in two cases, when d = 1 and d > 2.

1. Assume that d = 1. If ¢ > 3 then by OP1 given in Lemma 2.3

d

where ¢’ = ¢ — 1 > 2 and we are done. Similarly occurs if e > 3 so we next assume
that ¢ = e = 2. Since n > 15 then a +b > 5. Therefore by OP1 and OP3 in

Lemma 2.3
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a 1 oP3 ! OP1 £
=< =< -
b g (4 9 c g
T

where ¥ =a+b—2 >3 and ¢’ =¥ > 3. The result follows now from the previous
case since ¢’ > 3.

2. Assume that d > 2. This is a direct consequence of OP1 in Lemma 2.3 bearing in

f:
a ]
J 9

mind that ¢ > 2 gives

where ¢/’ =c+d—2> 2.

Now we are ready to address the main result of this section.

Theorem 5.6 Letn > 15 and T = S(a,b;c;d;e; f,g) € Q(n,3) where c > 2 and e > 2.

Then there exists positive integers p and q such that
T <5(2,2;p;2;9;2,2)

Proof. By Lemma 5.5 we may assume that d = 2. We divide the proof in two parts,

we first show:

1.Ifa+b+c>5then T < S(2,2;¢;2;e; f,g). In fact, we consider three cases:

a) a+b>4. Then we apply operations OP1 and OP3 in Lemma 2.3 to obtain

: a I : oP3 : f : OP1 : 7 :
c e < c e < 4 e
b 9 (4 9 < 9
T

where ¥ =a+b—2>2andc’=a+b+c—4>2.

b) a+b=3. If ¢ > 3 then by OP1 in Lemma 2.3

1/ or1 7
<
c e 9 c—1 e 9
T

Otherwise ¢ = 2, so by OP2 in Lemma 2.3

i/ opr2 4
=<
e e g
T
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¢) a+b=2. Then ¢ > 3 and so by OP1 in Lemma 2.3

where ¢ — 1 > 2. Now the result follows from case b).

2. fa+b=2and c =2 then T < S(2,2;1;2;€;2,2). To see this note that n > 15

implies e + f + g > 8. Hence applying part 1. of this theorem, OP2 and OP4 we

deduce

f, part 1 oP2 OP4
=< - = - =< -
e 9 e e e —1

where e =e+ f+g—4>4.

In view of Theorem 5.6 it would be interesting to find the maximal value of the

energy among all trees of the form S(2,2; p; 2; q; 2, 2), where p and q are positive integers.

Unfortunately, this will not be possible through quasi-ordering relations, as we can see in

the following examples.

Example 5.7 Note that given a tree T = S (2,2;p;2;q;2,2) € Q(n,3), q is determined

by the value of p via the relation q =n — 11 — p.

1. Consider the case n = 20

p | Energy Characteristic polynomial

1 24.5488 | 220 — 1928 4+ 150216 — 642214 + 1633z!2 — 2548210 + 242728 — 135226 + 39624 — 4722 + 1
4 24.5447 | @20 — 192" 4 150210 — 64121* + 16242'% — 2520210 + 238928 — 133120 + 3952 — 4922 + 1
2 24.5443 | @20 — 192" 4 150210 — 64121* + 1623212 — 2513210 + 237528 — 132120 + 394 — 5022 + 1
3 24.5441 | 220 — 192" 4 150210 — 641z1* + 16242'? — 2521210 + 239528 — 133920 + 3972 — 4822 + 1

As we can see the mazimal energy is atlained in the value p = 1. We note that

none of the trees with 2 < p < 4 are comparable with this tree.
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2. Consider the case n = 21

p | Energy Characteristic polynomial

4| 25748 | x?' — 202" + 168x7 — 774x1® + 2148213 — 372221 + 40412 — 267627 + 100725 — 18423 + 11z
2 | 257467 | x?' — 2020 + 16827 — 774x'5 + 2147213 — 371421 4 402129 — 265827 + 10042° — 18623 + 11z
1| 257419 | 22! — 20z + 16827 — 775215 + 2158213 — 3758z 4 410029 — 272127 4 101925 — 18223 + 10z
3 | 257365 | 22" — 202" + 168217 — 774x1® + 2148213 — 3723z + 40482 — 269027 + 10172 — 18523 + 10z
5| 257362 | 2% — 2029 4 168217 — 774210 + 2148213 — 3722211 + 40422° — 268227 4 101525 — 1862 + 10z

In this case the maximal energy is attained in the value p = 4. Again none of the

trees for 2 < p <5 are comparable with this tree.

Let Q*(n,3) C Q(n,3) denotes the set of all trees of the form S (2,2;p;2;q;?2,2).

Actually, we computed for all 15 < n < 200 the energy of the trees in Q*(n,3) and the

behavior is exactly the same as in the previous example. In other words, when n is even

the maximal energy is attained in the value p = 1 and when n is odd the maximal energy

is attained at p = 4. Consequently we conjecture:

Conjecture 5.8 For every n > 16, the mazimal value of the energy over Q*(n,3) is

attained in S (2,2;1;2;n — 12;2,2) when n is even and in S (2,2;4;2;n — 15;2,2) when

n 1s odd.

On the other hand, the conditions ¢ > 2 and e > 2 in the hypothesis of Theorem 5.6

are necessary, as we can see in our next Cxamplo.

Example 5.9 The trees T = S(2,2;1;2;1;2,4), A

S51(2,2;1;2;3;2,2) and B =

S(2,2;2;2;2;2,2) belonging to (15,3) are not comparable. In fact,

Or ()
CI)A (I) =

<I>B (T) =

X1 —14XB 4 75X — 198X + 275X 7 — 197X° + 652° — Tz
X1 14XB 475X —197X% 4+ 273X7 — 198X° + 672 — Tz

X 14X 475X —196X° + 267X7 — 190X° + 652 — 8z

However note that € (T') = 18.0779 < £ (A) = 18.0805 < & (B) = 18.0889.

This leads to the following conjecture:

Conjecture 5.10 For every n > 16, the mazimal value of the energy over Q(n,3) is

attained in S (2,2;1;2;n — 12;2,2) whenn is even and in S (2,2;4;2;n — 15;2,2) when

n is odd.
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In conclusion, the general problem of the maximal value of the energy over Q (n,3)

is still an open problem. In this section we showed that using quasi-order relations,

Theorem 5.6 is as far as we can get. From this point on, it seems that any progress is

possible only by means of the Coulson’s integral formula combined by methods of real

analysis (see [13]).
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