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Abstract

The Wiener index W is the sum of distances between all pairs of vertices of a connected
graph. Recently Zhang et al. [MATCH Commun. Math. Comput. Chem. 67 (2012) 347]
considered the g-analog of W, motivated by the theory of hypergeometric series. We obtain
explicit formulas for the ¢-Wiener index of cluster and corona of graphs, of which thorny
and bridge graphs are special cases. Using these formulas, the g-Wiener indices of several
classes of chemical graphs are computed.

1 Introduction

In this paper we are concerned with simple and connected graphs. Let G be such a
graph. Its vertex is denoted by V(G).
The distance between the vertices u and v of G is denoted by dg(u,v) (or d(u,v)

for short). It is defined as the length of a shortest path connecting u and v [3].
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The diameter of the graph G, denoted by d , is the maximum distance between two
vertices of G.

Let d(G, k) be the number of pairs of vertices of the graph G that are at distance
k. Note that d(G,0) and d(G,1) are equal to the number of vertices and edges,
respectively. Then the Wiener index of GG is defined as

WG = Y duv)=> dG k).
{u}CV(G) k>1

For details of the history, mathematical theory, and chemical applications of the
Wiener index see [5,12,21,25].

Let ¢ be a positive real number, g # 1. Three different variants of the g-Wiener

index were considered so far [26], viz.,

Wi(Gq) = D ldw,v)],

{uv}CV(G)
Wa(Grg) = D [d(u,v)] g%
{u}CV(G)
Ws(Grg) = D [dlu,v)]lgq"™™ .
{uv}CV(G)
Where
1-q¢" 2 k—1
[klg = ik R A A

Obviously, lin%[k]q = k, and therefore,
q—
lim W1(G, q) = lim Wa(G, q) = lim W3(G, ¢) = W(G) .

The possible chemical interpretation and applications of the invariants W;(G, q) are

analyzed in [26]. The three ¢-Wiener indices are mutually related as:
Wa(G.q) = ¢" ' Wi(G.1/q) (1)
W3(G.q) = (L+q) Wi(G.q*) = Wi(G.q) . (2)
In addition, we have the following relations [26]:

Wi(G,q) = Y [k, d(G,k)

E>1
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WZ(G7 q) = Z[k]q ng—k d(G, k)

k>1
Ws(Gq) = Y [Feqd"d(G,k) .
k>1
Recently [19], formulas are obtained for computing the ¢-Wiener indices of some
compound trees.

The counting polynomial

H(G,\) = id(G, o) AE

k=1
was first put forward by Hosoya [16] (see also [13] and the references cited therein).
Hosoya himself called it Wiener polynomial, but eventually the more appropriate
name “Hosoya polynomial” has been accepted [4,13]. The mathematical connections

between the ¢-Wiener indices and H (G, g) are established in [26], viz.,

Wi(G, q) ﬁ [(Z) ~ H(G, q)}

wic.o) = e -(3)]

1 .

In view of the relations (1) and (2), in what follows we shall report only expressions
for Wi(G, ¢q) The corresponding formulas for Wa(G, q) and W3(G, ¢) could then be
established by means of Egs. (1) and (2), respectively.

Throughout this paper, C,,, P,, K,, and S, denote the cycle, path, complete,

and star graphs on n vertices. Our other notations are standard and taken mainly

from [14].

2 Main results

A rooted graph is a graph in which one vertex is labeled in a special way so as to
be distinguished from the other vertices. This special vertex is called the root of the
graph. Let G be alabeled graph on n vertices. Let H be a sequence of n rooted graphs
H,y, Hy, ..., H,. The rooted product G(H) is the graph obtained by identifying the
root of H; with the i-th vertex of G, for i =1,2,...,n [7].
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The cluster G1{G2} of a graph G; and a rooted graph G is the graph obtained
by taking one copy of G and |V(G1)| copies of G5, and by identifying the root vertex
of the i-th copy of Gy with the i-th vertex of Gy, for i = 1,2,...,|V(G})|, see Fig.
1. The cluster is a special case of rooted product. In what follows, we denote the
root vertex of Gy by w, and the copy of Gy whose root is identified with the vertex

Fig. 1. The cluster G1{G-}.

For given graphs Gy and Gy, their corona product, G; o Go, is obtained by taking
|[V(G1)| copies of Gy and joining each vertex of the i-th copy of G with the i-th
vertex of G .

2.1 ¢-Wiener index of the cluster of graphs

In this section we determine the ¢-Wiener index of the cluster G1{G>}. First we

define for vertex z € V(G),

Do(r,q)= Y. [Awo), and  Qele)= Y. ¢,

z#ueV(G) z#ueV(G)

Theorem 2.1. Let Gy be a graph of order ny, and let G5 be a graph of order ns,

rooted at the vertex w. Then

Wl(Gl{GQ}-, q) = I/Vl(CYY% q)

+ Wi(Gi,q) |:QG2 (w) + % Qc,(w)(ny — 1) + %QQGZ (w) + % (ng —1)% + ng}

+ H(Gh q) l:DGz (’LU, q) + % QGz(w)DGQ(wv q) + % (n2 - 1)DG2 (’UJ, Q):|
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ny (TL] — 1)

1 2
5 chz(w)'*'l‘i‘*(”z—l) :

+ DGz(qu) 3

Proof. From the definition of the cluster G1{G>}, the distance between the vertices
of u,v € V(G1{G>}) can be easily obtained bearing in mind that of dg, (q,)(u,v) =
de,(u,v) if u,v € V(G3), and dg,(c,)(u,v) = da,(u,w) + dg, (@, y) + da, (v, w) if
u€eV(GE),veV(GY) and x # y. These relations imply

Wi(GH{G} o) = Y. [dowesy(w.v)l,
{u,v}CV(G1{G2})

= Y e+ Y de(wv),

{u,0}CV (Ga) {u,v}CV(G1)

+ Z Z Z [daz(xv UJ) +dG1(u7 U) +dG2(y7w”q

{u,v}CV(G1) zeV(GY)—{w} yeV(GE)—{w}

+ Z Z Z [d(]l(u7 1}) +dGz(I7w)}q

ueV(G1) veV(Gr)—{u} zeV(GY)—{w}

1
= ny Wi(Ga, q) + Wi(G1,q) + 3 (ny —1)* Wi (G1,q)

+ g m = )De(w,0)(nz — 1) + 5 H(Ga.0) Do (w,0)z — 1)

+ 5 H(G1,0) Do, 0) Qe(w) + 5 Qo) WilGr, ) — 1)

+ 5 H(G10) Do, 0) Qe(w) + g mn (11— 1) Des (w,) Qe ()
Q@) Wi(G1,0) + WG a)ns = 1)+ 5 (1 = 1)Dgy(w,0)

+ H(G1,q) Da,(w,q) + Wi(G1, q) Qa,(w) = g Wi(Ga, q)

b (G g) [ch (w) + % Qe (w)(ns — 1) + %Qa(w) + % (na — 1) + nz]

+ H(G11) [ Deulu:0)+ 5 Qo) Des(w,0) + (12 — 1D 1,0

1 (Tll — ].)

+ Doy(w,q)

[ Qe+ 145 (=)

which completes the proof. |
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Note that for given graphs G and H, the graph G o H can be considered as the
cluster of G and of Ky + H, where the root of K} + H is at the single vertex of Kj.
So the formula of ¢-Wiener index of G o H can be obtained by setting G; = G and
Gy =2 Ky + H in Theorem 2.1.

Corollary 2.2. Let G and H be two graphs with n; and ny vertices and m; and msy

edges respectively, then
Wi(GoH,q) = ni[ms+ns+(1+q)m]

1
+ Wi(G1,q) {1 +na(l+q)+ gng (@ +q+ 1)}

+ H(Gi,q) {nz +%n§ (2q + 1)}

o [é i (ny — 1)na (g +2) + %}

where ms is the number of edges of the complement of K; + H.

Let G be a labeled graph on n vertices and let py,po,...,p, be non-negative
integers. The thorny graph G*(p1,pa, ..., p,) of the graph G is obtained from G by
attaching p; pendent vertices to the i-th vertex of G, ¢ = 1,2,...,n. The concept
of thorny graphs was introduced in [9] and eventually found a variety of chemical
applications [2,15,22-24], mainly related with Wiener-type indices.

The thorny graph G*(p1, pa, - .., pn) can be viewed as the rooted product of G by
the sequence of star graphs {Sp, 1, Sp,+1, - - - s Spnt1}, Where the root vertex of Sy,

is the vertex of degree p; , i =1,...,n.

Theorem 2.3. The ¢-Wiener index of the thorny graph G*(p1,pa,...,p,) is given

by:

Wi(G"(p1,p2, - - Pn)s 4) = ZWI(S;D,,+17Q) +Wi(G,q)

=1
+ Zpi Py [da(wi, wy) + 2], + Zpi [De(wi, q) + Qa(wi)] -
ij=1 i=1

i<j
Proof. By the definition of the thorny graph G*(p1,pa, . .., ps), we have:

Wl (G*(plvp% s 7pn)7 (]) = Z [dG*(p17p2<,---ylln)(uv U)]q
{u,v}CV(G* (p1,p2,--,Pn))



-813-

= > Y g+ > de(wv),

=1 {uv}CV(Sp;+1) {uv}CV(G)

+ >y > > [de(u,v) + 2],

o {uv}CV(G) eV (S ) —{wi} yeV(Sp ) —{w;}
i<j i i

DD VDS S (dolu,0) + 1],

i=1 weV(G) veV(G)—{u} zEV(S;l+1)7{um}

> Wi(Spa1,0) + Wi(Goa) + Y pipj [de(wi, w)) + 2],
i=1 i,j=1
i<

+ Zpi [De(wi, q) + Qa(wy)]

which completes the proof. |

3 Examples and corollaries

In this section we apply Theorem 2.1, Corollary 2.2, and Theorem 2.3 to the g-Wiener
index of some interesting classes of graphs.

For a given graph G, its ¢-thorny graph ©,(G) is obtained by attaching ¢ pendent
vertices to each vertex of GG. This graph can be represented as the cluster of G' and
the star graph on ¢ + 1 vertices S;;1, where the root of S;;; is on its vertex of degree

t.

Corollary 2.4. By Theorem 2.1 and Proposition 2. in [26], the ¢-Wiener index
t-thorny graph of a given graph G with n vertices is computed as:

WAOUGH) = SR+ + (1 O]+ (G |1+t 40+ (a1

+ H(G,q) [t+§(2q+1)} +tw Et(q+2)+1}.

From the above formula and Proposition 2 in [26], the ¢-Wiener index of the

t-thorny graph of P, and C,, can easily be computed.
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Example 2.5.

Wi(©:(P);q)

S+ + (1 q)

2

(k(k+1)g" ") [1 +t(1+q) + % (*+q+ 1)}

n—1

+ Y (ig") {Hg(?qﬂ)} +tw [%t(q+2)+1:|.

i=1
If n is an even number, then

WO, 0) = 5 11+ a) + (1= )

o

2
+ nZ[k]q S+a+- g [1+t(1+q)+

3 2
g(q +q+1)}

S n n 12 ni(ng—1) [1
+ an"+§qz {t+§(2q+1)}+tf SHa+2)+1].
k=1

If n is an odd number, then

WA(L(Ca). ) = 5 (11 + )+ (1= )]

+ nZ[k]q {1+t1+q) tg(q2+q+1)]

+ ni:qk {t+§(2q+1)} +tw Et(q+2)+1}.

Our next example is about the bridge graph constructed on a given graph G. Let

G be a graph rooted at vertex w and let n be a positive integer. The bridge graph

B,(G,w) is the graph obtained by taking d copies of G and by connecting the vertex

w of the i-th copy of G to the vertex w of the i + 1-th copy of G by an edge for

i=1,2,...,d—1, as shown in Fig. 2. The bridge graph By(G, w) can be represented

as the cluster of d vertex path P, and the graph G.



1 2 3 d-1 d

Fig. 2. The bridge graph B,(G,w)

Corollary 2.6. Let G be a graph rooted at vertex w, then

VVl(Bd(Gv w)7 q) =d VVl(Gv q)

B

+
[N
i

—1

(k(k+ D¢+ [ Qe +  Qe(w)(V(@)] - )

Y
—

+

(k-4 104 [ Q2 + (V@) - 12+ V(@

N —
B
I

1

d—1

+ Z(k ) {Dg(w q)+ = Qg( 1) Dg(w, q) + %(\V(G)\ - 1)Dg(w,q)}
k=1

d(d—1)

+ Dawg) 5 L Qetwy 145 (v - 1)

Consider now the square comb lattice Cq(N) with open ends, possessing N = n?

vertices (see Fig. 3). This graph can be represented as the cluster P,{P,}, where the

root of P, is on its pendent vertex.

SRRIRR!

1111

Fig. 3. The the square comb lattice Cq(N).
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Example 2.7. Using Corollary 2.6 and Proposition 2. in [26], the ¢-Wiener index of

the square comb lattice Cq(N) with N = n? vertices is given by:

n

—1 n—1 2
1 5 :
Wi(Cq(N),q) = G D k(k+1)g" ! [0’ +an+ 14 (Z qk> +(n+2)) ¢
k=1 k=1 k=1
1 n—1 n—1 n—1
+ ng‘q"’k Z[k]q Qqu+rL+2
k=1 k=1 k=1
n(n _ 1) n—1 n—1
+ TX:Us]q 271,+1+qu:| .
k=1 k=1

Using Corollary 2.6, we can get the following results for the bridge graph con-
structed on the cycle C),, see Fig. 4 for the case m = 6. Note that because of the

symmetry of the graph C,,, any vertex of this graph can be assumed as its root vertex.

Fig. 4. The bridge graph constructed on the cycle Cy .

Example 2.8. Let n and m be positive integers, m > 3

mo moy
A=2) ¢ +4% ) B:QZ[k:]q-‘r[%]q
h=1 k=1
m_1 met
2 2
A =25"¢ , B =2 [k,
=1 k=1

If m is even, then

Wi(P{Cn}, )

n

1
k(k+ 1)g"*! {A-ﬁ- %A(m— 1) +%A2+ % (m—1)*+m
1

N =
=
Il
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n—1

2 1
kE¢"*|B+ZAB+=-(m—1)B
+ ; q { +3AB+ 3 (m—1) }
(n—1) [1 2 1 i
n(n — mn m_q
+ TB{gA-&-gmﬁ—g}+nm;[l€]q+7(l+---+q2 ).
If m is odd, then
VVl (PIL{CNL}‘, Q)
1 1 1 1
_ k(k 1 n—k—1 A/ 714, -1 714/2 - /712
2;(+)q { A=)+ A%+ o (m=1)"+m
n—1
I 2 1 n(n—1) 1 2
k n—k B/ *AIB’ - ,*1Bl 7B/ *A/ “ -
+;q { +3 +5 (m )}+ 5 {3 +3m+3]

5
+ nm Z[k]q .
k=1
For a given graph G, the graph K, o GG is called the bottleneck graph of GG. By
Corollary 2.2, we have:
Example 2.9. Let G be a graph with n vertices and m edges, then
Wi(Ky0G,q) =n(3+q) +n*(2+2¢+¢°) —2qm + 1.
In particular, the ¢-Wiener index of the bottleneck graph of P, is equal to
Wi(Ks o Poyg) =0 (24+2¢+ ") +n(3—q) +2¢+ 1.
A caterpillar or caterpillar tree is a tree in which all the vertices are within distance
1 of a central path. If we delete all pendent vertices of a caterpillar tree, then we

obtain a path. Thus, caterpillars are thorny graphs whose parent graph is a path, see

Fig. 5.

Fig. 5. A caterpillar tree obtained by attaching pendent vertices to Ps .
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Example 2.10. Using Theorem 2.3, the ¢-Wiener index of caterpillar tree
P (pi1,...,pn) is given by:

% - )z+1 D;
Wl(Pn(pl/p27/ |:(I ) (]2)(1:| +W1(P7l7q)
1

i=

+ Zp, p; [dp, (wi, w;) + 2], + Zpi [Dp, (w;, q) + Qp, (w;)] .
li_7<jl =1

Caterpillar trees are used in chemical graph theory to represent the structure

of benzenoid hydrocarbon molecules [6,8,17,18]. In addition, the caterpillar tree

Pr(3,2,2,...,2,3) is the plerogram—type [10,11] molecular graph of the normal alkane

with n carbon atoms.

Example 2.11. Using Example 2.10, the ¢-Wiener index of the caterpillar tree
Pi(p,2,2,...,2,p) is given by:

W(PL(p 22 2.0)q) = 2{(1’“)+(p)q}+<3+q><n—2)

IS n—k—
+ 5; (k+1)q 1+2:1plpj[dp (wi, w;) +2]q
i<j

+ Y pi [Dp, (wi q) + Qp, (w)] -

In particular, for p = 3, we arrive at:

Example 2.12. The ¢-Wiener indices of the plerograms of ethane, propane, and

butane are

Wi(F5(3,3),9)

9¢% + 21q + 28
Wi(P5(3,2,3),q) = 9¢°+ 27¢* + 45¢ + 55

Wi(P;(3,2,2,3),q) = 9¢* +21¢% +44¢® + 64¢q + 91 .

Let Ty, ...,T,,, m > 2, be trees with disjoint vertex sets of orders ni,..., 7.,
respectively. Let w; € V(T;), i = 1,2,...,m. Any tree T on more than two vertices

can be viewed as being obtained by joining a new vertex u to each of the vertices
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Wy, Wy, . .., Wy, In following, we state a theorem from [19], that makes it possible to

recursively calculate the ¢g-Wiener index of any tree.

Lemma 2.13. Let 7" be a tree on n > 3 vertices, whose structure is specified above,

then
Wi(T,q) = Y Wi(Tq)+¢) dr(wi,1)+¢" Y (n—1—n)dg(w;,1)
i=1 i=1 i=1
+ (’VL - 1) - (1 - q)q2 Z d»pl(wh 1)d1] (/LU]'7 1)
1<i<j<m
1+g¢ 2 = 9
t (n—1)°— ;rzi

where dr, (w;, 1) = > [d(u, w;)], -

weV (Ty)

The ordinary Bethe tree Bgyj, is a rooted tree of k levels whose root vertex has
degree d, the vertices from levels 2 to k — 1 have degree d + 1, and the vertices at
level k have degree 1, see Fig. 6. Using Lemma 2.13, we get the following relation for

the ¢-Wiener index of Byy.

Fig. 6. The ordinary Bethe tree By 4.

Corollary 2.14. The g-Wiener index of the ordinary Bethe tree B,y is given by

£(5)

Wi(Baj,q) = dWi(Baj-1,q) +qd

m=0 \i=m+1
J=3 [ -2 i1
+ (@ —d) {Z( q’”d’)%Zdi
m=0 \i=m+1 i=1
d\ [&2 (& ’
-~ _ 2 m i
a-ar () [S( 5 )]
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14 -1\ 2 -2 2
+ Tq (Z d’) —d (Z (7”)
i=1 m=0

where 3 < j <k and

d

[/V1(Bd,3~, q) = 9

. . 1—q)¢? d
(+F+q+1)+& (1+q+%)+d2(1—q2)+%(1—q).

Denote by C'(d, k,n) the unicyclic graph obtained by attaching the root vertex of
B, to the vertices of the n-vertex cycle C,,, see Fig. 7. For more information about

this graph, see [1]. It is easy to see that C(d,k,n) is the cluster of C, and Byy. So

by Theorem 2.1 and Corollary 2.14, we get the g-Wiener index of C(d, k,n).

Fig. 7. The unicyclic graph C(2,4, 3).

Example 2.15. Let

k—2 k—2 k—1 ) k—1
A= "(dg™ B—Z(Z qmw) . C=>d".
m=1 m=0 \i=m+1 m=1

Then the ¢-Wiener index of the unicyclic graph C(d, k,n) is given by

Wi(C(d, k,n),q) = nWi(Bak, q)

-1

1 1 1
+ (n [m]q+g(1+q+---+qr1) [A+§AC+§A2+§C2+C+1
1

w|3

m
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21

2 1 n(n—1) [1 2
g B+ -AB+ -CB|+B———— |-A+1+-C].
+ [n qa" + q { + 3 + 3 } + 3 {3 +1+ 3 }

Denote by P(d,k,n) the tree obtained by attaching the root vertex of By to
the vertices of P,, see Fig. 8. For more information about this classes of trees,
see [20]. It is easy to see that P(d,k,n) can be considered as the bridge graph
B(Bag, Bik,-- s Bag;w,w,...,w), where w denotes the root vertex of Byi. So by

Corollaries 2.6 and 2.14, we get the ¢-Wiener index of P(d, k,n).

RSy

Fig. 8. The tree P(2,4,3).

Example 2.16. The ¢-Wiener index of the tree P(d, k,n) is given by:

m=1

n—1
Wi(P(d, k,n),q) = nWi(Bay, q) + % <Z m(m+1) q”ml> {A i %AC}

n—1
1 1,
(Zm (m+1)¢"" ’"—1> [§A2+302+C+ 1}
m=1
+ <
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