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Abstract

The second Zagreb index of (molecular) graph G is equal to the sum of the
products of the degrees of pairs of adjacent vertices. In this paper, we study the
second Zagreb index of molecular graphs with tree structure. Exactly, we obtain
the average and variance of this index in a randomly chosen molecular graph with
n vertices. Also, the asymptotic normality of the second Zagreb index is given.

1 Introduction
Let G be a molecular graph. Two vertices of G, connected by an edge, are said to be
adjacent. The number of vertices of G, adjacent to a given vertex v, is the degree of
this vertex, and will be denoted by d(v). Analyzing the structure-dependency of total
m-electron energy [6], an approximate formula was obtained in which terms of the form
M(G)= Y (d(v))?
veV(G)

and

My(G) = > d(u)d(v)

weE(GQ)
occured where V(G) and F(G) are the vertex and edge sets of a graph G, respectively.
It was immediately recognized that these terms increase with the increasing extent of
branching of the carbon-atom skeleton, i.e., that these provide quantitative measures of
molecular branching. Ten years later, in a review article, Balaban et al. included M;
and M, among topological indices and named them Zagreb group indices [1]. The name

Zagreb group index was soon abbreviated to Zagreb index, and nowadays M is referred
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to as the first Zagreb index whereas M, as the second Zagreb index (For the chemical
relevance of the second Zagreb index, see [5] and the references quoted therein). The
research background of the Zagreb indices together with its generalization appears in
chemistry or mathematical chemistry (see for examples: [1], [3], [4], [7], [12] and [13], and

references therein). An illustrative example is provided in Figure 1.

Figure 1: The molecular graph G with its node degrees indicated. In graph G, M;(G) = 54
and M(G) = 59.

The structures of many molecules such as dendrimers and acyclic molecules are tree

like. We present the following evolution process for random trees of size n, which turns
out to be appropriate when studying the second Zagreb index of molecular graphs with
tree structure.
Evolution process: Every size-n tree can be obtained uniquely by attaching nth node to
one of the n — 1 nodes in a tree of size n — 1. It is of particular interest in applications
to assume the random tree model and to speak about a random tree with n nodes, which
means that all trees of size n are considered to appear equally likely. Equivalently one may
describe random trees via the following tree evolution process, which generates random
trees of arbitrary size n. At step 1 the process starts with the root. At step i the ith
node is attached to any previous node v of the already grown tree 1 of size i — 1 with
probability p;(v) = ﬁ For applicability of our own results and specially connection with
the chemical relevance, see [11].

Let Z, be the first Zagreb index of a random tree of size n and F,, be the sigma-field
generated by the first n stages of these trees. Let U, be a randomly chosen node belong
to a size-n tree. Kazemi [9] studied the first Zagreb index of random trees through the

following recurrence equation:
Zn=Zn-1+2(dUp—1) + 1) (1)

where d(U,_1) is the degree of the randomly chosen node U,_;. He proved that [9,
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Corollary 2.6] for random trees (or molecular graphs with tree structure):
E(Z,) = 6(n—1)—4H,1 =6n+ O(logn)
Var(Z,) = 8n+O(log’n) n>2

where H,, is the nth Harmonic number.

The paper is organized as follows. We first show a recurrence for the second Zagreb
index of molecular graphs with tree structure. Second, we give the mean and variance of
the second Zagreb index. Then the asymptotic normality of the second Zagreb index is

proved as the size grows to infinity.

2 The Main Results

Let M, be the second Zagreb index of a random tree of size n. Let U,,_; be a randomly
chosen node belong to a size-n — 1 tree. Then by definition of the second Zagreb index

and stochastic growth rule of the tree,

d(Un-1)

My, = Myq+ Y dUp)+1. (2)
=0

Leaves have the degree 1 and another nodes have the degree>1. Thus we obtain the
E(M,) and Var(M,) separably in two cases: 1) nth node attached to a leaf U,_4, 2)
nth node attached to a non-leaf node U,,_;. It is reasonable to consider the mean and
variance of M, as the average of the mean and variance of these cases, respectively. If
nth node attached to a non-leaf node U,,_1, then the number of changes in M,,_; is equal

to d(U,—1) + 1. First, suppose nth node attached to a leaf U,_;. Then
M, =M,y +dU,—2) +2, (3)
where d(U,_») is the degree of parent of leaf U,,_;. Hence
E(M,|Foo1) = Muy+ E(d(Uy—2)|Fac1) + 2, (4)

since M, is F,_j-measurable. The sum of the degrees of all nodes in a tree of size n is

2(n—1). Thus

U\ F,) = Zd wyr=2(1-1). (5)
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Taking expectation of the relation (4) with respect to F,,_o:
E(E(Mp|Fn-1)|Fa-2) E(Mp—1|Fn—2)
+ B(E(d(Up-2)|Fn-1)|Fn2z) +2
= E(Mp|Fu2) + E(d(Up-2)|Fn-2) + 2
( /]

1
= E(My|Fos) + 2(1 - m) +2, (6)

since F,,—o C F,—1 [2]. Again, taking expectation of the relation (6):
1
E(M,) = E(M,_.)+ 2(1 - —2) +2. (7)
n—

We have the initial conditions

0, if k=1
M’*‘_{L it k=2.

Thus, the recurrence equation (7) leads to

E(M,) = 1+4(n—2)—2H, 5 =14n+ O(logn) . (8)

Now, taking expectation of the relation (2) with respect to F,_1, ..., Fp—1—m, respectively
m 1

E(My|Foet,d(Up) =m) = My_y+ Z; 2(1 - m) Y1, 9)

since Fp,_1-m C -+ C F,—1 and where m > 2. Then

EOM AUy 1) =m) = E(Ma1)+2(m + 1)
— Q(Hn,(er]) — anz) +1. (10)

Again, the recurrence equation (10) leads to

E(M,|d(U,—1) = m) L+2(m+1)(n—2)

- 2(H1L—(m+i) - Hn—(i—l)) + (n - 2)

= (Z;Em +1)+ 1)n+ O(logn) . (11)
Hence, from (5), (8) and (11),
E(M,) = %n + O(logn), (12)

since E(d(Up—1)|Fn-1) = 2(1 — (n — 1)71). Again, we first consider the simple case
introduced in (3). Let ¥7 = Y5 = 0 and for n > 2,
2

Y, =M, - M, —4+ ——.
n—2
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Then E(Y,|F,-1) = 0. From (3),

E((My, — My — 2)*|Fy1) = E(d*(Un-2))
n—2
1
= ZdQ(u,;)
© n—2
i=1
Zn72
= . 13
p— (13)
Also
Zn—
"2 B((M, — M, — 2)%|F,_
Zt L= 21F)
2 2
n—2
9 2
= E(Y?F,_ 22— —— . 14
027+ (2 25) 1)
Taking expectation of the relation (14),
E(Z,- 2\’
E(Ynz) _ ( n 2) _ (2_ )
n—2 n—2
_ Sm=3)—dH, 5 (, 2 ?
B n—2 n—2
log
- 2+O<M)7 n>3. (15)
n
Now, from (15),
Var(M,) =Y E(Y?) = 2n+ O(log’ n), (16)

i=1
since for any 1 <1i # j < n, E(Y;Y;) =0 [2]. Now, we study the general case introduced
in (2). Let d(U,—1) =m > 2. Then

E((]\/Jn - ]\/[n—l - 1)2‘]—-n—1)

= B(Y dv,an)
=0
= Zn—l—z = ]\/[n—l—t
B ;n—l—erQ(mil);n—l—l (17)

Now, let Y/ =Y, = 0 and for n > 2,

Yé = A/jn - A[n,1 - 2((TIZ + 1) + 1) + Q(an(mﬁ»l) - Hn72) .
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Thus
E((M, — My_y — 1)*|Fo_1)
2

- E ((Y,{ +20m+ 1) = 2(Hye ) — HH)) |fn,1)

= B(YP|Fur) + (20m+1) = 2(Hy_(my1) — Hus))’. (18)
Hence

EY?) = 6(m+1)+11m(m—1)
logn
— 4(m+1)? +0( - ) (19)

Now, from (5), (16) and (19),
Var(M,) = 3n+ O(log?n),
Thus we have the following theorem:

Theorem 1. Let M, be the second Zagreb index of a molecular graph with tree structure

of size n. Then
BE(M,) — %nJrO(logn),
Var(M,) = 3n+0O(log’n) .

The process M = (M,, — E(M,), n > 1) is a martingale [2]. The following corollary
is an immediate consequence of Chebyshev’s inequality
Corollary 1. We have [9, 10]:
M, p
EQL)

M,
Loy

)

1<~ M; — E(M,
Ly M B ry
n 4 i
i=1
Let d,; be the out-degree of jth node in a random tree of size n. Then d,; <

1+ >0 41 1ji, where I;; = I(jth node is the parent of ith node). It is obvious that I;;
are independent for fixed j and I;; ~ Ber(:4;). For any ¢ > 0,

3
P(mjaxdn,j>€\/ﬁ) < ‘ESHWZE(lJF,;lI)
1 \3
< E3n3/22<4+4E(12]+:1I”'— z—1>>

1 .
YD) Z o (h)g3 n) —0. (20)
J=1
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Theorem 2. As n — oo,

M, — 1
Yo" 50 D, L5 N0, 1)
Van
Proof. Let
X 7YL i =1,2 >1
ni = , i=12..,nn>1.
) V3n
By [8, Corollary 3.1], it is sufficient to show that for any £ > 0,
7}1_1)1010P<‘ZE —1>g>:o (21)
and
JEIOIOPQZE 1(| Xl > )| Fie 1)>5) ~0. (22)
First,
n 1 n
E(X2|Fi) = — Y EYAF._
; ( n,z‘]: 1) 3,”; ( i |~F l)

RS <Mf_ (2_2)2)
3n = J j
B i”i (Mj —E(Mj))
3 = K
aE(E )
j=1
Thus (21) follows by Corollary 1 and (20). Also

hmP(’ZE 1(Xni| > )| Fia) > ¢)

n—roo
< P(Inaxdw > E\/ﬁ) + [(max dy; > 5\/71)
J J
— 0.

. . . y/ .
We can obtain the same results if X, ; = e and thus proof is completed.

3 General Mathematical Formulation

Gutman [5] introduced the following general form for topological indices:

TI=TIG) = Y F(d(u),d{)),

weE(T)
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where the summation goes over all pairs of adjacent nodes u, v of molecular graph G, and
where F' = F(z,y) is an appropriately chosen function. In particular, F(x,y) = (a:y)_é
for Randi¢ index, F(x,y) = x + y for the first Zagreb index, F(z,y) = zy for the second
Zagreb index, F(x,y) = |x — y| for the third Zagreb index, F(z,y) = (zy)* (A € R) for
the second variable Zagreb index, F(z,y) = ((z + vy — 2)(.ry)’1)%, for the ABC index,
F(z,y) = (zy(z +y —2)7")?, for the augmented Zagreb index, F(z,y) = 2/zy(z +y) "
for the geometric-arithmetic index, F(z,y) = 2(z + y)~! for the harmonic index and
F(z,y) = (x + y)‘% for the sum-connectivity index. With the same approach discussed
here we can obtain similar results for these quantities in molecular graphs with tree

structure.
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