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Abstract

For a (molecular) graph, the first and second Zagreb indices (M; and My) are
two well-known topological indices in chemical graph theory introduced in 1972
by Gutman and Trinajsti¢. Let G, be the set of connected graphs of order n
and with m edges. In this paper we characterize the extremal graphs from G, ,
with n+2 < m < 2n — 4 with maximal first Zagreb index and from G, ,, with
m—n= (]2“) —k for £ > 4 with maximal second Zagreb index, respectively. Finally
a related conjecture has been proposed to the extremal graphs with respect to
second Zagreb index.

1 Introduction

We only consider finite, undirected and simple graphs throughout this paper. Let G be
a graph with vertex set V(G) and edge set E(G). The cardinality of E(G) is usually
denoted by m(G). The degree of v € V(G), denoted by de(v), is the number of vertices
in G adjacent to v. In particular, A(G) denotes the maximum degree of vertices in G,
and A»(G) is the second maximum degree of vertices in G. For each v € V(G), the set of

neighbors of the vertex v is denoted by Ng(v). For a subset W of V(G), let G—W be the
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subgraph of G obtained by deleting the vertices of W and the edges incident with them.
Similarly, for a subset E’ of E(G), we denote by G — E’ the subgraph of G obtained by
deleting the edges of E'. If W = {v} and E’ = {zy}, the subgraphs G — W and G — £’
will be written as G — v and G — zy for short, respectively. For any two nonadjacent
vertices x and y of graph G, we let G 4+ zy be the graph obtained from G by adding an
edge zy. In the following we always denote by K,y the star graph of order n, and by
K, the complete graph of order n. Other undefined notations and terminology on the
graph theory can be found in [4].

A graphical invariant is a number related to a graph which is a structural invariant, in
other words, it is a fixed number under graph automorphisms. In chemical graph theory,
these invariants are also known as the topological indices. Two of the oldest graph
invariants are the well-known Zagreb indices first introduced in [16] where Gutman and
Trinajsti¢ examined the dependence of total m-electron energy on molecular structure
and elaborated in [17]. For a (molecular) graph G, the first Zagreb index M;(G) and the
second Zagreb index My (G) are, respectively, defined as follows:

My =M(G)= > de(v)?’,  My=My(G)= > dao(u)de(v).
veV(G) weE(G)

Alternatively, the first Zagreb index M; can be also rewritten as the following useful
form:
M(G) = > (do(u) + da(v)) (1)
weE(G)
These two classical topological indices reflect the extent of branching of the molecular
carbon-atom skeleton [3,23]. The main properties of M; and M, were summarized in
[5,6,8,9,11,12,14, 18,21, 26, 30]. In particular, Deng [9] gave a unified approach to
determine extremal values of Zagreb indices for trees, unicyclic, and bicyclic graphs,
respectively. In recent years, some novel variants of ordinary Zagreb indices have been
introduced and studied, such as Zagreb coindices [1,2], multiplicative Zagreb indices
[13,24,29], multiplicative sum Zagreb index [10,27] and multiplicative Zagreb coindices
[28]. Especially the first and second Zagreb coindices of graph G are defined [1] in the
following:

M =M,(G)= >  (de(u)+da(v)), My=DMyG)= >  da(w)da(v).
u#v,uvg E(G) u#v,uv¢ E(G)
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Let G, be the set of connected graphs of order n and with m edges. In this paper
we characterized the extremal graphs from G, ,,, where n —1 <m < 2n — 3 maximizing
the first Zagreb index and from G, ,,, where m —n = (g) — k with & > 4 with maximal
second Zagreb index, respectively. Finally a related conjecture has been proposed with

to the extremal graphs with respect to second Zagreb index.

2 Main results

Before stating our main results, we will list or prove some lemmas as preliminaries, which

will play an important role in the next proofs.

Lemma 2.1. Let G € G, ,, with mazimum Zagreb index M; for i = 1,2. Then we have
A(G)=n—1.

Proof. If A(G) =n — 1, our result in this lemma holds immediately. If not, we choose
a vertex u in the graph G with maximum degree and another vertex v € V(G). So
we have dg(u) > dg(v). Assume that Ng(v) \ Ne(u) = {vi,va,--+,vs}. Note that
Ng(v) \ Ng(u) # 0 because of the fact that dg(u) < n —1. Now we construct a new
graph G’, which is called the neighbor-change transformation of G on the vertices u,v

(or, exactly, from vertex v to vertex u), in the following way:
G'=G — {vvg,vve, -+ o5} + {uvy, uve, - -+ uvs}

Next we will show that M;(G’) > M;(G) for i = 1,2. For convenience, we set A; =
M;(G") — M;(G) for i = 1,2. By the definition of first Zagreb index (M), we have

Ay = (d(u) +8)2+ (d(v) — 5)? — d(u)? — d(v)?
2s(d(u) — d(v)) + 2s*

> 0.

Note that, for the edges not incident with u or v, the corresponding parts in M(G)
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and M,(G') are identical. It follows that

Ay = Z (d(u) + s)d(x) + Z(d(u) + s)d(v;)

2ENG (u)\Ng (v)

+ ) [ std)—s)dy) - > dwdx) = dw)d(v;)
yENG (u)NNg(v) zE€NG(u)\Ng(v) i=1

- ) () +d(v))d(y)

yENG(u)NNe(v)

Z sd(z) + Z(s +d(u) — d(v))d(v;) > 0.

z€NG(u)\Ng (v)

Therefore M;(G') > M;(G) for i = 1,2 as claimed above. Thus we find that G’ € G,
with a larger Zagreb index (M; or M,) than that of G. This is a contradiction to the

choice of GG, which finishes the proof of this lemma. O

Lemma 2.2. Let G be a connected graph with two non-adjacent vertices u,v € V(G) and

G' =G +uv. Then we have My(G') = Mi(G) + 2 + 2(dg(u) + dg(v)).

Proof. By the definition of first Zagreb index, we have
M (G") — My(G) = dgr(u)? — dg(u)? + dgr (v)? — dg(v)?
= (dg(u) + 1)? — dg(u)* + (dg(v) + 1)% — d%(v)
=2+ 2(dg(u) + da(v)),
which completes the proof. O
Lemma 2.3. Let G be a connected graph with two non-adjacent vertices u,v € V(G) and
Ng(v) = {v1,v9, -+ , 04} and Ng(u) = {ur, us, - -+ ,ug}. Suppose that G' = G+uv. Then
My(G") = Ms(G) — [(de(w) +1)(da(v) + 1) +da(vi) 4+ - -4+ da(va) +da(wr) + - - - +de(ug)].

Proof. From the definition of second Zagreb index, we have
My(G') =M (G) = (de(v)+1)[de(vi)+- - -+da(va)]+ (de(u) +1)[de (ur) +- - - +da (ug)]
= lda(v)(da(vi) + - + dg(va)) + da(w)(dg(ur) + -+ + da(ug))]
+ (dg(u) + D)(dg(v) + 1)
= [(da(u)+1)(dg(v)+1)+da(v)+ - -+da(va)+da(ur)+- - Fda(ug)].

Thus we complete the proof of this lemma. |
Lemma 2.4. ( [1,2]) Let G be a connected graph of order n and with m edges. Then

(i) Mi(G) =2m(n —1) = My(G);
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(i1) Mo(G) = 2m? — My(G) — %]V[l(G).
In the next step we start to deal with the extremal graphs with maximal Zagreb
indices. First we focus on the case when m is small. As two examples, two graphs Bfll)
and B,(?) in G, n41 are shown in Fig. 1. Based on Lemma 2.1, we can obtain easily the

following resnlt:

B(M B(?

n
Figure 1: Two graphs BY and BY

Theorem 2.5. ( [9]) Let n—1 < m < n+1 and G; € Gy, with mazimum Zagreb index
M; fori=1,2. Then we have

(1) Gi=G2= Ky 51 form=mn—1;

(it) Gh =Gy = Ky ,-1 + e form = n where e = uwv with u,v as two pendent vertices in
K 1,n—1;

(111) Gp = Gy & Bi,,l) for m =n+1 where Bﬁl) is shown in Fig. 1.
Proof. From Lemma 2.1 and the definition of the set G, ,,, the results in (i) and (¢) holds
immediately. Now we turn the proof for (éiz). Thanks to Lemma 2.1, again, we find that
the extremal graph from G, ,, with m = n + 1 maximizing the first and second Zagreb
indices must be graph obtained by adding two new edges into the star S, that is, one
of graphs BY and BY as shown in Fig. 1. By some simple calculation of ]LL(B,SU) and

Ml-(Bﬁ,,z)) for i = 1,2, our result in (¢74) follows immediately. O

From Theorem 2.5 we notice that, in G,,, with n —1 < m < n 4+ 1, the graphs
with maximal first Zagreb index are the same as the graphs with maximal second Zagreb

index. By Lemma 2.4, the following corollary can be easily obtained.
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! 1
(?ri,u.-'rz Gn)l-j-?

. / " .
Figure 2: Two graphs G,, .5 and G, 15 in G pni2

Corollary 2.6. ( 2]) Let n — 1 < m < n+1 and H; € G, ,, with minimum Zagreb

coindex M; for i =1,2. Then we have
(1) Hy=Hy = Ky, form=mn—1;

(it) Hy = Hy = Ky ,,1+ € for m =n where e = uv with u,v as two pendent vertices in

Kl,n—lf
(itd) Hy = Hy & By(ll) for m =mn +1 where Bﬁ,,l) is shown in Fig. 1.

In the next theorem we will determine the graphs from G, ,,1» maximizing the Zagreb
indices (M; and M,). Before doing it, we first give two graphs G;w 1o and G:‘n 4o in
Gnnte as shown in Fig. 2.

Theorem 2.7. Let G € G, 0. Then we have
(i) Mi(G) < n®—n+24 with equality holding if and only if G = G, , . or G = G;,n+2;
(ii) Ma(G) < n®+ 4n + 22 with equality holding if and only if G =2 G,I,/LA’"”.

Proof. Note that any graph in G, ,42 can be obtained by adding a new edge to a graph

in G, »+1. By the respective definitions of first and second Zagreb indices, we have
M(BW) =n? —n+ 14, (2)

MQ(BS)) =n?>+2n+0. (3)

Assume that G € G,, ;42 with M;(G) as large as possible. In view of Lemma 2.1, we claim

that A(G) =n — 1. Therefore there exists a graph Gy € G,, 41 with A(Gy) = n — 1 such
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that G = G+ uv. Combining the fact that A(Gy) =n—1and Gy € Gy, 11, we conclude
that, for any non-adjacent vertices u,v € V(Gy), dg,(u) + de,(v) < 4. Moreover, the
second maximum vertex degree in G is at most 3 and the case occurs only when there
is a single vertex with degree 3 in Gy.

Firstly we prove the result in (). By Lemma 2.2 and Theorem 2.5 (4ii), considering

the equality (2), we have

M(G) = Mi(Go) + 2+ 2(dgy(u) + d, (v))

IN

nt—n+144+2+2x4

n® —n + 24.
The above equality holds if and only if Gy 2 BY" and de, (1) + dg,(v) = 4, that is,
(deo(u),de,(v)) = (1,3) or (2,2) in Gy = BY. Equivalently, we have G = Gimﬂ or
G= Glr;,n+27 finishing the proof of (1).

Next we turn to the proof of the result in (i¢). Assume that Ng,(v) = {v1,v2, -+ , 04}
with dg,(v1) > dg,(v2) > -+ > dgy(va) and N, (u) = {ur, ug, -+ ,ug}t with de,(ur) >
dey(uz) > -+ > dg,(ug). By the above argument we claim that de, (v1) = n—1 = dg, (u1),

a <2 and 8 < 2. From Lemma 2.3, Theorem 2.5 (i4i) and the equality (3), we arrive at

My(G) = M(Go) + (dgy (u) + 1)(dg, (v) + 1)

Hda, (v1) + -+ day (va) + day (ur) + -+ + da, (up)]

IN

P2 +9+ 2+ 1) x 2+ 1) +[(n—1)+3+(n—1)+3

n? + 4n + 22.

The above equality holds if and only if Gy = BSY, dey(u) = dg,(v) = 2 and dg,(v2) =
de,y(u2) = 3 with vy = uy in Gy, that is to say, G = G;,nﬁ, which completes the proof. [

"

In view of the formulas in Lemma 2.4, we have M1(G,,,, ) = M1(G, ,.5) = n* +
3n — 28 and MQ(G;JVFz) = in?+ In —26. Thanks to Lemma 2.4, again, the following is

an immediate result.
Corollary 2.8. Let H € G, ,+2. Then we have
(i) M,(H) > n?*+3n—28 with equality holding if and only if H = G’nm+2 or H= G;HQ,‘

(i1) Mo(H) > $n* + §n — 26 with equality holding if and only if H = G;:,,n+2'
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The following result is very similar to Theorem 3.7 [5], we omit its proof.

Lemma 2.9. Let G be a graph of order n with m edges (1 < m <n —1). Then
M (G) <m(m+1) (4)
with equality holding if and only if G = Ky ,,, U (n —m — 1) K;.

For any integer m satisfying n + 3 < m < 2n — 4, we denote by N;ﬁ’r;*m’”” a graph
of order n and with m edges in which maximum degree is n— 1 and the second maximum

degree is m — n 4 2. The structure of graph Ny Lm=n+2

mn

can be seen in Fig. 3.
Theorem 2.10. For any graph G € G,,,, where n +3 < m < 2n — 4, we have
M (G)<nn—1)+(m—n+1)(m—n+6) (5)

with equality holding if and only if G = Nn—Lm-—n+2,

n,m

Proof. Assume that G € G, ,, with M;(G) as large as possible. By Lemma 2.1, we find
that the graph G contains a star K, as a subgraph. Therefore G can be viewed as a
graph obtained by adding m — n + 1 new edges to the star S,,. Then we can construct a
new graph G’ of order n — 1 with m —n+ 1 edges (n+3 < m < 2n —4), obtained from G
by deleting the vertex of maximum degree and the incident edges with it. Let the degree
sequence of G be ©(G) = (dy, da, ds, ..., d,) and also let the degree sequence of G’ be

w(G') = (d}, dy, ..., d,_;). Then we have dy =n—1,diy1 =d;+1,i=1,2,...,n—1,

and
n n—1
M (G) = Zd? =Mm-1)>+ Z (dg +1)?
i=1 i=1

n—1 n—1
= =1+ (n-1+) d*+2) d
i=1 i=1
< nn—-1)4+(m—-n+1)(m—n+2)+4(m—-n+1) by Lemma 2.9 (6)

= nn—1)+m-n+1)(m—n+6).

Moreover, the equality holds in (5) if and only if the equality holds in (6), that is to say,
G' = Ky ment1U(2n—m—3)K; by Lemma 2.9. Thus we conclude that Ay(G) = m—n+2

and G = N;lﬁ’,r}""’"*?, finishing the proof of this theorem. |
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2n—m—3
ai'_'h_‘\.

,U?H.—T!

Figure 3: The graph Ny 1-m—"+2

To characterize the extremal graphs from G,,, where m > n + 3 with maximum
second Zagreb index, we need introduce some new notations. Denote by K7~ * the graph
obtained by attaching n—k pendent vertices to one vertex of K. For any positive integer
t <k, let K ,?’k(t) be a graph obtained by adding ¢ new edges between one pendent vertex
in K,?’k and t vertices with degree & — 1 in it. In particular, the graph G;,n 4o defined
before is just Kj~*. For a graph G, we define M*(G) = Y (dg(u) + 1)(dg(v) + 1).

Before turning to my main result, we first prove a prgilelrEliIClier lemma as follows.
Lemma 2.11. Let G be a graph of order n and with (g) edges where 4 < k < n — 1.
Then we have

(@) < EZDF _21) e
with equality holding if and only if G =2 K U (n — k) K.

Proof. By the definition of M*(G), considering the equality (1), we have

M (G) = %jm(dG(u) +1)(da(v) +1)
< % ;:((V)Kd(;(m1>2+(dc<v>+1)2} (7)
_ % XE:((,)[JG(U)Q +dg(v)* + 2(de(u) + de(v)) + 2]
. % ;@)[dc(uf+2dG(v)2+dc(/u)]

— % Z [de(u)? + 2dg(u)?] + (g)

ueV(G)
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Note that the above equality (7) holds if and only if dg(u) = dg(v) for any edge uv €

)
E(G). Now it suffices to determine the maximum of A(G) 2 S de(u)? + 2dg(u)?].
wev(G)
Next we will distinguish the following two cases.

Case 1. All (];) edges in G form exactly one nontrivial connected component in it.
In this case, we find that the equality (7) holds if and only if G = G* U (n — s)K;

where G* is a connected regular graph of order s. Moreover, A(G*) = A(G). Now we

conclude that all vertices in G* have degree (k D and
k(k—1).. k(k—1
A = o8 ) 4 Ly
k(k —1))3 k(k —1))2
U U ) ]
s s

Clearly A(G*) will reach its maximum when s is as small as possible. Taking into
account the fact the simple graph G* is a regular one with (Z) edges, we find that the

minimum value of s is k. Thus we have

A = 1P k= )2

52 s

< (k(kk; D)* +2(k(/f]; )?

(k —1)%k(k +1).
The above equality holds if and only if s = k, that is to say, G* = K; U (n — k)K;. This

finishes the proof of “Only if” part in this case.

Case 2. All (g) edges in G form more than one nontrivial connected components in
it.

From the above argument (before Case 1), these ( ) edges form a regular subgraph in
G and with ¢ > 2 nontrivial connected components when M*(G) reaches its maximum.
Assume that G = GoU(n—s)K; where Go = GEVUGE? ... G#) denotes a union of some
connected or disconnected regular graphs with G’ng ) being an p;- regular graph of order s;
and with m; edges for p; € {1,2,--- ,t} with 1 <¢ < k — 2 such that Z m; = (). Then

we have s; = 2;"’

Therefore in this case we only need to prove the followmg inequality:

t

2 L -
3 ;”<p;-’+2p;%> < (k=1)%k(k +1),
-1

which is just

t t
> @+ 2p)mi < (K= 1) m (8)
i=1 i=1
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We claim that the inequality (8) holds immediately from the fact that p? +2p; < k*—1
for p; € {1,2,--- ¢} with 1 <t < k — 2. This completes the proof of “only if’ part in

this case.
Conversely, we can easily find that M*(G) = w if G = KU (n—k)K;, ending

the proof of this lemma. O
Theorem 2.12. Assume that m —n = (1;) —k with k> 4. Let G € G, ,,, with mazimum

second Zagreb index. Then we have G = K,?’k' .

Proof. By Lemma 2.1, we conclude that there are at least one vertex of degree n — 1. So
we have
G=G"V K,
where
V@) =n—1, and m(G) =1 (k~1)(k~2).

Let dy > dy > --- > d,_1 > d, be the degree vertices of graph G and also let
di > dy > --- > d_, > dy_, be the degree vertices of graph G*. Thus we have
d; =d;_, +1,i=2,3,...,nand d; =n — 1. Then we have

My(G) = Z d; d;

viv; €E(G)
= ) didi+ > did;
v1v;€E(G) viv;€E(G),2<i<j<n

= &Yy di+ Y (d+1)(d+1)
i=2

viv; €E(G*)

(=D +n-3k+1)+ > @+ +1).

viv; €E(G*)

Now we have to find the maximum value of

@ +1)(d+1)

viv; EE(G*)
where
1
V(G")|=n—-1, and m(G") = 5 (k=1)(k—-2).
By Lemma 2.11, we have
k—1)(k—2
> @@y < EEUEED e

viv; €E(G*)
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with equality if and only if
G 2Ky 1U(n—k)K;.

Therefore we arrive at G = (Kz_1 U (n — k)K;) V K; = K% completing the proof

of this theorem. O

Now we consider the extremal graph, which maximizes the second Zagreb index, from
Gnm with m =n + (g) — k+t where 1 <t <k — 1. Note that the complement of graph
G of order n and with m = n + (Z) — k+t edges where 1 < ¢ < k — 1 is a forest of
order n and with (;) —m =n—2—t edges. For the case when m = n + (’2“) —k+t
with k =n — 1, we know, from Theorem 10 in [8], that the graph from G, ,, maximizing
the second Zagreb index is obtained by joining one isolated vertex with complete graph
K,_1 by t edges, which is just K7~'(¢). But this problem is still open for the case when

4 < k <n — 2. Therefore we would like to end this paper with following conjecture.

Conjecture 1. Assume that n +3 < m. Let G € G, ,, with maximum second Zagreb

index. ThenG%K,";’k(t) ifm—n:(’2“)—k+twith1§t§k—land4§k§n—2.
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