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Abstract

DNA cages are kind of artificial polyhedra that are interlinked and interlocked with DNA
double-strands. A simple formula to calculate genus of DNA cages is presented here. The
formula connects some topological properties of DNA cages, including component number z,
crossing number ¢ and Seifert circle number s. It shows that no matter the way of DNA
strands interlinked, the genus is a constant which only depends on the component number of
the underlying polyhedral graph. Our study demonstrates that, the genus is an essential
topological aspect of DNA polyhedra, which provides a novel classification and a design
principle for DNA cages.

Introduction

The points, lines and planes are form languages to express the external spaces of polyhedral
structures, which have been studied and celebrated for thousands of years [1]. A great
theorem called Euler’s polyhedral formula [2, 3], has been used to describe geometry and
topology of regular polyhedra.

V+F-E=y )

Here, V, F and E are the total numbers of vertices, faces and edges of a polyhedron,
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respectively, and y denotes the Euler characteristic. In algebraic topology, the Euler

characteristic is a topological invariants. For an orientable closed surface, the Euler

characteristic y and the genus g meet a basic relationship as follows:

r=2-2¢g @
It is worth noting that an equivalence substitution can be made between Eq. (1) and (2), then

the genus of a given polyhedra can be easily gotten by Eq. (3).
V+F-E=2-2g 3)

In particular, the regular Platonic polyhedra satisfy V' + F' - E = 2, so their genus are zero.
Similarly, the genus of a sphere is 0, whereas it is one of a torus.

Genus is always considered as an important topological index of a surface to describe and
classify graphs and knots. Researches on the genus of knots and links have deserved more and
more attention [4-8], which bring a mathematical concept in geometry to structural biology
and chemistry. As a powerful molecular descriptor, genus is also considered to describe the
topological configurations of large molecules, such as classify RNA structural motifs and
fullerene molecules [9]. Therefore, molecules with higher genus might be novel targets for a
topology-aided chemical design [10-13].

In the past 20 years, DNA has been considered as an ideal material to build nanostructures
with discrete and periodic patterns due to its complementary base pairing [14]. A series of
novel nano-structures have been synthesized in labs, including DNA tetrahedra [15-18], cubes
[19, 20], octahedra [21-24], dodecahedra [25, 26] and icosahedra [26, 27], which beyond our
imaginations of what is possible in building novel artifacts with biology macromolecules.
Each face of these structures is made of a closed, interlocked DNA ring, a double-helix or
quadruplex-helix DNA strand decorates each edge, and an immobile multi-arm junction is
located at each vertex [14]. Not only interest in their intriguing architectures and topologies is
rapidly increasing [28, 29], but also the undetermined problems have led to the birth of a new
field of deeper understanding of nature. In order to address these exciting questions, Hu et al.
turned to mathematics for help and creatively combined polyhedral links[30-36] and Seifert

algorithm[37] together to deduce the new Euler’s formula for DNA Polyhedra[10], which
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connects the Seifert number s, component number x and crossing number ¢, as Eq. (4) shows:
S+pu—c=2 (4)
The new Euler’s formula can be extended to DNA cages, which embedded in surfaces with
higher genus, leading to Eq. (5).
s+u—c=2-2g (5)
So, genus g of DNA cages can be calculated by Eq. (6).

c—s—u

=1+
& 2

©6)

Eq. (6) shows that genus is essential aspect in topology, which opened a door to study DNA
cages. On the basis of polyhedral links, the mathematical models for DNA cage, the aim of
this paper is using knot theory and Seifert algorithm to investigate the intrinsic topological
properties of DNA cages further. We restricted ourselves to some topological indexes,
especially genus, and to reveal the relationship in topological transformation between DNA
cages. Our research demonstrates that genus would offer a new guiding principle to predict

the design of DNA cages.

Method

Polyhedral links are powerful mathematical models to simulate DNA polyhedra, only if DNA
stands are regarded as strings without thickness [38]. To make the discussion smoothly, basic
mathematical definitions are defined as follows.

Definition 1. A polyhedral link L is an alternating link, which with a projection that has
crossings that alternate between over and under as one travel around the link in a fixed
direction.

For a given polyhedral graph G, if using tangles to replace its vertices and edges, then an
interlinked and interlocked polyhedral link L is obtained. A tetrahedral link (Figure 1b),
which belongs to Tz polyhedral links [30, 31], where & denotes the number of full-twists
along each edge. Two crossings correspond to a full twist, so in the present example &k =1.
Definition 2. For any projection of a polyhedral link L, the crossing number, denoted ¢(L), is

the least number of crossings that it just has[10]. It is easy to determine the crossing number
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of a polyhedral link because it is the sum of crossings of edges. Thus, the crossing number of
example link (Figure 1b) is 12.

Definition 3. The number of closed nonintersecting curves of a polyhedral link L, denoted
(L), which is called component number. In figures, components of a polyhedral link always
assigned by different colors. So, the component number of the tetrahedral link shown in
Figure 1b is 4.

Definition 4. The Seifert circle number of a polyhedral link L, denoted s(Z), is the number of
Seifert circles generated from an orientable surface with the polyhedral link as its only
boundary.

Seifert algorithm, proposed by Herbert Seifert [37] in 1935, to embed surfaces in space with a
polyhedral links as boundary component. The result will be a set of circles in the plane, these
circles are called Seifert circles. DNA polyhedral links are ‘oriented’, since DNA
polymerization prefers to a direction from 5'(five prime) end to 3'(three prime) end. Due to the
helix structure of DNA, intuitively, two kinds of holes in DNA polyhedra will be obtained
during the Seifert construction: vertices generate large circles and edges generate small circles.
Therefore, the number of Seifert circles of tetrahedral link in Figure 1b is 10, four large

circles at vertices and 6 small circles at edges.

a DA
/X\éfi&

Figure 1. The Seifert construction of the To-tetrahedral link. a: a tetrahedral graph; b: an oriented tetrahedral link, closed

curves with different colors represent components, the arrows indicate the 5' - 3' direction of the DNA backbone; c:The large

Seifert circles distributed at vertices and small Seifert circles at edges.

In the context of knot theory, crossing numbers ¢, component numbers x and Seifert circle
numbers s are three fundamental indexes of polyhedral links. However, topological invariants

that used to describe the transformation mechanism of DNA cages are still needed.
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Definition 5. Genus of a polyhedral link L is the least genus of any Seifert surface for that
polyhedral link. For example, a sphere, which has genus 0.
Definition 6. The least number of edges decorated with odd half-turns of DNA polyhedral

links that required transforming a 7 polyhedral link into a link L with components number z,
denoted O(L) .

The component number of a 7 link is equal to face number F. To reduce the component
number by 1, one odd half-twisted edge is needed to replace an even half-twisted edge. Figure
2 shows a Ty (k=0) tetrahedron link with components 4 is transformed to a link contains only

one component, so we can conclude Eq. (7).
OL)y=F—-u (0<O(L)<F-2) 7)
The minimum of O(L) is zero when the link is a 7% link, and take for granted that the

maximum is F-1 when links with only one component. However, for DNA cages, each edge

must be is antiparallel strands, 72 links cannot be further transformed into links with one

component, see Refs. [39], so the maximum of O(L)is F-2.

Figure 2. A To tetrahedral link is transformed into other links by adding odd half-twisted edges. a: a To tetrahedral link with

four components; b: a tetrahedral link with three components; c: a tetrahedral link with two components; d: a tetrahedral link

with only one components.

Results

In DNA polyhedron, each edge is covered by antiparallel DNA strands and each vertex is
represented by a branch junction, then DNA cages can be looked as simple 72 polyhedral
links.

On the basis of vertices and edges respectively, two sets of Seifert circles will be created if
apply the Seifert algorithm to a polyhedral link. Therefore, in the minimal graph, to compute
the number of Seifert circles, vertex and edge building blocks of a polyhedral link must be

considered separately.
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According to the Ref. [10], each vertex generates a Seifert circle. Thus, Seifert circles derived
from vertices s, can be calculated by Eq. (8), where V' denotes the vertex number of a

polyhedron.

s, =V ®)

Here, suppose a polyhedral link L with g components, the number of required odd

half-twisted edges isO(L), crossing number of an odd half-twisted edge is 2k+1 and of an

even half-twisted edges is 2k. Therefore, the Seifert circle number s. is sum of Seifert circles
derived from odd and even half-twisted edges. As shown in Figure 3, there will generate 24-1
Seifert circles if the edge with 2k anti-parallel half-twists. Similarly, for 24+1 half-twists, 2k

Seifert circles will be generated.

PO OO
2k half\-/turns

000000
2k-1 Seifert circles
Figure 3. A 2k anti-parallel half-twisted edge will generate 2k-1 Seifert circles.
Thus, the number of Seifert circles derived from odd half-twisted edges so4scan be computed
by Eq. (9):

S, =2kO(L) )
The total number of edges is E, so the number of edges with even half-twists is £ —O(L) .

Therefore, the number of Seifert circles derived from even half-twisted edge Seven can be
computed by Eq. (10):

s, =Qk—1)(E-O(L)) (10)

Therefore, each Seifert circle is corresponded to each half-turn on edges and each central
cavity of vertexes of a polyhedral link. As a result, the total number of Seifert circles s is sum

of Sodd, Seven and s,:
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S =St T Seven TS, (11
=2kE-E+O(L)+V

Moreover, each face corresponds to one cyclic strand because of each edge is decorated with
even half-turns of DNA. However, according to definition 5 and Eq. (7), the introduction of
odd half-twisted edges will reduce component number. Therefore, the number of these closed
DNA strands, is calculated by:

u=F-0O(L) ((2<O(L)<F) (12)
where F denotes the face number of a polyhedron. And besides, crossing number ¢ is
expressed as a function of edge number £:

¢ =2k +1)O(L) + 2k(E —O(L))

=2kE+O(L) 3
To substitute s, # and ¢ into Eq. (5), yields:
2-2g=2-0(L) (14)
Thus, genus of DNA cages can be calculated by Eq. (15):
:%L) (0<O(L)< F-2) (1s)

Eq. (15) suggests that genus of a DNA polyhedral link is only determined by the number of

odd half-twisted edges O(L). For a given DNA polyhedral link with ¢ component, O(L) can

be easily be calculated by Eq. (7). In other words, genus of a DNA polyhedral link depends on
component number. The Eq. (15) is not only a capable equation to calculate genus of DNA

cages but also an indicator for designing more complex DNA polyhedra. Obviously, for any

T2 polyhedral link, O(L) s 0, so the genus is zero.

Here, we use tetrahedral links and dodecahedral links shown in Figure 4 as examples for
further understanding of Eq. (15). In Figure 4a, b, c, the components number are 2, so the
least number of odd half-twisted edges they needed are 2, thus, the genus of them are 1. As
examples of contrast, the genus of all cases in Figure 4 are calculated by Eq. (6) and (15),
respectively, the results are listed in Table 1. For tetrahedral links with 2 components, the

genus of them are all 1 no matter which Eq. is used.



Figure 4. Some polyhedral links.

Table 1. Topological invariants of some polyhedral links shown in figure 4.

s e u 0oLy ge1+fTitH 00
2 2
a 1 3 2 2 1 1
b 2 4 2 2 1 1
c 1 3 2 2 1 1
d 14 24 2 10 5 5
e 14 24 4 8 4 4
7 14 24 4 8 4 4
g 14 24 6 6 3 3
h 14 24 6 6 3 3

Two types of vertex junction have been reported by Jonnska and Twarock [39, 40], uncrossed
and crossed vertex. The uncrossed vertex has been discussed in the ahead section, whereas the
crossed vertex will be discussed in the following section. Figure Sa shows how to convert a
three uncrossed vertex into a crossed one. Two dodecahedral links with one crossed vertex
(Figure 5b) and two crossed vertexes (Figure 5c) are shown as examples, whose Seifert circle
number s, crossing number ¢, component number x and genus g are listed in Table 2.

If a three uncrossed vertex is replaced by a crossed vertex, as shown in Figure 5, the

components number is reduced 2, and the number of odd half-twisted edges O(L) adds 2, so

the genus is added by one. Thus, if » uncrossed vertexes are replaced, the change of
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parameter O(L) meets Eq. (16):

O(L)'=0(L)+2n (16)
Substitute Eq. (16) into Eq. (15), yields:
g'=g+n 7
Table 2. Topological invariants for some polyhedral links shown in figure 5.
s s’ c ¢’ " u' Oo(L) O(L) g g'
b 14 17 24 27 4 2 8 10 4 5
c 14 20 24 30 6 2 6 10 3 5

Figure 5. a:The structural change of replacing a uncrossed vertex by a crossed vertex; b:The structural change of replacing
one uncrossed vertexes by one crossed vertexes; c¢: The structural change of replacing two uncrossed vertexes by two crossed
vertexes.

On the basics of Eq. (6), the components number reduces 2, the crossings number and the

Seifert circle number both add 3. Thus, if # uncrossed vertexes are replaced, the change of

parameters is shown as follows:
u'=p—2n
c'=c+3n (18)

s'=s+3n
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Then, the genus can be deduced and the result is Eq. (17).

For three degree vertexes, the Eq. (17) suggests that the new genus g’ is sum of g and the
number of crossed vertex n. However, the new genus of vertexes with even degree will be
fractional. For example, if a four degree uncrossed junction is replaced by a crossed junction,
then the components number reduces 3, the crossings number and the Seifert circle number

add 4, so the genus adds 1.5, according to Eq. (6) and (15).

Discussion

For a polyhedral link, its geometrical and topological characters can be described by many
topological invariants, such as genus, component number, crossing number and so on.
However, for a DNA cages, chemists have particular preference over genus g and component
number u. Genus not only denotes the number of holes going through the surface, but also can
signify the number of tunnels in DNA cages that used to deliver drug. Component number,
the most basic factors needs to be considered in synthesizing. So, it is very important to reveal
the essential relationship between them.

The majority of DNA polyhedra can be described by 72x polyhedral links, which not contain
edges with odd half-twists, so the genus of them are 0. The results suggested that all
synthesized DNA cages can be topological transformed to a surface, which is homeomorphic
to a sphere. In practices, genus is not a purely mathematical definition any more, but be
considered as a heuristic indicator to design novel structures [11].

A series of theoretical work about constructing dodecahedral DNA cages in all possibility
have been reported by Jonnska and Twarock [39, 40]. Our study shows that genus is only
determined by the number of odd half-twisted edges. All these pave a brand new way to
design novel polyhedral architectures with g>0 for DNA and macromolecules. For example, a

DNA octahedral cage with genus 3 has been designed, see Ref. [10]. Through the reverse
synthetic method, g is 3 meansO(L)is 6, then components number x is 2. There are two
methods to design a DNA octahedra with two components, one is using six odd half-twisted

edges to replace even half-twisted edges (see Figure 6a); the other is to replace two uncrossed

vertexes by crossed ones (see Figure 6b).
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In addition, Eq. (15) is also appropriate to characterize the recombinase regulation and
controlling mechanisms for DNA polyhedra. Recombinase can cut two segments and
interchange the ends of DNA, which can lead to the inversion or the deletion or insertion of a
DNA segment [41]. It means that the component number of polyhedral links will be added or
reduced one while each recombination. In Figure 6¢ and d, the recombination of a

dodecahedral link reduce the component number by one. The genus of the dodecahedral link

(Figure 6d) is still 5, which is mysterious according to Eq. (15). However, O(L)is not

changed in the recombination process, so the genus remains 5.

Figure 6. Two applications of the new genus’s formula. a: using six odd half-twisted edges to replace the even half-twisted

edges; b: replacing of two uncrossed junctions by crossed ones c: The recombination of a dodecahedral link.

Conclusion

In this paper, we have defined a novel topological invariant O(L) based on the number of
odd half-twisted edges. It can be used to describe the dynamical properties of DNA cages,
particular the addition and deletion of crossings. In addition, genus is an essential aspect in

topology of DNA cages, which reveals the relation of these structures with their embedding
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surfaces. Accordingly, our study of genus of DNA cages could give a new clue for the

classification and guiding principle for the molecular design of novel nanostructures.

Acknowledgements: This work was supported by grants from the National Natural Science
Foundation of China (Nos: 20973085; 10831001; and 21173104) and Specialized Research
Fund for the Doctoral Program of Higher Education of China (No. 20090211110006).

References

[10]

[11]

[12]

[13]

[14]

[15]

B. Griinbaum, Convex Polytopes, Dover, New York, 1973.

L. Euler, De summis serierum reciprocarum ex potestatibus numerorum naturalium
ortarum dissertatio altera, Miscellanea Berolinensia T (1743) 172—192.

D. Richeson, Euler’s Gem: The Polyhedron Formula and the Birth of Topology,
Princeton Univ. Press, Princeton, 2008.

A. Stoimenow, Knots of genus one, Proc. Am. Math. Soc. 129 (2001) 2141-2156.

J. Tripp, The canonical genus of Whitehead doubles of a family torus knots, J. Knot
Theory Ramif. 11 (2002) 1233-1242.

M. Kobayashi, T. Kobayashi, On canonical genus and free genus of a knot, J. Knot
Theory Ramif. 5 (1996) 77-85.

X. S. Cheng, S. Y. Liu, H. P. Zhang, W. Y. Qiu, Fabrication of a family of
pyramidal links and their genus, MATCH Commun. Math. Comput. Chem. 63
(2010) 623-636.

S. Y. Liu, H. P. Zhang, Genera of the links derived from 2-connected plane graphs,
J. Knot Theory Ramif. 21 (2012) 1250129-1250143.

M. Bon, G. Vernizzi, H. Orland, A. Zee, Topological classification of RNA
structures, J. Mol. Biol. 379 (2008) 900-911.

G. Hu, W. Y. Qiu, A. Ceulemans, A new Euler's formula for DNA polyhedra,
PLoS ONE 6 (2011) ¢26308.

E. Lijnen, A. Ceulemans, Topology—aided molecular design: the platonic molecules
of genera 0 to 3, J. Chem. Inf. Model. 45 (2005) 1719-1726.

J. S. Siegel, Chemical topology and interlocking molecules, Science 304 (2004)
1256-1258.

S. J. Cantrill, K. S. Chichak, A. J. Peters, J. F. Stoddart, Nanoscale borromean rings,
Acc. Chem. Res. 38 (2005) 1-9.

N. C. Seeman, Design of immobile nucleic acid junctions, J. Theor. Biol. 99 (1982)
237-247.

R. P. Goodman, R. M. Berry, A. J. Turberfield, The single-step synthesis of a DNA
tetrahedron, Chem. Commun. 12 (2004) 1372—1373.



[19]

[20]

(21]

(22]

(23]

[27]

(28]

[29]

-487-

C. Zhang, M. Su, Y. He, Y. J. Leng, A. E. Ribbe, G. S. Wang, W. Jiang, C. D. Mao,
Exterior modification of a DNA tetrahedron, Chem. Commun. 46 (2010)
6792-6794.

Y. G. Ke, J. Sharma, M. H. Liu, K. Jahn, Y. Liu, H. Yan, Scaffolded DNA origami
of a DNA tetrahedron molecular container, Nano Lett. 9 (2009) 2445-2447.

Z. Li, B. Wei, J. Nangreave, C. X. Lin, Y. Liu, Y. L. Mi, H. Yan, A replicable
tetrahedral nanostructure self-assembled from a single DNA strand, J. Am. Chem.
Soc. 131 (2009) 13093-13098.

J. Chen, N. C. Seeman, Synthesis from DNA of a molecule with the connectivity of
a cube, Nature 350 (1991) 631-633.

C. Zhang, S. H. Ko, M. Su, Y. J. Leng, A. E. Ribbe, W. Jiang, C. D. Mao,
Symmetry controls the face geometry of DNA polyhedra, J. Am. Chem. Soc. 131
(2009) 1413-1415.

Y. Zhang, N. C. Seeman, Construction of a DNA truncated octahedron, J. 4m.
Chem. Soc. 116 (1994) 1661-1669.

W. M. Shih, J. D. Quispe, G. F. Joyce, A 1.7 kilobase single-stranded DNA that

folds into a nanoscale octahedron, Nature 427 (2004) 618-621.
F. F. Andersen, B. Knudsen, C. L. P. Oliveira, R. F. Frohlich, D. Kriiger, R.

McKenna, S. Juul, C. Veigaard, J. Koch, J. L. Rubinstein, B. Guldbrandtsen, M. S.
Hede, G. Karlsson, A. H. Andersen, J. S. Pedersen, B. R. Knudsen, Assembly and
structural analysis of a covalently closed nanoscale DNA cage, Nucleic Acids Res.

36 (2008) 1113-1119.
Y. He, M. Su, P. A. Fang, C. Zhang, A. E. Ribbe, W. Jiang, C. D. Mao, On the

chirality of self-assembled DNA octahedral, Angew. Chem. Int. Ed. 49 (2010)
748-751.

J. Zimmermann, M. P. J. Cebulla, S. Minninghoff, G. von Kiedrowski,
Self-assembly of a DNA dodecahedron from 20 trisoligonucleotides with Csn
linkers, Angew. Chem. Int. Ed. 47 (2008) 3626-3630.

C. Zhang, M. Su, Y. He, X. Zhao, P.A. Fang, A. E. Ribbe, W. Jiang, C. D. Mao,
Conformational flexibility facilitates  self-assembly of complex DNA
nanostructures, Proc. Natl. Acad. Sci. USA. 105 (2008) 10665—10669.

D. Bhatia, S. Mehtab, R. Krishnan, S. S. Indi, A. Basu,Y. Krishnan, Icosahedral
DNA nanocapsules by modular assembly, 4Angew. Chem. Int. Ed. 48 (2009)

4134-4137.
W. Y. Qiu, Z. Wang, G. Hu, The chemistry and mathematics of DNA polyhedral,

in: H. Wi (Ed.), Mathematical Chemistry, Chemistry Research and Applications

Series, Nova, New York, 2010, pp. 327-366.
W. Y. Qiu, Z. Wang, G. Hu, The Chemistry and Mathematics of DNA Polyhedra,

Nova, New York, 2010.



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]
[38]

[39]

[40]

[41]

-488-

W. Y. Qiu, X. D. Zhai, Molecular design of Goldberg polyhedral links, J. Mol.
Struct. (Theochem) 756 (2005) 163—166.

W. Y. Qiu, X. D. Zhai, Y. Y. Qiu, Architecture of Platonic and Archimedean
polyhedral links, Sci. China Ser. B 51 (2008) 13—15.

G. Hu, X. D. Zhai, D. Lu, W. Y. Qiu, The architecture of Platonic polyhedral links,
J. Math. Chem. 46 (2009) 592—603.

G. Hu, W. Y. Qiu, X. S. Cheng, S. Y. Liu, The complexity of Platonic and
Archimedean polyhedral links, J. Math. Chem. 48 (2010) 401-412.

J. W. Duan, Z. Zheng, P. P. Zhou, W. Y. Qiu, The architecture of Sierpinski links,
MATCH Commun. Math. Comput. Chem. 67 (2012) 817-832.

J. W. Duan, Z. Zheng, P. P. Zhou, W. Y. Qiu, The architecture of Sierpinski knots,
MATCH Commun. Math. Comput. Chem. 68 (2012) 595-610.

J. W. Duan, W. Y. Qiu, Using dual polyhedral links models to predict characters of
DNA polyhedra, J. Mol. Struct. 1051 (2013) 233-236.

H. Seifert, Uber das geschlecht von knoten, Math. Annalen, 110 (1935) 571-592.

S. Jablan, L. Radovi¢, R. Sazdanovi¢, Knots and links derived from prismatic
graphs, MATCH Commun. Math. Comput. Chem. 66 (2011) 65-92.

N. Jonoska, R. Twarock, Blueprints for dodecahedral DNA cages, J. Phys. A 41
(2008) 304043(14).

J. Rudnick, R. Bruinsma, Icosahedral packing of RNA viral genomes, Phys. Rev.
Lett. 94 (2005) 038101(4).

G. Hu, Z. Wang, W. Y. Qiu, Topological analysis of enzymatic actions on DNA
polyhedral links, J. Math. Biol. 73 (2011) 3030-3046



