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Abstract

In this paper, we investigate mathematical structures of chemical reactions for three
consecutive oxidation states of elements.

1 Introduction

In 1934 F. Marty introduced that algebraic hyperstructures represent a natural extension
of classical algebraic structures[14], and to this day, the study have been studied by
many mathematicians[3, 4]. In 2013, B. Davvaz[6] had to summarize the basic algebraic

hyperstructures in his book ‘Polygroup Theory and Related Systems.’
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We can see the results of research that B. Davvaz and A. D. Nezad studied for n-ary
hypergroups and chemical examples in hypergroups[7, 12]. Also B. Davvaz, A. D. Nezad
and A. Benvidi especially showed ternary algebraic hyperstructures in chain reactions and
chemical hyperalgebra in dismutation reactions[8, 9]. In 2012[9], they had a set of tin(Sn)
ions {Sn, Sn®*, Sn*}, aset of indium(In) ions {In, In*, In®"} and a set of vanadium(V)
ions {V, V¥, V3 VO*" VO3 } studied algebraic hyperstructures and also K. M. Chun[1]
and S. C. Chung[2] did for the same subjects. In 2014, B. Davvaz, A. D. Nezad and M.
Mazloum-Ardakani [10, 11] give some algebraic hyperstructures for redox reactions and
radiolytic processes in cement medium.

In this paper, we present examples of hypersructures for mathematical operations of

standard reduction potentials for three consecutive oxidation states of elements.

2 Algebraic structures

Let H be a non-empty set and a function - : H x H — ¢*(H) be a hyperoperation, where
©*(H) is the set of all non-empty subset of H. The couple (H,-) is called a hypergroupoid.
For the non-empty subset A, B of H, we define A- B = Ugcapepa - b, and for a singleton
{a} we denote {a} - B=a-B and B-{a} =B -a.

Definition 2.1 [6/ The hypergroupoid (H,-) is called a semihypergroup if
x-(y-z)=(x-y)- 2, foralzyzeH.
The hypergroupoid (H,-) is called an H,-semigroup if
x-(y-2)N(x-y)-z#0, foralx,y,z€ H.
The hypergroupoid (H,-) is called a quasihypergroup if
x-H=H-x=H, forallze H.

The hyperoperation (-) is called commutative if

r-y=y-x, foralx,yec H.

The hypergroupoid (H,-) is called a hypergroup if it is a semihypergroup and a quasi-
hypergroup.
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The hypergroupoid (H,-) is called an H,-group if it is an H,-semigroup and a quasi-
hypergroup.

The hypergroupoid (H,-) is called a commutative hypergroup if it is a hypergroup with
a commutative hyperoperation (-).

The hypergroupoid (H,-) is called a commutative H,-group if it is an H,-group with a

commutative hyperoperation (-).

3 Oxidation-reduction reactions

Luder and Zuffanti have been classified primarily overall of chemical reactions into acid-
base reaction, oxidation-reduction reaction and free radical reaction. Whereafter Pearson
regarded free radical reaction as oxidation-reduction reaction and then all of chemical
reactions was a simplification to acid-base reaction and oxidation-reduction reaction.

We know that most elements have more than one positive oxidation state; almost
all can be prepared as the free elements with oxidation state 0 but some have negative
oxidation states. Reactions in which elements change their oxidation numbers are known
as oxidation-reduction or redox reactions. Redox reactions normally require the presence
of two reactants: in one reactant, the oxidation number of an element is reduced, and in
the other, an oxidation number of an element increases.

Electrochemistry is defined as the study of the interchange of chemical and electrical
energy. It is primarily concerned with two processes that involve oxidation-reduction
reactions; the generation of an electrical current from a spontaneous chemical reaction
and the opposite process, the use of a current to produce chemical change.

Thermodynamically, redox reactions under the standard conditions go if the free en-
ergy change(AG®°) is negative. Instead of measuring thermodynamic parameters through
the experiments, we measure the electromotive force(EMF; symbolized as E° and mea-
sured in volts) generated when the reaction occurs spontaneously in a electrochemical

cell. The EMF(E®) can be related to the free energy change(AG®) by the equation
AG® = —nFE”

where n is the number of equivalents oxidized or reduced, and F' is the the Faraday
constant(9.64853 x 10*C/mol).
Disproportionation is a chemical reaction, typically a redox reaction, where a molecule

is transformed into two or more dissimilar products. Disproportionation reactions follow



-392-

the form:

And because of the oxidation states of the oxygen and the hydrogen don’t change in
water(H,0) dissociating into H3OT + OH ™, it is an example of a disproportionation
reaction that is not a redox reaction. The reverse reaction of disproportionation, when a

compound in an intermediate oxidation state is formed is called comproportionation:
+2 +4 +3
NO +  N,Oy —— NO; (not balanced)

4 Standard reduction potentials for three consecu-
tive oxidation states of elements

Through the Latimer diagrams of all elements, we selected a lot of chemical species
that were recorded three consecutive standard reduction potentials in acidic and/or basic

solution, e.g.[17].

Snit 0.15 Sn2t —0.137 Sn

o+ —0.444 ~0.126 ;.

I In*

The reverse of disproportionation is called comproportionation. It will form a product
with an oxidation number intermediate of the two reactants.
For example,

Sn + Sntt — 29n2t

an element tin(Sn) in the oxidation states 0 and 4+ can comproportionate to the state
2+, and the comproportionation reaction is spontaneous, since EMF(0.15+ 0.137) is pos-
itive. But an element indium(/n) in oxidation states 0 and 3+ can not comproportionate
to the state +1, since EMF(—0.444 + 0.126) is negative. The products from the compro-
portionation of two each other elements are different. From now, we can know the fact
that major products of reaction depend on the stability of thermodynamics in all possible
combinations.

Let A;, Ay and A3 be chemical species and let z, y and z be the number of equivalents

oxidized or reduced of A;, Ay and Aj respectively. Let m = x — y and n = y — z be the
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electronic differences and let «, 5 and v be potential differences between A;’s such as the

following Figure 1:

Figure 1: The standard reduction potentials of three chemical species

A a4 B g
| ~ f

Then 7 relates to a and g such as following Lemma.

Lemma 4.1 [13] Let o and B be potential differences in the Figure 1. Then we have a
value of vy such that

_ ma+nf
m+n
Proof. Consider the following diagram:
A" — A, AGL° = —malF (1)
Agy — 14327 AGQO = —nﬂF (2)

where F'is the Faraday constant. Let’s find « such that
A" — As7, AG3° = —(m+n)yF

Using (1) and (2), we can find

AGSO
(m+n)F
—maF —npF

 (m+n)F
mao +nf

¥y =

m+n
Example 4.2 Gold(Au) forms two of different ions including Au*T, Au™ and Au. The
ozidation states of these species are +3,+1 and 0 respectively. The standard reduction

potentials of Aut, Aut and Au reactions are:

Aut—% s Ayt B Au

| 7 !

Audt — Aut, AG,° = —maF = —2aF

Aut —  Au, AGy° = —nfF = —pF,
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where a = 1.36 and 8 = 1.83 ([17]). Using Lemma 4.1, we can find v = (2-1.36+1.83)/3 =
1.52.

The three consecutive oxidation states of elements can be generalized as the following

expression:

Figure 2: The diagram of three consecutive oxidation states

where a, b and ¢ are chemical species, real numbers «, [ and « are potential differences,
and positive integers m and n are electronic differences.
As explained above, the following Table 1 obtained from the thermodynamic results

in all possible combinations of oxidation reduction reactions.

Table 1: All possible oxidation-reduction reactions of three species

+ a b ¢
b+a(a—7)
o P e ] e e
ctb(y—25)
’ ST o920
c c+c(0)

Definition 4.3 Let G be a set of two or more chemical species and a hyperoperation @
on G is defined as follows;
D:GExGE— Q)

where p*(Q) is the set of all non-empty subset of G. For all z,y € G, © @y 1is defined the
magor product, that is, it is selected from the largest combination among all spontaneous

redox reactions.
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Theorem 4.4 If G is a set of two chemical species a and b, then (G, ®) is a commutative

hypergroup.
Proof. Since (G, ®) has the following hyperoperation table,

D a b
al a |ab
b |lab| b

we can easily show that it is a commutative hypergroup.

In this case, (G, ®) is called a type . H.

Example 4.5 Let G = {a,b,c} be a set of three chemical species and «, [ and 7y be
positive real numbers, and m, n be positive integers.
Consider the following diagram with potential differences a, —f and —v, and electronic

differences m and n.

We define b @ ¢ for b,c € G. Firstly, we think all possible combinations for oxidation-
reduction reactions about b+c. There are two cases about b+c in all possible combinations

for oxidation-reduction reactions as follows:

{b+c _577 cta (v+(

_p))
b,—hc"”BTB,—C*b B+ (~B) =0)

Hence {a,c} or {b,c} candidates for the hyperoperation b & ¢ . Since v + (=) =
—ma+nf 5= —ma +nf —mB —nf _ —m(a+5) <0, we define b& ¢ — {b,c} as
m-+n m-+n m+n
the major product.

When G = {a,b, c}, we want to define a hyperoperation @ on G. In order to define the
hyperoperation, it is sufficient to investigate all possible combinations for redox reactions
which are 0, £(a — f3), £(av — v), £(y — B) in Table 1. The following Lemma 4.6 gives the
hyperoperation table in Theorem 4.7.

Lemma 4.6 Let a, b and ¢ be chemical species, real numbers «,  and 7y be potential
differences, and positive integers m and n be electronic differences with Figure 2. Then

we have the following.
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a—v>0
(1) If « > B, then we have § v— [ >0
a— B> max{a—~,v— B}
a—7<0

(2) If B > «a, then we have § v— [ <0

a— 3 <min{a—~v,v— 6}
Proof. (1) If a > 3, then

ma + nf
- (m+n)
ma +no —ma —nf
(m+n)
n(a — )

= — >0,
m+n

_ ma+nf B
7—674%15 g
ma +nf —mp —np
(m+n)

= M>07
m+n

(a=p)—(a=y)=-PB+y=7—-F>0and (a—F)—(y—8)=a—v>0.
Then, the proof is completed from the above.
Similarly, we can prove (2).
Theorem 4.7 With the same assumption in Lemma 4.6, let G = {a,b,c} and @ be a

hyperoperation on G. Then we have the following.

(1) When o > 3, we have the following hyperoperation table, called a type 3SH,,

@ b ¢
a a,b| b
blab| b |bec
c| b | be| ¢

and the hyperstructure (G, ®) with the type 35 H, is a commutative H,-semigroup.

(2) When 8 > «, we have the following hyperoperation table, called a type 3SH,
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b ¢
a,c| a,c
a,c| a,c| a,c
a,c| a,cl| c

ol B

and the hyperstructure (G, ®) with the type sSH is a commutative semihypergroup.
Proof. Using Table 1 and Lemma 4.6, we get the hyperoperation tables.
(1) For all z,y,2 € G, we show that 2 @ (y D 2) N (x D y) D 2z # 0.

P BN (oY @2 ={a), fo=ay=az=q
r®ydz)N@dy)®z={c}, fr=cy=cz=q¢
z®ydz)N(x@y)®zDb, otherwise.

But it is not a semihypergroup; for example, ¢® (a®a) = cda = {b} and (cHa)Ba =
b®a={ab}. Hence c® (a®a)# (c®a)Pa.
(2) For all z,y,z € G, we show that 2 ® (y ® z) = (z B y) & =.

{a}, ifax=aqy=az=q
r®yez)=@eyez=< {c, z=cy=cz=cg
{a,c}, otherwise.

Next we give a more generalized hyperoperation on a set of two or more chemical

species.

Definition 4.8 Let G be a set of two or more chemical species and a hyperoperation @'
on G is defined as follows;

@G x G = p'(G)

where *(G) is the set of all non-empty subset of G. For all x,y,2',y' € G, consider the
following all possible combinations for ozidation-reduction reactions

fL+ ﬂ / /
+y - Y

o
where a and 8 are potential differences. We define x &'y as follows;

;o Uaspso{2 v}, whenever x+y — 2’ +v/;
rd Y= .
{z,y}, otherwise.

Theorem 4.9 With the same assumption in Lemma 4.6, let G = {a,b,c} and @ be a

hyperoperation on G. Then we have the following.

(1) When o > 3, we have the following hyperoperation table, called a type 3H',



@' a b ¢
a a a,b | a,b,c
b | ab b b,c
¢ | a,bc| b c

and the hyperstructure (G, ®') with the type sH' is a commutative hypergroup.
(2) When 8 > «, we have the following hyperoperation table, called a type 3SH',

@ a b c
a | a | ac| ac
b | a,c| ac| ac
¢ | ac|ac| c

and the hyperstructure (G, @) with the type 35 H' is a commutative semihypergroup.
In this case, both (G,®) and (G,®') are the same semihypergroup.

Proof. Using Table 1 and Lemma 4.6, we get the hyperoperation tables.
(1) For all z,y,z € G, we show that 2 &' (y @' 2) = (z &' y) &' z.
{a}, ifr=a,y=a,2=a
RN / SN A {b}7 ifl’:b7y:b72:b;
T (y&'z) =2y &' 2 = {c}, ife=cy=cz=c
{a,b},{b,c} or {a,b,c}, otherwise.
Clearly for all z € G we have 2 &' G =G &'z = G.
(2) The proof is the same as Theorem 4.7(2).

5 Examples and chemical analysis

From the standard reduction potentials data in the periodic table at [17], we get a hy-
perstructure by Theorem 4.7. Consider the following the standard reduction potentials

data,

where a, b and ¢ are chemical species and = and y are potential differences. We denote

Getement = {a, b, ¢}, and we investigate the hyperstructure (Geemnt, ®)-

Example 5.1 Consider the following standard reduction potentials data[17] of Hydro-
gen(H) in [group 1];



Let Guaciaiey = {HT Hay, H™} and Grasicy = {H20, HoJOH™, H™}. Since (z
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H-

1 1
(acidic solution) H* 0.000 H, —2.25
1

(basic solution) 5 0.828

1,098, j07=22 . -

+Y)
(0.000, =2.25) at acidic solution, (G g(acidic)» @) is a ‘type sSH, by Theorem 4.7. Also

(GH(basic), ®) 1s the ‘type 3SH,’s by Theorem 4.7. We can be summarized as follows:

‘ Group ‘ FElements ‘ (=, y) ‘ Type ‘
1 Gt (acidic) = {H ", Ha, H™ } (0.000, —2.25) 3SH,
1 G (basicy = {H20,HyJOH ™, H™ } (0.828, —2.25) 3SH,
For the other cases[17], as follows:

Table 2: Chemical hyperstructures of three species

‘ Group ‘ Elements ‘ (z, y) ‘ Type ‘
2 [ Gugtaciaic = {Mg**, Mg*, Mg} (—2.054, —2.657) | 3SH,
3 GAc(acidie) = {AC:H7 A(32+, AC} (—497 —07) 55H
4 Ge(acidicy = {Ce*t, Ce*t, Ce} (1.76,—2.34) 3SH,
4 Ge(pasic) = {CeOs, Ce(OH )3, Ce} (—0.7,—2.78) 35H,
5 Gy = {NbyOs, Nb*T Nb} (—0.1,—1.1) 3SH,
5 GPT(acidi,c) = {P’V’4+,P7”3+,P’I'} (32 —235) fgSHU
5 GPT(hasic) = {P’V’OZ,,PT(OH)&PT} (08 —279) ;gSHU
6 | Gorgpasien) = {Cr0O7,Cr(OH);,Cr} (—0.11,-1.33) | 3SH,
6 | Gorgpasicn) = {CrO7,Cr(OH);,Cr} (—0.72,-1.33) | 3SH,
6 | Grto(pasio) = {M0O; , MoO,, Mo} (—0.78,-0.98) | 3SH,
6 | Gwasio = {(WO; ,WO,, W} (—1.259, —0.982) | 3SH
[ G Nd(basicy = {NdOy, Nd(OH)3, Nd} (2.5, —2.78) 3SH,
7 Gre =A{TcO;,TcOs,Tc} (0.70,0.83) 3SH
8 GFe(acidicl) = {F‘Eiﬂ»7 F62+, Fe} (077‘ —044) ;}SHU
8 GFc(acid’icZ) = {FS(CN)277 F€(CN);177 Ff’} (036‘ —116) 3SH,,
8 Go.g(acidi(:> = {0804, OSOQA, OS} (1005, 0687) 3SH,,
8 G sm(acidicy = {Sm>", Sm**, Sm} (—1.55,—2.67) 3SH,
9 Glr(a(:idiul) = {]7”()27 IT3+, I’V’} (0223. 1156) 3SH
9 Glr(ru;idir?) = {]rClé_7 I?”CZS_7 ]7”} (0867 086) ;gSHU
9 GEu(ucidiu) = {Eu3+7 EUZ+7 Eu} (*035~ *280) ssHv
10 GCm(basic) = {CTVLOQ, Cm(()H)3, Cm} (077 *25) 3SH@
11 ch(acmn) = {CU2+, CU+7 Cu} (041597 0.520) 3SH
11 G Au(acidiery = {Au®T, Au™, Au} (1.36,1.83) 3SH
11 G au(acidicz) = {AuCly , AuCly , Au} (0.926, 1.154) 3SH
11 G Au(acidiesy = {AuBry, AuBry , Au} (0.802,0.960) 3SH
11 GAu(acidic4) = {AULZ A’ll,[;7 Au} (0557 0578) 3SH
11 Gr(acidic) = {0, TV*", Th} (3.1,—2.31) 35H,
11 G rp(pasicy = {1002, TH(OH)3, Th} (0.9, —2.82) 35H,
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‘ Group ‘ FElements ‘ (=, y) ‘ Type ‘
12 GHg(acidic) = {H92+7Hg+~,Hg} (09110796> 35HU
12 GDy(basi,c) = {Dy027 Dy(OH)Sv Dy} (357 _280) 35 H,
13 | Goutaciaic) = {Ga®", Ga®¥ Ga} (—0.65,—0.45) | 59H
18 Gln(auidic) = {[77/3+7 [7Z+, [n} (*0444 *0126) 3SH
13 | Gritaciaiey = {TP7, TIF, T} (1.25,—0.3363) | 3SH,
| Grmaciaio = {Fm>, Fm?  Fm} (=1.15,—2.37) | 35H,
14 | Gsnasicy = {Sn(OH)g, SnO.H~, Sn} (—0.93,-091) | 3SH
15 GSb(acidic) = {5[12057 S()O+7 Sb} (0605 0204) 3SHU
15 | Grmacidgicy = {Tm**, Tm*", Tm} (—2.2,-2.4) 3SH,
15 GI\/[d(acid’ic) = {A[d3+7 ]\/[d2+7 A{d} (—0157 —24) 3SH1,
16 GYb(acidic) = {Yb3+7 Yb2+7 Yb} (_1'057 _28) 39 H,
16 | Guofaciaic — {NO°T, No®", No} (1.4,—25) 55T,
18 GXe(acidicl) = {H4X606,X6037X6} (242212) 3SHU
18 GXe(ac‘i,dicQ) = {XQFQ,X(EF, XE’} (0934) 3SH
18 GXa(basia) = {[HXGOG]§7 [HX€O4]7,X€} (099 124) 3SH

Based on the standard reduction potential for three consecutive oxidation states of
elements in acidic or basic solutions, we showed that each element have the predominant
type in Table 2. For the chromium(C7) in [Group 6] element, It can be classified as the
type 35 H, from mathematical operation through the Latimer diagram in Table 2, and
also the result was considered from thermodynamic point of view.

In the case of indium(/n), In®* is the most thermodynamically stable and it is the
type 3SH in the hyperoperation table of Theorem 4.7(2). That is, chromium iron(type
3SH,) and indium(type 3SH) have a different type.

The lanthanide elements have the type o H or 35H,, and here, the type oH is defined
as the element that have 0 and only one form of a positive value in oxidation state. For
example,

—2.28

Gd* == Gd.

Cerium(Ce) in [group 4] and terbium(7') in [group 11] classify the type 35 H, and we can
know the fact that Ce®* and Th** are present most abundant from the type 3SH,, and
they are thermodynamic point of view. Because it can be seen that the fact that C'e* to
Ce'™ is to be reduced easily, and also 3+ is the most stable in the case of lanthanides[5].
The 4f orbital in the electron configuration of cerium 4+ are empty(4f°), thus additional
stability may be present[5]. From Table 2, terbium(7b) for the type 35H, shows that 4+
can exist in a relatively stable. It can be seen due to the electronic configuration, 4f7,

from the fact that the half-filled rule is applied.
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As the type 35H, for lanthanide elements of another tribe, we can find the results of
samarium(Sm) in [group 8] and europium(Eu) in [group 9]. In terms of chemistry, Sm3*™
and Eu®t are the most stable. But Table 2 in the mathematical operation shows that
Sm?* and Eu?t are regarded as the most representative chemical species respectively.
Thus we can understand the fact that will possible predict the oxidation state of any
element that was going to be the most predominant in the actual chemical reaction that is
not visible through the results of the mathematical operation. This is a great significance.
Because we only have experienced for the oxidation state of the elements which are in the
most stable in the chemistry. This description is related to the Pourbaix diagram of the
predominant area of the acidic solution in the f-block element[15].

Also on iron(Fe) in [group 8] that is other transition element. Both of Fe¥™ and
Fe(CN)}™ are easy to be reduced to 2+, especially complex ion, Fe(C'N)3™ is more
stable than free Fe3* due to the standard reduction potential. They are the type 35 H,
for mathematical operations, and they all belong to the reaction of 2+ state may be the
most common.

In [group 2|, magnesium(Mg) has the oxidation state 2+ and 0. But recently the
chemists have created stable dimer of magnesium(I) compounds[16]. Our results classi-
fied the type 3SH, for magnesium and the actual energy of Mg" is thermodynamically
unstable, but it can prove to be the most abundant from the mathematical operation.

Acknowledgement: This work was supported by the Korea Foundation for the Advance-
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References

[1] K. M. Chun, Chemical hyperstructures of chemical reactions for iron and indium, .J.
Chungcheong Math. Soc. 27 (2014) 319-325.

[2] S. C. Chung, Chemical hyperstructures for vanadium, .J. Chungcheong Math. Soc.
27 (2014) 309-317.

[3] P. Corsini, Prolegomena of Hypergroup Theory, Aviani Editore, Tricesimo, 1993.

[4] P. Corsini, V. Leoreanu, Applications of Hyperstructure Theory, Kluwer, Dordrecht,
2003.



5]

(6]

[7]

(8]

(9]

(10]

(1]

(12]

(13]

(14]

(15]

(16]

(17]

-402-

F. A. Cotton, G. Wilkinson, Advanced Inorganic Chemistry, Willey, New York, 1980,
ch. 23.

B. Davvaz, Polygroup Theory and Related Systems, World Scientific, Singapore, 2013.

B. Davvaz, A. D. Nezad, Chemical examples in hypergroups, Ratio Mat. 14 (2003)
T1-74.

B. Davvaz, A. D. Nezad, A. Benvidi, Chain reactions as experimental examples
of ternary algebraic hyperstructures, MATCH Commun. Math. Comput. Chem. 65
(2011) 491-499.

B. Davvaz, A. D. Nezad, A. Benvidi, Chemical hyperalgebra: Dismutation reactions,
MATCH Commun. Math. Comput. Chem. 67 (2012) 55-63.

B. Davvaz, A. D. Nezad, M. Mazloum—Ardakani, Chemical hyperalgebra: Redox
reactions, MATCH Commun. Math. Comput. Chem. 71 (2014) 323-331.

B. Davvaz, A. D. Nezad, M. Mazloum—Ardakani, Describing the algebraic hyper-
structure of all elements in radiolytic processes in cement medium, MATCH Com-
mun. Math. Comput. Chem. 72 (2014) 375-388.

B. Davvaz, T. Vougiouklis, N-ary hypergroups, Iranian J. Sci. Technol. 30 (2006)
165-174.

B. Douglas, D. H. McDaniel, J. J. Alexander, Concepts and Models of Inorganic
Chemistry, Wiley, New York, 1985.

F. Marty, Sur une generalization de la notion de groupe, 8th Congress Math. Scan-
denaves, Stockholm, 1934, pp. 45-49.

M. Pourbaix, Atlas of Electrochemical Equilibria in Aqueous Solutions , Nat. Assoc.

Corrosion Engin., Houston, 1974.

A. Stasch, C. Jones, Stable dimeric magnesium(I) compounds : from chemical land-
marks to versatile reagents, Dalton Trans. 40 (2011) 5659-5672.

Chemistry: WebElements Periodic Table: Professional Edition,
http://jpke.whut.edu.cn/web18 /main/wangluo/webelements /webelements/elements
/text /periodic-table/redn.html



