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Abstract

Gutman and Wagner [I. Gutman, S. Wagner, The matching energy of a graph,
Discrete Appl. Math. 160 (2012) 2177-2187] defined the matching energy of a
graph and gave some properties of the matching energy, especially in characteriz-
ing the extremal graphs among some classes of graphs. Further, the graphs with
maximum matching energy and given connectivity (resp. chromatic number) were
characterized by Li and Yan. In this paper, the unicyclic graphs with fixed girth
and the graphs with given clique number are characterized in terms of maximum
and minimum matching energy.

1 Introduction
In 2012, Gutman and Wagner [5] defined the matching energy of a graph G, denoted

by ME(G), as

ME(G) = %/Omiln {ka(G)ka dz. (1)

As pointed out in [5], the matching energy is a quantity of relevance for chemical

applications, which may be supported by the simple relation TRE(G) = E(G) — ME(G),
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where TRE(G) and E(G) stand for the topological resonance energy and energy of G,
respectively. It is also noticed that if the graph G is a forest, its matching energy coincides
with its energy. The energy of a graph was also introduced by the same scholar Gutman
in [6] and has been studied extensively (see [6, 8, 11]).
All graphs under discussion are finite, undirected and simple. A matching in a graph is
a set of pairwise nonadjacent edges, and by my(G) we denote the number of k-matchings
of a graph G. It is both consistent and convenient to define mg(G) = 1. Matching theory
has been an active and can be found applicable in numerous fields [13]. One of those
concerning matching is the well-known Hosoya index [7], defined as the total number of
matchings, including the empty edges set, of a graph. Another is the matching polynomial
of a graph G of order n, defined as
a(Gx) = (=1)Fmi(G)a" 2, (2)
>0
where the convention that my(G) = 0 for k < 0 or k > n/2 is adopted. For any graph
G, all the zeros of a(G, x) are real-valued and the theory of matching polynomial is well

elaborated in [1, 2, 4, 3]. Recall the following result in [5].

Theorem 1 ([5]). Let G be a simple graph, and let jy, pa, ..., pn be the zeros of its

matching polynomial. Then
ME(G) =" |-
i=1

This makes us believe that the matching energy of a graph may have an important
role to play in studying the matching of a graph.

The integral on the right hand side of Eq.(1) is increasing in all the coefficients my(G).
This means that if two graphs G and G’ satisfy my(G) < mg(G’) for all k > 1, then
ME(G) < ME(G"). If, in addition, my(G) < my(G’) for at least one k, then ME(G) <
ME(G"). It then motivates the introduction of a quasi-order =, defined by

G = H <= my(G) > my(H), for all nonnegative integers k.

If G = H and there exists some k such that my(G) > my(H), then we write G > H.
By this, we have G = H = MFE(G) > ME(H) and G = H = ME(G) > ME(H).

From this fact, one can readily deduce the extremal graphs for matching energy.
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Given a graph G and an edge uv of G, we denote by G — uv (resp. G — v) the graph
obtained from G by deleting the edge uv (resp. the vertex v and edges incident to it).

Lemma 1 ([1]). If u,v are adjacent vertices of G, then
mi(G) = mi(G — uwv) + my_1(G —u —v)
for all nonnegative integers k.

From the lemma above, it follows that my(G) can only increase when edges are added

to a graph and the following observation has been obtained in [5].

Theorem 2 ([5]). Let G be a graph and e one of its edges. Let G — e be the subgraph
obtained by deleting from G the edge e, but keeping all the vertices of G. Then

ME(G - ¢) < ME(G).

Consequently, a series of results concerning the extremal graphs of matching energy
can be obtained by the nice property of matching energy. Denote by K, and S, the

complete graph and star on n vertices, respectively.

Corollary 1 ([5]). Among all graph on n vertices, the empty graph E, without edges and

the complete graph K, have, respectively, minimum and mazimum matching energy.

Corollary 2 ([5]). The connected graph on n vertices having minimum matching energy

s the star S,.

Denote by U, the set of all connected unicyclic graphs on n vertices. Let C), be the

n-vertex cycle, and let S; be the graph obtained by adding a new edge to the star S,,.

Theorem 3 ([5]). If G € U,, then
ME(S}) < ME(G) < ME(C,)

with equality if and only if G = S and G = C,,, respectively.

Cutman and Wagner also pointed out the following result.
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Lemma 2 ([5]). Suppose that G is a connected graph and T an induced subgraph of G
such that T is a tree and T is connected to the rest of G only by a cut vertex v. If T is
replaced by a star of the same order, centered at v, then the matching energy decreases
(unless T is already such a star). If T is replaced by a path, with one end at v, then the

matching energy increases (unless T is already such a path).

After then, Ji, Li and Shi [9] characterized the graphs with the extremal matching
energy among all bicyclic graphs. Li and Yan [12] characterized the connected graph with
the given connectivity (resp. chromatic number) which has maximum matching energy.
Particularly, the following result concerning chromatic number is listed which will be used
in the sequel. Recall that Turdn graph T, is complete x-partite graph on n vertices in
which all parts are as equal in size as possible. The chromatic number x(G) of a graph
G is the minimum number of colors such that G can be colored with these colors in such

a way that no two adjacent vertices have the same color.
Lemma 3 ([12]). Let G be a connected graph of order n with chromatic number x. Then
ME(G) < ME(T..).

r+ 1, wherer and s are integers

The equality holds if and only if G = K. .. 41
R

X—s s

withn =rxy+s and 0 < s < x.

In this paper, we characterize the unicyclic graphs of order n with fixed girth and ex-
tremal (i.e., maximum and minimum) matching energy. Meanwhile, the extremal graphs

among all connected graphs with given order and clique number are characterized.

2 Main results

First recall some notations and a result in [10]. Denote by U, the set of uni-
cyclic graphs with n vertices and a cycle of length g. The sun graph, denoted by
Cy(Prig1s. .. Pryy1), is one obtained from the cycle Cy = v1v; - - - vgv; by identifying one
pendant vertex of path P,, 1 with vertex v; fori = 1,..., g. Note that Cy(Py—g41, P1, ..., P1)
is also called lollipop graph and denoted by E,,, as shown in Figure 1. Similarly,

Cy(Spi11, -+, Sry41) stands for the uncyclic graph of the cycle Cy = vivy - - - vyu; together
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with r; pendant edges attached at vertex v; fori =1,..., g, where rq, ..., r, are nonnega-

tive integers. Also, in particular, Cy(Sn—g41,51, - .., S1) is simply denoted by Cy(S,—g+1),

as given in Figure 1.

(i) C.Q(Snfgﬂ) (ii) E.q‘n
Fig. 1 The graphs Cy(Sn—g4+1) and Eg,.

Theorem 4 ([10]). Let n, g be any positive integers, n > g > 3. For any G € Uy, mig(Ey,) >

mg(G) for all positive integers k.

From Theorem 4, it follows immediately that F,, = G for any G € U,,, and so
ME(E,,) > ME(G). To show the uniqueness of E,, as maximum graph, it suffices to
prove that By, = G for any G € U, ,,\{E,}, which is solved in the following.

Theorem 5. Let n, g be positive integers, n > g > 3. For any connected graph G € Uy,
we have

ME(E,,) > ME(G)

with equality if and only if G = I, ,,.

Proof. From Theorem 4, it suffices to show that for any G € Uy, \{Eyn}, mu(Ey,) >
mg(G) for some k. Now we show that this holds at least for the case of k = 2.

Any graph G € U,, can be viewed as obtained from a cycle C together with some
trees rooted on the cycle vertices. By Lemma 2, when any rooted tree is replaced by a
path with one end at the cycle vertex, the matching energy increases unless the rooted
tree is already such a path. After replacing all rooted trees of G with paths, the resulting
graph is of the form sun graph. Therefore, to prove that ME(E,,) > ME(G) for any
G € Uy, \{E, .}, it suffices to prove that the matching energy of all sun graphs with girth
g and order n which is not a lollipop graph is always less than that of E, .

Next we shall show that for any sun graph Cy(Py, 41, Prot1, ..., Prys1) which is not a

lollipop graph, my(Egyn) > ma(Cy(Pr41, Pryga, - - -, Pry41)). Let ¢ = |{i[r; > 0}|. Because
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Cy(Priy1, Prytay - -+, Pryy1) is not a lollipop graph, ¢ > 2 and say 71,75 > 0, without loss
of generality. Recall a formula used in [5], that is

wior-(2)-56)

=1
where m denotes the number of edges in G and d; the degree of the i-th vertex for

i=1,...,n. We have

77L2(Cg(Prl+r2+l7 P, P, Pry+1)) - ”L2(Cg(PT1+17 Pryt1y ooy Prngl))
_ 2 . 2 n 3 n 1
N 2 2 2 2
=1.
Continuing the process above, we ultimately come to
ma(Egn) — ma(Co(Pryi1s Prysy oo, Pryn)) = 1= 1.

Since t > 2, my(Eg ) — mo(Cy(Prys1, Pty -+, Pryy1)) > 0 and so we are done. [ |
Theorem 6. Let n, g be positive integers, n > g > 3. For any graph G € U, ,,, we have
ME(Cy(Sn-g11)) < ME(G)

with equality if and only if G = Cy(Sn—g+1)-
Proof. By Lemma 2, for any graph G' € U,,,, its matching energy decreases when any tree
rooted at cycle vertex is replaced with a star centered at the cycle vertex. Thus it suffices
to prove that the assertion holds for any such graph G of the form Cy(Sy 41, ., Sr41).
Let G = Cy(Sp11,- - -, Sry41), with the unique cycle Cy = uyus - - - uguy and r; pendant
edges attached at vertex u; for i = 1,...,9. We proceed by induction on ¢, where t =
29 7, ie., the number of pendant edges of G. Clearly ¢t > 1 as n > g. If ¢ = 1, then
G = (C,-1(52) and there is nothing to prove. Now suppose that ¢ > 1 and the result is
valid for the graphs with less than ¢ pendant edges. Without loss of generality, suppose

that r; > 0 and wyv; is a pendent edge at the vertex w; lying on the cycle of G. By

Lemma 1, we have
mk(G) :mk(G — ulvl) + mk,l(G — Uy — 1)1)
:mk(cg(srn S7*2+17 ey Snﬁ—l))
+1my_1(Cy(S1, Srot1y -+ Srpg1) — 1),
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and
Mi(Cy(Sn—g+1)) =mp(Cy(Sn—g)) + mu_1(Py_1) .

Since Cy(Sy,, Srpt1s -+ - 5 Sryt1) has less than ¢ pendant edges, by the induction hypothesis,
My (Cy(Srys Srytts -+ -y Srgr1)) = My(Cy(Shy)).

Meanwhile, note that P,_, is a proper subgraph of graph Cy(S1, Sppq1, .- ., Sryt1) — U1, SO
the number of k-matchings of the former is always not more than that of the latter. In

particular, mi(Py—1) < my(Cy(S1, Srpt1, - - -, Srg+1) — u1). So we conclude that

M (Co(Sri1s Sratts -5 Srgt1)) 2 Mi(Cy(Sng1)),
holds for all & and the inequality is strict at least for & = 2. So Cy(Sy 41, Srot1,- -5 Sryv1) =
Cy(Sn—gt1)-
We can now conclude that G = Cy(S,,_g+1) for any graph G € Uy, \ {Cy(Sn—g41)}-
The proof of the theorem is complete. |

A complete graph is a simple graph in which any two vertices are adjacent. A complete
subgraph of G is called a clique of G and that the maximum size of a clique of a graph G
is called the cliqgue number of G. Next we shall investigate the extremal graphs with fixed
clique number in terms of matching energy. Among all graphs with clique number [ and
order n, it is easily to verify that the graph K;U E,,_;, where E,_; is the empty graph on
n — [ vertices, uniquely attains minimum matching energy. So we only need to consider
the connected ones.

We denote by wy,; the set of connected graphs with clique number [ and n vertices.
Denote by Kj(Sr 41,541, ., Sr+1) the connected graphs which consist of the clique
K; with V(K;) = {v1,vq,...,0} and r; pendant edges attached at vertex v; for i =
1,...,l, wherery,...,r, are nonnegative integers. Kj(S,_41,51,...,51) is simply written

as K;(Sn_111), and K5(S,_4) is, for example, given in Figure 2.

s

Fig. 2 The graph K5(S,_4).
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Theorem 7. For any graph G € w,;, we have
ME(G) > ME(K;(Sn—141))
with equality if and only if G = K;(Sn_i41).

Proof. Any graph G € wy,; has an induced subgraph K; and let the vertices of the clique
be labelled as vy, vs,...,v;. Suppose that G has the minimum matching energy in w, .
By Theorem 2, G must have as the least number of edges in w,,; as possible. Then G can
be thought of as obtained from K; by attaching some trees rooted at some vertices of K.

From Lemma 2, replacing any such rooted tree with a star centered at the ver-
tex of the clique decreases its matching energy. Therefore we can assume that G is
already of the form K;(S, 41, Sm41s---,541). Next we shall show that for any F,
(K (41, Sratts -+ o0 Srpt1)) = mu(K(Sp—i41)). We proceed by induction on ¢, where
t= Zi‘:l r;, 1.e., the number of pendant edges of G. If t = 1, there is nothing to prove.
So suppose that ¢ > 1 and the result is valid with less than ¢ pendant edges. Without

loss of generality, suppose that r; > 0 and vju,; is a pendant edge at the vertex vy lying

on the clique of G. By Lemma 1, we have

My (K (Sri415 Sratts - - -5 Srg1))

= My (K1 (Sry 415 Sty - -5 Srpg1) — viwn)

= mg(K(Spys Srptts oy Srp1)) + Mgt (FKom1 (S, - -+ Spyn)s
and
My (Ki(Sn-141)) = me(Ki(Sn1)) +mi—1 (K1),
Since K;(Syy, Srat1, - - - Srp41) has less than ¢ pendant edges, by the induction hypothesis,
(K (Sry s Sratts - -3 Srt1)) = My (Ki(Sn—r)).

In the meantime, K;_; is a proper subgraph of K;_1(Sy,11,...,S,+1), which implies

that for all & the number of k-matchings of the former is always not more than that

of the latter. Particularly, mq(K;_1(Srt1,.--,Sn41)) > ma(K;_q1). This follows that
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Me (K (Sri41, Srpsts -« o5 Srt1)) = me(Ki(Sp—i+1)) for all k and the inequality is strict for
k = 2. Consequently, M E(K;(S,—1+1)) < ME(G) provided G € wy,; \ {K;(Sp—i+1)}. W

Theorem 8. For any graph G € w,;, we have
ME(G) < ME(T},),
with equality if and only if G =1;,,.

Proof. Suppose that G € w,; has the maximum matching energy. Note that first G
has K as its subgraph and suppose its vertices are labelled as vy, vo, ..., v;. Initially, let
Vi :=={u}, for i = 1,...,1. In order to obtain graph G from K;, we need to add the
remaining vertices to subgraph K; and denote these vertices by v, v5, ... v/ _,.

First, add the vertex v} to the subgraph K; and the resultant graph is denoted by Gj.
Considering the clique number of the resultant graph in each step cannot exceed [, the
vertex v} is adjacent to at most [ — 1 vertices on the clique K;. On the other hand, v}
must be adjacent to exactly [ — 1 vertices on the clique K, because GG has the maximum
matching energy in w,; and so G (hence G;) has as many edges as possible. Thus v is
not adjacent to exactly one vertex, say v;. Then set V; := {vy,v]} in Gy, while other V;’s
remain unchanged.

Now add vertex v} to G and the resultant graph is denoted by Gs. If there is always
a vertex in each part V; (1 < ¢ < 1) which is adjacent to v}, then the clique number of
the resultant graph would surpass [, a contradiction with that G' € w, ;. Thus v} can be
adjacent to at most [ — 1 parts V;. Meanwhile, note that v} can be adjacent to all vertices
in these [ — 1 parts, without causing its clique number to surpass . Since G5 has as many
edges as possible, v} is not adjacent to precisely one part, say Va. Set Vo := Vo U {v}}.

Continuing the process above, ultimately we come to the resultant graph G,,_;, which
is already G. Obviously G obtained in this way must be complete [-partite graph on n
vertices. So x(G) = 1.

Based on x(G) = [ and Lemma 3, we have M E(G) < Tj,,. Note that T},, € w,; also,

then the theorem follows immediately. |
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