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Abstract

The incidence energy of a graph is defined as the sum of singular values of its
incidence matrix. In this paper, we establish some new bounds on the incidence
energy of connected graphs.

1 Introduction

Let G be a simple connected graph with n and m edges. Let V (G) = {v1,v2,...,v,} be
the vertex set of G. For v; € V (G), the degree of the vertex v;, denoted by d;, is the
number of vertices adjacent to v;. Let A and ¢ be the maximum and the minimum vertex
degree of G, respectively.

Let A(G) be the (0,1)-adjacency matrix of G and Ay, Mg, ..., A, be its eigenvalues.
The eigenvalues of A (G) are said to be [3] the eigenvalues of G and to form its spectrum.

Then the energy of the graph G is defined as [12]
E=E(G)=>_ ||
i=1

An extensive work has been done on graph energy in the literature. For more details, see
(13, 22] and the references cited therein.
Nikiforov [28] extended the concept of graph energy to any matrix defining it as the

sum of singular values of this matrix. Recall that the singular values of a (real) matrix M
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are equal to the square roots of the eigenvalues of M M7 where M T denotes the transpose
of M. In particular, for a graph G, E (G) = E (A(G)).

Let I (G) be the vertex-edge incidence matrix of the graph G. For a graph G with
vertex set V (G) = {v1,va,...,v,} and edge set E(G) = {e1,e2,...,en}, the (4, 7)-entry
of I (G) is 1 if the vertex v; is incident with the edge e;, and is 0 otherwise. Motivating the
idea in [28], Jooyandeh et al. defined the energy of the incidence matrix I (G), namely,

the incidence energy as [19]

IE=1E(G) =Y o
i=1

where 01,09, ...,0, are the singular values of I (G). Various properties and bounds for
the incidence energy were recently established in [1, 15, 16, 19, 25, 29, 31, 33, 34].

Let D (G) be the diagonal matrix of vertex degrees of the graph G. Then Laplacian
matrix of G is defined as L (G) = D (G) — A(G). The eigenvalues of L (G) are said to
be the Laplacian eigenvalues of G. Let py > ps > -+ > p,, be the Laplacian eigenvalues
of G. It is well known that j,, = 0 and the multiplicity of zero is equal to the number
of connected components of G [10]. For more information on Laplacian eigenvalues, see
(26, 27].

The signless Laplacian matrix of the graph G is defined as Q (G) = D (G) + A(G).
Let g1 > qo > -+ > @, be the eigenvalues of @ (G). These eigenvalues are non-negative
real numbers and called signless Laplacian eigenvalues of GG. For more information on
signless Laplacian eigenvalues, see [4, 5, 6, 7]. As well known in graph theory, @ (G) =

I1(G)I(G)". Then
IE=1E(G)=> V&
i=1

which was discovered in [15].
Short time ago, Liu and Liu introduced the quantity LEL defined by [24]
n—1
LEL=LEL(G)=> /i

i=1
and called it Laplacian-energy like invariant of the graph G. It was first considered [24]
that LEL has properties similar to the Laplacian energy [17]. But later, it was discovered
[18] that it is much more similar to the ordinary graph energy [12, 13, 22]. For survey
and more details on LEL, see the review [23] and the recent papers [9, 14, 24]. Note that
the Laplacian and signless Laplacian eigenvalues of bipartite graphs coincide [4, 26, 27].

Therefore, for bipartite graphs, LEL is equal to the incidence energy IE [15].
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In this paper, we establish some new bounds on the incidence energy of connected

graphs considering the idea in [9].

2 Lemmas

Let t =  (G) be the number of spanning trees of a graph G. Let G denotes the complement
of the graph G and let GGy x G5 denotes the Cartesian product of the graphs G and Go

[3]. We now introduce the following auxiliary quantities for a graph G as

2t (G X KQ)

1
and T =T (G) = 5 {A+5+ (A—5)2+4A] (1)
where A and § are the maximum and the minimum vertex degree of G, respectively.

Lemma 2.1. [4, 26, 27]/The spectra of L (G) and Q (G) coincide if and only if the graph
G is bipartite.

Lemma 2.2. [6] If G is a connected bipartite graph of order n, then H;";ll G = H;";ll i =
nt (G). If G is a connected non-bipartite graph of order n, then [T, ¢ =t (G).

Lemma 2.3. [2, 32] Let G be a connected graph with n > 3 wvertices and A be the

mazimum vertex degree of G. Then
q=>T>A+1

with either equalities if and only if G is a star graph K ,_1.

Lemma 2.4. [30] Let G be a simple connected graph with n vertices. Then p; < 2/, with
equality if and only if G is a regular graph.

Lemma 2.5. [4] Let G be a connected graph with diameter d(G). If G has exactly k

distinct signless Laplacian eigenvalues, then d (G) +1 < k.

Lemma 2.6. [26] Let G be a graph with n vertices. Then i < n, with equality if and

only if G is disconnected.

Lemma 2.7. [8] Let G be a connected graph with n vertices. Then piy = pig = -+ = jiy—1
if and only if G = K,,.

Lemma 2.8. [8] Let G be a connected graph with n > 3 vertices. Then jig = iz = -+ =
fn—1 if and only if G = K,, or G = K, ,,_1 or G = Kan.
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Lemma 2.9. [21] Let 1,23, ...,25 be non-negative numbers and let

L N 1N
= NZL and v = <H‘T‘>
i=1 i=1

be their arithmetic and geometric means, respectively. Then

1

T L VE v sa- s 1 3 (VA - vE) (2)
i<j i<j
Moreover, equality in (2) holds if and only if x1 = x9 = -+ = zy.

Lemma 2.10. [11] For ay,as,...,a, >0 and p1,ps,...,p, > 0 such that > ¢ p; =1

mei — Ha’” >nA < Z‘” Hal/"> (3)
where A = min {p1,pa, ..., pn}. Moreover, equality in (3) holds if and only if a1 = ay =

C= .

Lemma 2.11. [20] For a,b >0 and v € [0,1],
2
(1—v)a+uvb>a """ +r <f— \/5)

where r = min {v, 1 — v}.

3 Main Results

In this section, we present some results on the incidence energy of connected bipartite
graphs which improve the results obtained in [9]. We also consider the connected non-

bipartite graphs and obtain some new bounds on the incidence energy of these graphs.

Theorem 3.1. Let G be a connected graph with n > 3 vertices, m edges, mazximum degree
A and t spanning trees and let tyand T be given by (1).
(i) If G is bipartite, then

nt 1/(n—2)
LEL(G) = 1E(G) < Vi +1[n=3)m~1) + (02 (77 (W

and

LEL(G) =IE(G) 2 VT + \/2m —n+ (n—2) (n - 3) 14", )

Moreover, equalities in (4) and (5) hold if and only if G = Ky 1.
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(ii) If G is non-bipartite, then

£\ YD)
E(GQ) < V2A+4[(n—2)2m—T)+ (nf1)(7£) (6)
and
t 1/(n—1)
E(G) > VT + 2m—2A+(n—1)(n—2)(2A> . (7)

Proof. Considering Lemmas 2.1-2.3,2.6,2.8 and 2.9 the proof of (i) can be easily given

similar to the proof of Theorem 2.5. in [9]. Here, we only prove (ii).

Taking N =n —1and z; = p;, ¢ = 2,...,n in Lemma 2.9 and using Lemma 2.2, we
obtain
2 e
22§i<j§n (\/E - \//T]) < 2m — py _ Ll Yn=1) 22<1<]<n (\F \F)
(n—1)(n—2) - n-1 p1 n—1

Since Y1 | p; = 2m, we have

Z2gi<,¢§n (Vpi- \/Fj)Q = =3 ZZ e ZZSK}'S” VPiPi

= (n—=2)2m—p) (Z\F) +Z.0i
= (n—1)2m—p) — (IE - /p)*.

Therefore
(7L71)(2m7p1)7(1E7\//71)2 - 2m — py A
(n—1)(n—2) - n-1 P
(n—1)2m—p) - (IE - ypm)”
- n—1 '
This implies that
£\ /D
IE <.\/p1+41[(n—=2)2m—p1)+ (n—1) (p—) (8)
1
and
£\ VD)
IE> . \/pi+4/2m—p1+(n—1)(n—2) (—) . 9)
P1

Consider the function
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It can be easliy seen that f(z) is decreasing for + > A + 1. By Lemma 2.3, we have
p1 > T > A+ 1. Therefore we obtain

t

N
f(,r)gf(T)—\/(n—Q)(Qm—T)—i-(n—l)(T) .

Considering this, Eq. (8) and Lemma,2.4, we get

A

£\ /D
IE(G) < Vpi+\(n=2)2m—-T)+(n-1) (?)

IN

1/(n—1)
\/ﬁ+\/(n—2)<2m—T)+(n—1)(tT1) .

Hence the inequality (6) holds. Similar to the above manner, let us consider the function

g(2) = \/Zm et (n-1)(n—2) (%) e

It can be easliy seen that g () is decreasing for x < 2A. Therefore

t

1/(n=1)
g(x)>g(2A)=1/2m—2A+(n—1)(n—2) (ﬁ) .

Considering this, Eq. (9) and Lemma 2.3, we get

1/(n—1)

E > \//71+\/2m2A+(n1)(n2) (2%)
t 1/(n—1)
> VT + 2m—2A+(n—1)(n—2)(ﬁ> .

Hence the inequality (7) holds. Either equality in (6) and (7) holds if and only if p; = T,

P =p3=---=p, and p; = 2A. From the conditions p; = 2A and ps = p3 = -+ = py,
we conclude that G = K,. However p; (K,) = 2(n — 1) which differs from T (K,) =
n—14+/n— 1. Thus, (6) and (7) cannot become an equality. O

Remark 3.2. From Lemmas 2.1 and 2.3, we have iy = py > T > A+ 1 for bipartite
graphs. Then by the proof of Theorem 2.5 in [9], one may conclude that the bounds (4)
and (5) improve the bounds of Theorem 2.5 in [9] for bipartite graphs.
Theorem 3.3. Let G be a connected graph with n > 3 vertices and t spanning trees and
let tyand T be given by (1).

(i) If G is bipartite, then

12(n—1)] 2 (71/17)1/[4(n_1)("_2)]
LEL(G) = IE(G) > VT + (n — 2) (nt) s L) (10)
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(ii) If G is non-bipartite, then

1/(om) 2 (tl)l/[4n(n71)]
E(G) > VT +(n—1)(t) S svcr=y e U R (11)

Proof. Considering Lemmas 2.1-2.3,2.7 and 2.10 one can prove the inequality (10) similar
to proof of Theorem 2.12 in [9]. Here, we only prove the inequality (11).

Taking a; = \/pi, 1 = 1,2,...,n, p1 = i, pi = 23&’_11), i =2,3,...,n in Lemma 2.10,

we obtain

2n 2n

1/(2n)
= ZILZ\/E Hp '

Then by Lemma 2.2, we get

@+ Z\//Tz ,01/ 4n) x HpZn 1)/[4n(n—1)]
=2

NI 2n )(IE 1) — lm=1)] x (1 ])(2n-1)/[4n(n-1)]

2n 2n(n —
1 Lo yu/en
> —IE——(t
= 5 ()
and (2n—1)/[4n(n—1)]
()& 1y B
IE >2(n—1) W_ﬁ(tl) +m . (12)
P1
Let us consider the function
Fo) = (tl)(%*l)/[h(ﬂfl)] N NG
- 2 1/[4(n=1)] Q(n — 1)

l/n

It can be easily seen that f () is increasing for x > (¢;) By Lemma 2.3, we have

2
m>T>A+1>A> "
n

Using Arithmetic-Geometric Mean Inequality and Lemma 2.2, we get
9 Z 1/n
m n
m_ T (m) — ).

() e
flo) > f(T) = T1/lA(n-1)] * 2(n—1)

Therefore

Combining this with (12), we get the inequality (11). Now we assume that the equality
in (11) holds. Then all inequalities in the above arguments must be equalities. Then,

2m

by Lemmas 2.3 and 2.10, py = T and p; = ps = -+ = p, = =2 Thus, we have

n

p1 = 27—:” <A <A+1<T,which is a contradiction. Hence we conclude that (11) cannot

become an equality. O
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Remark 3.4. From Lemmas 2.1 and 2.3, we have puy = py > T > A+ 1 for bipartite
graphs. Then by the proof of Theorem 2.12 in [9], one may conclude that the bound (10)
improves the bound of Theorem 2.12 in [9] for bipartite graphs.
Theorem 3.5. Let G be a connected graph with n > 3 vertices, m edges and t spanning
trees and let ty be defined by (1).

(I) If G is bipartite, then

n—2

LEL(G)=IE(G) > \/ (" - 1) [(n — 1) ()Y Qm]. (13)

(ii) If G is non-bipartite, then

IE(G) > \/ (%) [n2 (t)/" — Qm]. (14)

Proof. Inequality (13) has been established by Das et al. [9]. Therefore, its proof will be

omitted. Here, we only prove the inequality (14).

By Arithmetic-Geometric Mean Inequality, we have

n (n=1)/(2n?)
Zp(n 1)/(2n) >n <H Pi) (15)
i=1
and

n n (n+1)/(2n?)
Zp§n+1)/(2n) >n (H Pj) . (16)
+1

Taking v = =, a = p;, b = p; and r = “— in Lemma 2.11, we get

n—1 n—+1
i + ;> p(n 1)/(2n)p(n+1)/(2n)Jr
2n 2n

1
— (pi+ 05 = 2VPip5) -

By summation over ¢ and j yields

=1 j=1 =1 j=1

1)/(2 1)/(2n n—
> S S LSS (kg - 2
Jj=1

i=1 i=1 j=1

Then

n (n=1)/(2n%) , (n+1)/(2n2) L
2nm > n? (H pi> (H p]-> +2m(n —1) — ( - ) IE?
n
=1 j=1




-223-

by (15) and (16). Considering Lemma 2.2, we get

1E* > (Ll) [n2 (tl)l/”—Qm .

Hence the inequality (14) holds. Now, we assume that the equality in (14) holds. Then, by
Arithmetic-Geometric Mean Inequality, it must be p; = py = --- = p,,. Thus by Lemma
2.5, d (G) = 0 which is a contradiction, since G is connected. Hence, (14) cannot become
an equality. |
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