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Abstract

This survey outlines results on graphs extremal with respect to distance—based indices, with
emphasis on the Wiener index, hyper-Wiener index, Harary index, Wiener polarity index, re-
ciprocal complementary Wiener index, and terminal Wiener index.
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1 Introduction

Throughout this survey, the graphs considered will be assumed to be simple and con-
nected. If G = (V| E) is such a graph, then its vertex set is V(G) = {v1,...,v,} and its
edge set E(G) ={e1,...,en}. This the number of vertices and edges of G is denoted by
n and m, respectively.

The distance dg(u,v) (or simply d(u,v) when no misunderstanding could occur) be-
tween the vertices u and v of G is equal to the length of (number of edges in) a shortest
path connecting v and v. The number of vertex pairs of GG, whose distance is k is denoted
by d(G, k). Details on distance in graph theory can be found in the books [8, 15, 56],
whereas on general distances in [29].

In the following we denote by C,,, P,, S, , and K, the cycle graph, the path graph,
the star graph, and the complete graph of order n, respectively. Other undefined notation
and terminology can be found in [5, 76].

The history of distance-based topological indices begins with year 1947, in which

Harold Wiener [153] used the following formula to calculate the boiling point ¢ of alkanes:

In this formula a,b,c¢ are constants for a given isomeric group, W(G) is (in modern
terminology, different from what Wiener originally used) equal to the sum of distances
of all unordered vertex pairs in the molecular graph G, whereas Wp(G) is the number
of unordered vertex pairs at distance 3 in G, i.e., d(G,3). Initially, Wiener’s ideas did
not attract the attention of the chemical community, but as time passes, the quantity
W became one of the most popular molecular structure descriptors. It found numerous
applications for designing quantitative structure—property relationships (QSPR) [28,93].
Besides, it also was applied in crystallography, communication theory, facility location,
cryptology, ete. [4,73,120]. Eventually, this graph invariant became known under the
name Wiener index or Wiener number; for details see [129,130].

Mathematicians started with the study of W (@) almost three decades after chemists
[43], initially without any knowledge of Wiener’s earlier works. Anyway, also in con-
temporary mathematical literature W(G) is usually referred to as the Wiener index
[31,32,41,53,96, 134, 151]

Wiener himself named Wp(G) polarity number, and this quantity is nowadays usually
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called the Wiener polarity index of G [23-25,37,83,100, 105, 106].
In the above specified notation, the Wiener index and the Wiener polarity index are
defined as

W(G) dg(u, v) (1)

{uv}CV(G)

d(G,3) .

We(G)

Note that the equation (1), explicitly using the graph—distance concept, was first given
by Hosoya [81]. Wiener himself spoke of the number of carbon—carbon bonds separating
two carbon atoms [153].

After the Wiener index was invented, a large number of other distance—-based topologi-
cal indices have been proposed and considered in the chemical and mathematico—chemical
literature; for more information and additional references see [1,30,63,64,66,67,101,107,
111,112,114,116,143,144,174]. All distance-based topological indices can be derived from
the distance matriz or some closely related distance-based matrices; for more informa-
tion on this matter see [12,89-91,116,118,127]. Much work has been devoted also to the
eigenvalues of the distance and related matrices [16,17,139].

In this survey we shall restrict our considerations to only a few of distance-based
topological indices, namely to the following:

e Wiener index W

e Wiener polarity index Wp

e hyper—Wiener index WW

e Harary index H

e reciprocal complementary Wiener index RCW

e terminal Wiener index T'W
The Wiener index and Wiener polarity index were described above.
Hyper—Wiener index
In 1993, Milan Randié¢ [126] introduced a distance-based quantity that he named hyper—
Wiener index and denoted by WW. His definition could be applied only to trees, and
was impossible to use for cycle-containing graphs. In 1995, Klein, Lukovits, and one of
the present authors [95] showed that Randi¢’s WW (for trees) satisfies the identity

WW(G) = L > [da(u,v) + da(u, v)?] (2)

2
{uv}CV(G)
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which could be applied to all connected graphs. Since then, Eq. (2) is used as the
definition of hyper-Wiener index.

Harary index

In 1993, Plavsi¢ et al. [121] and Ivanciuc et al. [89] independently introduced the Harary
index, named in honor of Frank Harary on the occasion of his 70th birthday. Actually,
the Harary index was first defined in 1992 by Mihali¢ and Trinajsti¢ [117] as:

1

de(u,v)?

Hua(G)= >

{u,0}CV(G)
In spite of this, the Harary index is nowadays defined as [89, 121]:

1

da(u,v)

H(G) =
{u}CV(G)

Reciprocal complementary Wiener index
In 2000, Ivanciuc et al. [88,90] introduced the this topological index, defined it as:

1
RCW(G) = Z I
{uv}CV(G) d+1—dg(u,v)

where d is the diameter of graph G (i.e., the greatest distance between any two vertices).

Terminal Wiener index
The concept of terminal Wiener index was put forward by Petrovi¢ and two of the present
authors [68]. Somewhat later, but independently, Székely, Wang, and Wu arrived at the
same idea [140]. Let V1(G) C V(G) be the set of vertices of the graph G whose degree is
equal to one (the so-called pendent vertices or leaves). Then TW is defined in full analogy
with the Wiener index, Eq. (1), as
TW(G) = Y. do(u,v). (3)
{uv}CVi(G)

Thus, the terminal Wiener index consists of the sum of distances between pendent vertices.
If the graph G has no pendent vertex, or just one such vertex, then TW(G) = 0. The
application of this molecular structure descriptor is purposeful mainly for graphs with
many pendent vertices, especially trees [26,27, 65, 78].

In Eq. (3) summation goes over pairs of vertices of degree 1. The terminal-Wiener—
index concept was recently generalized [86] by considering pairs of vertices of some fixed

degree k > 1.
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Concluding this introductory section we remind that the distance-based topological
indices W, WW, H, and RCW can be expressed in terms of the numbers d(G, k) of

vertex pairs at distance k :

W(G) = > kd(G, k)
k>1
WW(@) = zkng (G, k)
k>1

HG) = Y. % d(G, k)

k>1

ROW(G) = Zmd(& k)

k>1
In addition to this, as already mentioned, Wp(G) = d(G, 3).

* ok ok ok %

In recent years, characterizing the extremal (maximal or minimal) graphs in a given
set of graphs with respect to distance—based topological indices has become an important
direction in chemical graph theory. Up to now, a number of nice results have been obtained
along these lines. To our surprise, from a number of such results, we see that there exist
close relations among the graphs extremal w.r.t. different distance-based topological
indices. For some classes of graphs, the extremal graphs are identical. By collecting these
extremal results and presenting them together, we hope to inspire the discovery of new
results of this kind, as well as the elaboration of attractive and fundamental new proof

techniques.

2 General graphs

In this section we report some extremal results with respect to the distance-based topo-
logical indices W, WW, H, Wp, and RCW in different classes of general graphs.

Let PK,,, be the path-complete graph, obtained from the disjoint union of a path
and a complete graph by the addition of edges between one end-vertex of the path and

some, but not all, vertices of the complete graph.

Theorem 2.1. Let G be a connected graph with n vertices and m edges. Then the fol-
lowing holds:
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(1) The path-complete graph PK, ., is the unique graph with mazimal Wiener index
[135] (resp. diameter [75]). Any graph G with diameter at most 2 has minimal
Wiener index.

2) If G %K, , then

nn—1) m
v <
RCOW (G) 5 5

Equality holds if and only if the diameter of G is 2 [172].

Theorem 2.2. ( [94]) Let a > 2 be an positive integer and G be any connected graph with

m edges where (‘;) <m< (‘1;1), Then

ala+1) —m <W(G)

with equality holding if and only if G = Gy, where Gg is the graph obtained by deleting

(“;1) —m edges from the complete graph K, that are incident with a fived vertex in it.

Actually, in [43], the authors had also implicitly characterized the extremal graph
maximizing the Wiener index among all connected graphs of order n and with m edges,
which is just the result in Theorem 2.1 (1). Moreover, in [43] it was implicitly pointed
out that the minimal Wiener index is attained at one connected graph in which any two
distinct non-adjacent vertices have distance 2.

Denote by G® = (V, E) a graph with diameter d (3 < d < 4 and [V(G®)| > d + 2),
such that for any two distinct vertices u € V(G®)\V(Pyy1) and v € V(G®), dge (u,v) = 1
or 2, where Py is a path with d + 1 vertices in G®. The two graphs depicted in Fig. 1

are of G®-type.

Fig. 1. Examples of graphs of G*-type.
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Theorem 2.3. Let G be a connected graph with n vertices, m edges, and diameter d.
Then
(1) ([18]) 3(d—2)(d=1)d+n(n—1)—m < W(G) < in(n—1)d—3(d—2)(d—1)d—(d—1)m
with the left equality holding if and only if G is a graph with diameter d < 2, or
G = P,, or G is isomorphic to some G®. The right equality holds if and only if G
is a graph with diameter d <2 or G = P, ;

(2) (20]) H(Pay) + 2200 — 851 < H(G) < H(Pag) + 20020 — 452
with the left equality holding if and only if G is a graph with diameter d < 2 or
G = P,, and the right equality holding if and only if G is a graph with diameter

d<2, orG=P,, or G is isomorphic to some G* .

A connected graph G is called a cactus if each block of G is either an edge or a
cycle. Denote by Cat(n,t) the set of connected cacti possessing n vertices and ¢ cycles.
Let C%(n,t) be the cactus graph obtained from a star S, by adding ¢ independent edges

between its leaves.

Theorem 2.4. Among all graphs in Cat(n,t), C°(n,t) is the unique graph having the
minimal Wiener index [102] (resp. hyper—Wiener index [51]), and the maximal Harary

index [152].

Let 1 < k < n and KF be the graph obtained by attaching k pendent vertices to one
vertex of the complete graph K, .

Theorem 2.5. Among all connected graphs with n vertices and k cut edges, KF uniquely
has the minimal Wiener index [84,136,137,155] (resp. hyper—Wiener index [163]) and the

mazimal Harary indez [163].

Note that the kite graph K, is obtained by identifying one vertex of Kj with one
pendent vertex of P, 41 and the Turdn graph T, (k) is a complete k-partite graph of

order n in which any two partition sets differ in size by at most one.
Theorem 2.6. Among all connected graphs with n vertices and clique number k,

(1) the Turdn graph T,(k) uniquely has the minimal Wiener index [50] (resp. hyper

Wiener indez [50]) and the mazimal Harary index [158];
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(2) the kite graph K, ) uniquely has the minimal Harary index [158] and the mazimal
Wiener index [50] (resp. hyper—Wiener index [50] ).
Moreover, in [12], the authors also determined some extremal bipartite graphs with
respect to Harary index, that are all complete bipartite graphs. Hence these results can
be viewed as special cases of Theorem 2.6 (1).

Theorem 2.7. Among all connected graphs with n vertices and chromatic number k,

(1) the Turdn graph T,(k) uniquely has the minimal Wiener index [50] (resp. hyper—

Wiener indez [50]) and the mazimal Harary index [158];

(2) the kite graph K, uniquely has the mazimal Wiener index [50] (resp. hyper—Wiener
index [50]) and the minimal Harary index [158].
The broom B, A is a tree obtained by attaching A —1 pendent vertices to one pendent

vertex of the path P,_ai1.

Theorem 2.8. ( [138]) For any connected graph G with n vertices and mazimum degree

A, we have W(G) < W(B,, a), where the equality holds if and only if G = B, a.

The dumbbell D(n,p,q) is a tree consisting of the path P,_, , together with p in-
dependent vertices adjacent to one pendent vertex of P,_,_, and ¢ independent vertices
adjacent to the other pendent vertex of P,_,_,. A caterpillar is a tree if by deleting all its
pendent vertices it reduces to a path. Note that in the theory of benzenoid hydrocarbons,
caterpillars are also called Gutman trees [39,40,58,61,82].

Suppose that n > 2(a 4+ b). Denote by C'P,(a,b) a caterpillar obtained by attaching
one pendent vertex to each of the first a vertices in P,_,_;, and one pendent vertex to
each of the last b vertices of P,_,_y.

Recall that the average distance of a connected graph G on n vertices is defined as
w(@G) = (TZZ) 71W(G). In [13,14,36], the extremal graph with maximal average distance are
determined among all connected graphs with n > 5 vertices and matching number g > 2

and with domination number ~.

Theorem 2.9. ([13]) If G is a connected graph with n > 5 vertices and matching number
5> 2, then

(@) < p(D(n, [(n+1)/2=8],[(n+1)/2 = 5]))
with equality holding if and only if G = D(n, |(n+1)/2 = 3], [(n+1)/2 = 3]).
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Theorem 2.10. ([14]) Let G be any connected graph with n vertices and domination

number ~y.

(1) Ify < %, then p(G) < u(D(n, [#J [@'\)) with equality holding if and only

§ G = Dln, 2272, [22)).

(2) If v = %, then u(G) < W(CP ([, 252 ])) with equality holding if and only if
G = CP.([7571, 125)).

2

If the order n of the graph G is fixed, then the extremal graph with respect to average
distance is just the extremal one with respect to Wiener index, and vice versa. Therefore

the following two corollaries can be deduced immediately from Theorems 2.9 and 2.10.

Corollary 2.1. If G is a connected graph with n > 5 wvertices and matching number
£ > 2, then
W(G) <W(D(n, [(n+1)/2 =], [(n+1)/2 = B]))

with equality holding if and only if G = D(n, | %52 — 8], [“H — 5]).
Corollary 2.2. Let G be a connected graph of order n with domination number .

(1) If v < §, then W(G) < W(D(n, |™52 |, [*52])) with equality holding if and
only if G = D(n, L"”Z;?’”/L [#])

(2) If vy = %, then W(G) < W(C‘.’%L((‘”T_ﬂ7 L%J)) with equality holding if and only
i G = CP,(T252], | 252))

2

As usual, we denote by G the complement of the graph G. A graph G is self-
complementary if G = G. Tt is well-known [5] that any self-complementary graph G
of order n satisfies the condition n = 0 or 1(mod 4). For k > 1, let Gy, be the set of
all graphs whose structure is shown in Fig. 2, where G} is any graph of order & and
the double lines connecting two circled graphs indicate that all edges between them are
present. In addition, let Gyep1 be the set of graphs obtained from a graph from Gy by
adding a new vertex adjacent to all vertices in the two copies of G}, as indicated in Fig. 2.
In [77], the self-complementary graphs with extremal average distance were determined.
In view of the relation between Wiener index and average distance, we can obtain directly

the following result.
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Fig. 2. The structure of the graphs belonging to the class Gy, .
Theorem 2.11. ([77]) Let G be a self-complementary graph of order n.

(1) If n = 0(mod 4), then W <W(G) < % with the left equality holding
if and only if G is a graph with diameter 2, and the right equality holding if and

only if G € Gy .

(2) If n = 1(mod 4), then w <W(G) < % with the left equality holding
if and only if G is a graph with diameter 2, and the right equality holding if and

only if G € Gagy1 -

Recall that the circumference of a graph G is the maximum length of any cycle in G.
Denote by Cy(¢') the graph obtained by attaching a path of length £ to one vertex of cycle
Ci . Let n, £ be two positive integers such that ((—1) [ (n—1). The graph F}; , is obtained
by joining an isolated vertex u to every vertices of (n—1)/(£—1) copies of complete graphs
K1 . In the following theorem, the extremal graphs with respect to Wiener index are

characterized among all connected graphs with n vertices and circumference ¢.
Theorem 2.12. ( [99]) Let G be a connected graph with n vertices and circumference (.
(1) If (¢ =1) | (n—1), then W(G) > W(F,) with equality holding if and only if
G=Fr,.
(2) W(G) < W(Co((n — 0O)Y)) with equality holding if and only if G = Cy((n — £)1).

The well-known Moore graph is an r-regular graph with diameter k£ whose order attains

the upper bound
k-1
147y (r=1).
=0
Hoffman and Singleton [79] proved that every r-regular Moore graph G with diameter 2
must have r € {2,3,7,57}. They pointed out that G = Cs if r = 2, G is just Petersen

graph for r = 3, whereas for r = 7, G is the known under the name Hoffman—-Singleton

graph. For r = 57 it is not known whether such a graph does exist or not.
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Recall that M (G) = > dg(v)? is the well-known first Zagreb index of the graph G
veV(G)
(see [35,62,71,72,145]). In the following theorem we characterize the extremal connected
triangle- and quadrangle—free graphs extremal with respect to Wiener index, hyper

Wiener index, and Harary index.

Theorem 2.13. Let G be a connected triangle— and quadrangle—free graph with n vertices

and m edges. Then

1) ([173]) o=l Lag -m < W with equality holding if and only 1 s a
(2l L (G G) with equality holding if and only if G
graph of diameter d < 3;

(2) (171]) 3n(n —1) — 2 My(G) — 2m < WW(G) with equality holding if and only if G

s a graph of diameter d < 3;

(3) (171)) H(G) < @ +5 with equality holding if and only if G is a star or a Moore
graph of diameter 2.

Denote by G; V G5 the join of two vertex disjoint graphs G and Go . Thus, G V Go
is the graph with vertex set V(G1) U V(G2) and edge set E(G1) U E(Gs) U {vivg : vy €
V(G1),ve € V(Go)}.

By G we denote the complement of the graph G.

Obviously, either G = C3 or G = S, holds for any connected graph G with n > 2

vertices and matching number § = 1.

Theorem 2.14. ([45]) Let G be a connected graph with n > 4 vertices and matching
number 3, where 2 < < |n/2].

(1) If B = [n/2], then WW(G) > WW(K,,) and H(G) < H(K,,). Either equality holds
if and only if G = K, .

(2) If 2n/5 < B < |n/2] — 1, then WW(G) > WW(K; V (Kyp_1 U K,_25)) and
H(G) < H(K1 V (Kop—1 UK, _23)) . Either equality holds if and only if G = K; V
(KQ[g,l U Kn—Zﬁ) .

(3) If 2 < B < 2n/5, then WW(G) > WW(KzV K,_3) and H(G) < H(KgV K,,_p) .
Fither equality holds if and only if G =2 Kz V K,_5.
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(4) If B = 2n/5, then WIW(G) > WW (K5 V Kn_p) = WW (K, V (Kas_1 UK 25)) and
H(G) < HKpV K,_p) = H(K; V (Kys_1 UK, _23)) . Either equality holds if and
only if G = KgV K,_5 or G= KV (Kyp_1 UK, _23).

Theorem 2.15. Let G be a connected graph with n vertices and (edge)-connectivity k,
where 1 <k <n —1. Then,

(1) ([74,150]) W(G) > W(Ky V (K1 U K, 1)), with equality holding if and only if
GEKpyV(KyUK, 1) ;

(2) ([2])) WW(G) > WW (K}, V (K1 U K,_1_1)), with equality holding if and only if
G Ky V(KyUK, ).

By the definitions of the Wiener, hyper—Wiener, and Harary indices, one can easily

see that any edge addition will decrease the Wiener index and the hyper—Wiener index,

and will increase the Harary index. In other words:

Proposition 2.1. Let G be a connected graph with e € E(G). Then, W(G) > W(G +¢),
WW(G) > WW(G +¢), and H(G) < H(G +e).

Proposition 2.1 directly implies:
Theorem 2.16. Let G be a connected graph of order n. Then,
(1) W(G) > W(K,,), where the equality holds if and only if G = K,, ;
(2) WW(G) > WW(K,,), where the equality holds if and only if G = K,, ;
(3) ([171]) H(G) < H(K,) , where the equality holds if and only if G = K, ;
(4) ([172]) RCW(G) < RCW(K,,), where the equality holds if and only if G = K, .

Denote by S(K,, —ie) the set of graphs obtained by deleting i edges from K, . Clearly,

S(K, —0e) = {K,}. The next theorem determines the first to (k+ 1)-th smallest Wiener
and hyper—Wiener indices of graphs of order n > 2k.
Theorem 2.17. ([109]) Suppose that n > 2k. For i = 0,1,...,k, the i-th smallest
Wiener (resp. hyper—Wiener) indices of connected graphs of order n are the graphs from
S(K, —ie).

By the definition of Wiener polarity index, it easily follows:

Theorem 2.18. ([105]) Let G be a connected graph of order n. Then, Wp(G) > 0, where
the equality holds if and only if the diameter of G is less than 3.
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3 Trees

In this section, we outline some extremal results for the six distance—based topological

indices W, WW, H, Wp, RCW, and TW, pertaining to trees.

Theorem 3.1. Let T' be a tree of order n. Then,

(1) ([43,59,69,124]) W (S,) < W(T) < W(P,), with left (resp. right ) equality holding
if and only if T = S,, (resp. T = P,);

(2) ([59,69]) WW(S,) < WW(T) < WW(PB,), with left (resp. right ) equality holding
if and only if T = S,, (resp. T = P,);

(3) ([59,157]) H(P,) < H(T) < H(S,), with left (resp. right ) equality holding if and
only if T = P, (resp. T=S,);

(4) (172]) RCW(P,) < RCW(T) < RCW(S,), with left (resp. right ) equality holding
if and only if T = P, (resp. T = S,).

By Proposition 2.1, among all connected graphs, the extremal graphs with maximal
Wiener and hyper-Wiener index, and with minimal Harary index must be a tree. Thus,

by Theorem 3.1 we have:
Corollary 3.1. Let G be a connected graph of order n.

(1) ([43]) W(G) < W(P,), where the equality holds if and only if G = P, .

(2) WW(G) < WW(PR,), where the equality holds if and only if G = P, .

(3) (171]) H(G) > H(P,), where the equality holds if and only if G = P, .

(4) ([172]) RCW(G) > RCW (P,) , where the equality holds if and only if G = P, .

A tree of order n is said to be a bi-star if it is obtained by attaching n; pendent vertices

to one leaf of P, and ny pendent vertices to the other leaf of P,, where ny; +ny =n — 2.

This bi-star is denoted by BS(nj,ng). Denote by T*(ky, ko, k3, (1, ..., () a special tree

with diameter 4 as shown in Fig. 3. Consider the set 7* of such trees

T* = {T*(kl,kz,kg,él,...,ém)} (4)
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for which the conditions

m

k1+k2+k3+z&:n—m—5

i=1
and
n—2 n—2
m+k2+1:{ 2 Jor [ 3 —‘
are satisfied.
14 m
oo o LN )
uq Um
* o o

Fig. 3. The tree T*(ky, ka, k3, (1, ..., L) from Eq. (4) and Theorems 3.2, 3.9.

Theorem 3.2. ([37]) Let T be a tree of order n. Then

0 < WolT) < V;ﬂ V;QJ

where the left equality holds if and only if T = S, and the right equality holds if and only

if T is either a bi-star BS([%52], |252]) or a tree in the set T*.

Although until the present moment a generally accepted measure of branching does
not exist, there are several properties that any proposed measure has to satisfy [3,52, 70,
115,125,128,131,146,147]. Basically, a topological index (T'I) acceptable as a measure of

branching must satisfy the inequalities
TI(S,) <TI(T)<TI(P,) or TI(P,) <TI(T)<TI(S,)

for any tree T of order n > 5 different from S,, and P, . From Theorem 3.1, we find that
the four indices W, WW, H and RCW satisfy the basic requirement to be branching

measures. On the other hand, Theorem 3.2 implies that Wp is not a branching index.
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Taking Theorem 3.1 into consideration, we naturally ask: Which trees have the ex-
tremal distance—based topological indices among the trees of order n different from S, and
pP,?

In order to approach this problem, we first introduce some necessary notations and
definitions.

A vertex v of a tree T is called a branching point if d(v) > 3. Let Ty, (nq1,na, ..., ny)
be the tree of order n obtained by inserting, respectively, ny — 1,...,n,, — 1 vertices into
the m edges of the star S,,,1, where ny +---+n,, =n— 1.

Assume that T is a tree of order n with exactly two branching points v; and vy

with d(v;) = r and d(vg) = t. The orders of r — 1 components, which are paths, of

T — vy are py,...,pr-—1, the order of the component which is not a path of 7' — vy is
pr =n—p; — -+ —pr_1 — 1. The orders of ¢ — 1 components, which are paths, of
T — vy are qi,...,q_1, the order of the component which is not a path of T — vy is
g =mn—q — - — q-1 — 1. We denote this tree by T' = T,,(p1, .- -, Pr—1: @1y - - - s Qt—1),

where r <t,py>--->p,qand q >+ > q1.

For convenience, when considering the trees

Tn,(nlvnbuwnkw-~7nm) or Tn(plwﬂspk""’pr—l;q1’~'~7qk7"':qt—l)

we use the symbols ni’c or pff (resp. qf,’c) to indicate that the number of ny or py (resp. q)
is £, > 1 in the following. For example, T14(2,2,3,3,5) will be written as T14(22, 3%, 5').
Let 15, T3, ..., Ts be the trees of order n > 14 depicted in Fig. 4, and T the tree

depicted in Fig. 5.

S alaton
< xS 2

Fig. 4. The trees Ty, T3, ..., Tg encountered in Theorems 3.3 and 3.4.
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Fig. 5. The tree Tp encountered in Theorem 3.3.

The following two theorems present trees extremal with respect to W, WW, H, and
RCW among the trees of order n different from S,, and P,. These results may be viewed

as a extensions of Theorem 3.1.

Theorem 3.3. (1) ([22,108]) Suppose that T is a tree of order n > 28, different from

those occurring in the below inequalities. Then,

W(P,) > W(Ty(n—3,1%)) > W(Tn(n — 4,2,1)) > W(T,,(1% 1))
> W(T,(n—5,3,1)) >

(

( n(n —4,1%) > W(T,(1%2,1))
Tn(n—6,4,1)) >

(

(

(

WA(T,
> W W(T(n —5,2%)) > W(T,(1%n — 5,1))
1%:3,1)) > W(T,(2, 1;2,1)) >W(Tn(12;13))
> W(Th(n—17,5,1)) > W(T,(1%n — 6,1)) > W(T,(1%4,1))

> W

(

(

(
> W(T,

(

(Tn(n —5,2,1%)) > W(T,(1%;2%)) > W(T,(2,1;3,1))

(

> W(Tp) > ()

(2) ([104]) Suppose that T' is a tree of order n > 20, different from those occurring in

the below inequalities. Then,

WW(PR,) > To(n —3,1%) > WW (T, (n —4,2,1)) > WW (T, (1% 1%))

> WW(Tu(n—5,3,1)) > WW(T,(n — 4,1%)) > WW(T,,(1%;2,1))

2,1;2,1)) > WW(T,(1%1%))

W(T(
(Tn( (T,
> WW(Tu(n—6,4,1)) > WW(T,(n — 5,2%)) > WW(T,,(1%n - 5,1))
> WW(T,(1%3,1)) > WW (T, (2,
(Tn( (

> WW(Tu(n—7,51)) > WW(T,(1*n —6,1))) > WW(T) .

(3) ([157]) Suppose that T is a tree of order n > 16, different from those occurring in
the below inequalities. Then,
H(P) < H(Tu(n—3,1%) < H(Tu(n —4,2,1)) < H(T,(1%12))
< H(T,(n—5,3,1)) < H(T,,(1%;2,1)) < H(T,(n — 4,1%)) < H(T) .
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(4) ([9]) Suppose that T is a tree of order n > 7, different from those occurring in the
below inequalities. Then,
RCW(P,) < RCW(T,([(n—2)/2], [(n-2)/2],1))
< RCW(T,([n/2],[(n—4)/2],1)) < RCW(T) .
Theorem 3.4. (1) ([33,57,110]) Suppose that T is a tree of order n > 24, different from

those occurring in the below inequalities. Then,

W(T) > W(T5) > W(Ty) = W(Ty) > W(Ty) > W(T))
> W(T3) > W(Tz) > W(S,) .

(2) ([104]) Suppose that T is a tree of order n > 18, different from those occurring in

the below inequalities. Then,

WW(T) > WW(Ts) > WW(Ty) > WW(Ty) > WW (Tg) > WW(Ty)
> WW(Ty) > WW(Ty) > WW(S,) .

(3) ([157]) Suppose that T is a tree of order n > 14, different from those occurring in

the below inequalities. Then,

H(T) < H(Ts) < H(T7) < H(Ts) < H(T5) < H(Ty)
< H(T3) < H(T») < H(S,) -

Recall that a chemical tree is a tree with maximum degree not greater than 4. By
Theorem 3.3, we find that the extremal trees with greatest Wiener and hyper—Wiener
indices, and the ones with smallest Harary and reciprocal complementary Wiener indices
are chemical trees. Recently, Deng [23] determined the maximal values for Wiener polarity
index in the class of chemical trees, but, disappointedly, he did not characterize the

corresponding extremal chemical tree(s).

Theorem 3.5. ([105]) Let T' be a tree of order n different from S,. Then, Wp(T) >
Wp(D(n,n —k —b,b)), where the equality holds if and only if T = D(n,n —k —b,b) with

E>3andn—k>b>0.

In the subsequent two theorems we assume that n — 1 = kg + r with 0 < r < k, that

is, ¢ = |n/k|. Then, obviously, n — 1 =k [n/k| +r = (k—r)|n/k] +r [n/k].
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Theorem 3.6. ([7,42,133]) Let T be a tree with n vertices and k pendent vertices, where
2<k<n-—2. Then,

w <T ([%V, [%J’H)) SW(T) < W (D (n, k/2], [k/2]))

with the left equality holding if and only if T = T,([n/k]", [n/k|*~") and the right equality
holding if and only if T = D(n, |k/2], [k/2]).
Theorem 3.7. Let T be a tree with n vertices and k pendent vertices, where 2 < k < n—2.
(1) ([168]) WW (T, ([n/k]", [n/k|¥=")) < WW(T), with equality holding if and only if
T = T,([n/KT, /).
(2) ([87)) H(T) < H(T,([n/K]", |n/k]*)), with equality holding if and only if T =2
To([n/KT, ln/kJF).
Theorem 3.8. ([123]) Suppose that T is a tree with n vertices and k pendent vertices

where 3 < k <n —2. Then

RCW(T) > RCW (Tn (V _§+ 11 ’ V _§+ 1J 1k))

with equality if and only if T = T, (["=5t1], | =kl | 1k-2),

Theorem 3.9. ([24]) Suppose that T is a tree with n vertices and k pendent vertices,

where 3 <k <n—2.

n=2| 222 | with equality holding if and only

[ 2
]

(1) If [n/2] <k <n—2, then Wp(T) <
7|_ 5

if T is either a bi-star BS(["52], |52

5-1) or a tree in the set T~

(2) If 3 <k < [n/2], then Wp(T) < k* — 3k +n — 1 with equality holding if and only

if T is a starlike tree in which the lengths of all pendent chains are at least 2.

Combining Proposition 2.1 and Corollaries 2.1 and 2.2, we naturally arrive at the

following two corollaries.

Corollary 3.2. If T is a tree with n > 5 vertices and matching number 3 > 2, then

W(T)SW(D (ﬂ V;l—/ﬁv[n;l‘ﬂb)

with equality holding if and only if T = D(n, |5 — 8], [* — 57).
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Corollary 3.3. Let T be a tree with n vertices and domination number 7.

(1) If v < §, then W(T) < W(D(n, | =552 |, [*552)) with equality holding if and
only if T 2 D(n, |*552), [=520).

(2) If v > 2, then W(T) < W(CP,([252], [252])) with equality holding if and only
if T = CR.([%5], 155)).

Let A, s be the tree obtained by attaching a pendent vertex to each of 5 —1 noncentral
vertices of the star S,,_g;1. Clearly, the matching number of A4, 3 is 3, and there is exactly
one tree with n vertices and matching number 5 = 1, which is just the star S, . Recently,
the minimal Wiener and hyper—Wiener indices and the maximal Harary index in the class

of trees with n vertices and matching number 5 > 2 were determined.

Theorem 3.10. Let T be a tree with n vertices and matching number 2 < f < |n/2].
(1) (38]) W(A,p) < W(T), where the equality holds if and only if T = A, 5.
(2) ((168]) WW (A, g) < WW(T'), where the equality holds if and only if T = A, 5.
(3) ([19,87]) H(T) < H(A, 3), where the equality holds if and only if T = A, 5.

For a bipartite graph G of order n with matching number 8 and independence number
a, it is well known that o + 8 = n (see, e.g., [5,76]). Therefore the following corollary

can be easily obtained from Theorem 3.10.

Corollary 3.4. ([19,87,168]) Let T' be a tree with n vertices and independence number
a. Then,

(1) W(A,n—a) < W(T), with equality holding if and only if T = Ay pq ;
(2) WW(Ann—a) < WW(T), with equality holding if and only if T = Ao ;
(3) H(T) < H(Apn—a), with equality holding if and only if T = A, ,_ .

As the following two results show, the extremal reciprocal complementary Wiener
index in the class of trees with n vertices and matching number § (resp. independence

number «) appears to have a much more complex structure.
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Theorem 3.11. ([123]) Let T be a tree with n vertices and matching number 5 > 2.

(1) If B = [n/2], then RCW(T) > RCW (P,), with equality if and only if T = P,;

(2) If B < |n/2] — 1 and B is odd, then RCW(T) > RCW (T, (8% 1""2571)), with
equality if and only if T = T, (52, 1"~20-1),

(3) If B < [n/2) — 1 and B is even, then RCW (T) > ROW (T,,(8+ 1,8 — 1, 1"728-1)),
with equality if and only if T = T, (84 1,8 — 1,1"20=1),

Corollary 3.5. Let T be a tree with n vertices and independence number c.

(1) If a = [n/2], then RCW(T) > RCW (P,), with equality if and only if T = P,;

(2) Ifa>[n/2]+1 and n — « is odd, then RCW (T) > RCW (T,,((n — «)?, 1227=1)),
with equality if and only if T = T, ((n — )%, 1227 "71);

(3) Ifa > [n/2]+1 and n — o is even, then RCW(T) > RCW(T,,(n —a+1,n—a —
1, 12077=1)) with equality if and only if T =2 T,(n —a+ 1,n — a — 1,121,

For 2 < A <n — 1, the Volkmann tree V,, a is defined as follows [52,53,97]:
If n = A +1, then V, A is just a star of order n.
For n > A + 1, define n; as

ni=1+% AA-1)
j=1

for i =1,2,..., and choose k such that n,_; <n <mny.
Then, calculate the parameters m and h so that

n—"Nng_1
m=———
A—-1

and h=n—-ng1—(A=1)m.

The vertices of V,, o are arranged into £ + 1 levels. In level 0, there is only one vertex
labeled as vg;. Inlevel i for i = 1,2,... k — 1, there are A(A — 1)’ vertices labeled as
Vi1, Vi2s -+ Via(a—1)i- LThese are connected (in that order) to the vertices in level 4, so
that A —1 vertices from level i are adjacent to each vertex from level i —1. At level k there
are n—ny_1 vertices, labeled as vy 1, Vg2, - . ., Ugn—n,_,. They are connected (in that order)
to the vertices in level k — 1, so that A — 1 vertices from level k are adjacent to vertices

Uk—11,Uk—11, - - - , Uk—1,m- LThe remaining h vertices at level k (if any) are connected to the

vertex vg_1,m41 in level £ — 1.
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In Fig. 6 we illustrate the structure of the Volkmann trees V,, o by the example with

n=22and A =4.

Theorem 3.12. ([53,92,97]) Let T be a tree with n vertices and mazimum degree at most
A > 3. Then

W(Von) <W(T) <W(F,)
with the left equality holding if and only if T =V, A and the right equality holding if and
only if T = P, .

V31 V32 V33 V34 V35

Leve 3

22 V23 Voa V25 Vo Vo7 V28 Voo V210 V211 V21

Level 2

Level 1
Level O

Vo,1

Fig. 6. The Volkmann tree V5,4 with its vertices labeled.

Which are the extremal trees of order n with respect to the indices W, WW, H, and
RCW is the maximum degree A is fixed? In the following theorem, we will give a partial
answer to this question.

Recall that B, A is a broom as defined in Section 2.

Theorem 3.13. Let T be a tree with n vertices and mazximum degree A > 3. Then
(1) ([32]) W(T) < W(Bp.a), with equality holding if and only if T = By, A .
(2) (168]) WW(T) < WW (B, a), with equality holding if and only if T = By, A .

(3) ([87,149]) H(Bna) < H(T) < H(V, a), with the left equality holding if and only if
T = B, A, and the right equality holding if and only if T =V, A .

(4) ([123]) RCW(T) = RCW(E([%TML LWTMJ, 1A72))7 with equality holding if and
only if T = Tn([%AHL L#L 18-2),
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Define the following auxiliary sets:

VANT) = {v e V(T) | dr(v) = A} and N1y = () Nr(w

ueVA)(T)
where Np(u) denotes the set of first neighbors of the vertex u in the graph 7.
Let h=n—(A+1)and Ty = Sat1. Let T; be a tree obtained from 7;_; by attaching
a pendent vertex to one vertex of N (T;_1)\ V®)(T;_,), where i = 1,2,... h. Then we

can construct a tree T}, after h steps, and the set of all T},’s is denoted by T2.

Theorem 3.14. ([100]) Let T be a tree with n vertices and mazimum degree A, where
3<A<n-—3. Then,
We(D(n, A = 1,0)) < Wp(T) < Wp(T*)

with the right equality holding if and only if T = T® € T* and the left equality holding if
and only if T = D(n, A —1,0), where 0 < £ < min{A — 1,n — A —2}.

Let C), 4 be the tree obtained from a path P, = vgvy ... vy, by attaching n —d — 1

pendent vertices to the vertex v|4/a).

Theorem 3.15. Let T be a tree with n vertices and diameter d, where 3 < d < n — 2.

Then

(1) ([103,154]) W(Cha) < W(T), with equality holding if and only if T = C, 4 ;
(2) ([48,168]) WW (Cy, ) < WW(T), with equality holding if and only if T = Cp 4 ;
(3) (87]) H(T) < H(Cy.q4), with equality holding if and only if T = C,, 4 ;

(4) (9]) RCW(T) > RCW (Chq), with equality holding if and only if T = Ch, 4.

Note that, in [19], some extremal trees with respect to Harary index are characterized
in terms of order n, diameter d, first Zagreb index M, , and second Zagreb index M, .

By Theorem 3.2, the extremal tree maximizing the Wiener polarity index in the class
of trees with n vertices and diameter 3 or 4 is determined. The following theorem charac-
terizes the trees with maximal Wiener polarity index when the diameter is greater than
4.

Denote by CT;,(ki, ko, . . ., ka—1) the tree (a caterpillar) of order n obtained by attaching

k; pendent vertices to the vertex v; of Pyy1 = vovy...vg fori=1,2,...,d—1.



-483-

Theorem 3.16. ([25]) Let T be a tree with n vertices and diameter d.

(1) If d > 3, then Wp(T©) < Wp(T), with equality if and only if T = T©, where
TO = D(n,rt) withr +t=n—d+1(t>r>1) ford>4 and T® = B, ,,_5 for
d=3.

(2) Ifd > 5, then Wp(T) < Wp(CT,(0,0,..., 0, ki, ki1, kive,0,...,0,0)), with equality

if and only if T = CT,(0,0,...,0, ki, kiv1, kis2,0,...,0,0), where 1 <i < d—>5 and

ki1 = [ 2574 or [2=571].

The following theorems present the minimal Wiener and reciprocal complementary
Wiener indices among non-caterpillars with n vertices and diameter d, where 4 < d <

n—3.

Theorem 3.17. ([113]) Let T be a non-caterpillar tree with n vertices and diameter d,

where 4 <d < n—3. Then, W(T,([4],4],2,1"%3)) < W(T).

Theorem 3.18. ([123]) Let T be a non-caterpillar tree of order n > 7. Then,

RCW (T G” 5 31 , V 5 3J 2)) < ROW(T) .

The degree sequence of a tree is the sequence of the degrees (in non-increasing order)

of its vertices. Suppose that the degrees of non-leaf vertices are given, the so-called greedy
tree is formed by the following “greedy algorithm” [134,151]:

(i) Label the vertex with the greatest degree by v (the root).

(1) Label the neighbors of v by vy, vy, ..., such that d(vy) > d(vq) > ---

(771) Label the neighbors of v; (except v) by vy, v1a,... such that they take all the
greatest degrees available and that d(vy;) > d(v12) > - -+ . Then do the same for v, vs, . . ..

(iv) Repeat (ii¢) for all the newly labeled vertices, always starting with the neighbors
of the labeled vertex with greatest degree whose neighbors are not yet labeled.

As an example, in Fig. 7 is depicted the greedy tree with degree sequence

7 =(4,4,3,3,3,32211,1,1,1,1,1,1,1,1).
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Vo

Fig. 7. A greedy tree.

If T is a caterpillar obtained from the path P = vjvy... v by attaching y; (y; > 1)
pendent vertices to the vertex v; , ¢ € {1, k} and attaching y; —1 (y; > 1) pendent vertices
to v; for j € {2,...,k — 1}, then we denote the resultant tree by T'(y1, 2, ..., yk) [169].

Clearly, the degree sequence of T'(y1,va, ..., yg) is
7r:(y1+17y2+1,...,yk+171,...,1) .

For example, the caterpillar T'(5,3,2,1) is depicted in Fig. 8. Its degree sequence is
m=(6,4,3,2,1,1,1,1,1,1,1,1,1).

VYL

3 V4

Fig. 8. The caterpillar T'(5,3,2,1).

Theorem 3.19. Given the degree sequence and the number of vertices, the greedy tree
minimizes the Wiener index ((134,151,170]) and also mazimizes the Harary index ((149]).

In addition, the same greedy tree mazimizes the Wiener polarity index ([106]).

Let T, », be the class of trees on n vertices and p leaves, with degree sequence m =

(dy,dy,...,dy,), where dy > dy > -+ > d,.
Theorem 3.20. ([169]) Let T be the tree with mazimum Wiener index in Tz -5 -
(1) Ifdy > do + dy, then T = T(dy — 1,ds — 1,dy — 1,dy — 1,ds — 1).

(2) If dy = dy +ds, then either T = T(dy — 1,d5 — 1,dy — 1,d3 — 1,dy — 1) or
T T(dl - 1"(14 - 17(15 - 17(13 - 17(12 - 1)
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(3) [fd] < dQ + dg, then T = T(d1 — 1,d4 — 1,d5 - 17d3 — l,dz - 1)
Theorem 3.21. ([169]) Let T be the tree with mazimum Wiener index in Ty z g .

(1) Ifdl >dy+dy+dy — 2, thenT%T(dl—l,dﬁ—1,d5—1,d4—1,d3—1,d2—1)‘

(2) Ifdy = dy+ds+dy—2, then either T = T(dy —1,dg—1,ds — 1,dy— 1,d3 —1,dy — 1)
OTT%/T(dl — 1,d5— 17d6_ 1,d4— 1,d3— 1,d2— 1)

(3) Ifd2+d3*1<d1 <d2+d3+d4*2, thenT%T(dl71,d571,d6717d471,d37
1,ds — 1).

(4) [fd2+d3—1:d1, then EitheT‘TgT(dl—1,d5—1,d6—1,d4—1,d3—1,d2—1)
OTTET(dl*1,d4*17d6*17d5*17d3*17d2*1).

5 [fIIl‘dX d2+(l3_d47d2+% d5—d6 <d1 <(12+d3—17 then T =T (11—1,(14—
3
Lde—1,ds—1,dy — 1,dy — 1).

(6) [fdl :d2+d3*d4 >d2+%(d5*d6), then EitheTTgT(d1*17d4*17d671,d57
17d3—17d2—1) 07'TgT(d1—17d4—17d5—1?d6—17d3—17d2—1).

(7) Ifdl :dg—‘—%(d;;—ds) >d2+d3—d4, then eitherT%T(dl—1,d4—1,d5—1,d5—
17d3*17d271) OTTgT(dl*1,d3*17d6*17d5*17d4*17d2*1).

(8) [fd] :d2+dd—d4:d2+%(d5—db), thenTe {T(dl—17d4—1,db—1,d5—17d5—
Ldy—1),T(dy — 1,dy—1,d5 — 1,dg — 1,d3 — 1,dp — 1), T(dy — 1,dy — 1,dg — 1, ds —
Ldy—1,dy — 1)}

(9) [fdg -+ %(ds — d()) S (l] < (12 -+ dd — (14 or dl < dQ + %(d5 - (]@) < d2 -+ d3 - d47 then

T=T(d —1,dy—1,ds —1,dsg — 1,d3 — 1,ds — 1).

(10) [fd2+d3 —dy <d; < dz‘f’%(dg,*d@) ordy <dy+ds—dy < d2+%(d5*d6), then
TgT((11—17(13—1?d6—17d5—17d4—17d2—1).

(11) Ifdl <d2+%(d5—d6) :d2+d3—d4, then eitherTgT(dl—1,d3—1,d5—1,d5—
1,d4717d271) OTT;T(dlf1,d4717d5717d6717d3717d271).

Although the extremal trees with maximal Wiener index are determined in T, .,
when p is large enough, as pointed out in [169], the problem of characterizing the trees
maximizing the Wiener index in T, , for any p is still open. For the newest results on

this matter see [132].
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Let 7.5 be the set of trees with m edges and diameter 4. Denote by S,(,tl)(cl, Coyey Cr)
the tree with m edges obtained by attaching ¢; — 1,¢c0 — 1,...,¢, — 1 pendent vertices to

t leaves of the star Sy ; for an example see Fig. 9. From [148], we know that any tree

from Tngf) must be of the form Sﬁ,i) (c1,¢9y. 00 Ch).

Fig. 9. The tree S\¢(3,3,2,2).
Theorem 3.22. ([148]) Let T be a tree from T,5". Then
W(T) < W(SD(k, ... kk+1,... k+1))

with equality holding if and only if T = S,(,i)(k, ok k+ 1,00 k4 1) where k = |/m].
In the tree S,(,tl)(k, sk k1,0 k+1), t =k, the term k appears k* +k —m times and
the term k + 1 appears m — k? times provided k* +k > m. Ift = k + 1, then the term k

appears k? + 2k + 1 — m times and the term k + 1 appears m — k* — k times.

We end this section by outlying extremal results on the terminal Wiener index T'W,
defined via Eq. (3).

In the introductory part, we already pointed out that is reasonably to investigate T'W
only for graphs possessing two or more pendent vertices. Therefore, to date, results on
extremal values of TW are established only for trees. All results that are presented below
have been published in [68].

The proofs of all theorems on TW presented here are based on the following lemma:

Lemma 3.1. [68] Let T be an n-vertex tree with k pendent vertices. Let e be an edge of
T. Denoting by pi(e) and pa(e) the numbers of pendent vertices of T, lying of the two

sides of e, the terminal Wiener index can be calculated as
TW(T) = pile) - pale)

with summation going over all edges of T'.
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Theorem 3.23. Let T be an n-vertex tree. Then, TW(T) > n — 1. Equality is attained
if and only if T = P, .

A tree is said to be starlike if it possesses a single vertex of degree greater than two.
If the degree of this vertex is d > 3, then the respective tree is referred to as starlike of

degree d.

Theorem 3.24. Among n-vertez trees with a fized number k of pendent vertices, k > 3,

the starlike trees of degree k possess minimal TW equal to (n — 1)(k — 1) .

The problem of characterizing trees with maximal T'W values is more complex than
in the case of trees with minimal T'W. Nonetheless, this problem has been completely
solved in [68].

Theorem 3.25. Let T' be an n-vertex tree with a fived number k of pendent vertices,
k > 4. The trees whose all non—-pendent edges (€') satisfy the condition pi(e’) - pa(€') =
Lk/2][k/2] have mazimal TW . The terminal Wiener index of these trees is equal to

TW =k(k=1)+(n—1-k) EJ Ew

The characterization of trees possessing maximal T'W among all trees is given by the
following theorem:

Theorem 3.26. Within the class of n-vertex trees, the trees having mazimal TW obey to

one of the following conditions:

(1) If 3 < n <9, then the star S, has the mazimal terminal Wiener indez, equal to
(n—1)(n—2).

(2) Ifn =3s, where s > 4, then the tree with k = 2s + 2 pendent vertices has mazimal

terminal Wiener index, equal to s° + 35> + s — 1. This tree is unique.

(3) If n=3s+ 1, where s > 3, then the trees with k = 2s + 2 and k = 2s = 3 pendent
vertices have mazimal terminal Wiener indices, equal to s® + 4s* + 3s. There are

[s/2] distinct trees of this kind.

(4) If n = 3s+ 2, where s > 3, then the trees with k = 2s + 3 pendent vertices have
mazimal terminal Wiener indices, equal to s> +5s% +6s+2. There are [(s —1)/2]

distinct trees of this kind.
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The trees described in Theorems 3.25 and 3.26 can be constructed as follows:

(a) If the number of pendent vertices (k) is even and 4 < k < n — 1, then the unique
tree with maximal T'W is obtained from the path P,_; by attaching to each of its

terminal vertices k/2 new pendent vertices.

(b) If the number of pendent vertices (k) is odd and 5 < k < n — 1, then the tree with
maximal T'W is obtained from the path P, by attaching to each of its terminal
vertices (k — 1)/2 new pendent vertices, and by attaching one more pendent vertex

to some vertex of P,_j, . There exist [(n — k)/2] distinct trees of this kind.

(c) If the number of pendent vertices k = n — 1, then the tree with maximal TW is the

star S, .

Recently Lin [98] considered trees in which all vertices have odd degrees, and deter-
mined the species with smallest and greatest Wiener index. The trees of this kind, with the
first few smallest and first few greatest Wiener indices have also been determined [54,55].
Connected graphs in which all vertices have even degrees (which, of course, are not trees)
are said to be Eulerian. Eulerian graphs extremal with respect to the Wiener index were
characterized in [60].

More results on trees with extremal Wiener and terminal Wiener indices [11], and

Harary indices [164] were also recently communicated.

4 Unicyclic and bicyclic graphs

In this section we report some extremal results for the distance—based topological indices,
with restriction to unicyclic or bicyclic graphs.

Recall that a unicyclic graph is a connected graph with n vertices and n edges, and a
bicyclic graph is a connected graph with n vertices and n + 1 edges. If n = 3, then there
is exactly one unicyclic graph, i.e., C5. If n = 4, there is precisely one bicyclic graph,
obtained by deleting one edge from K. Thus, we only need to consider unicyclic graphs
of order n > 4 and bicyclic graphs of order n > 5.

In order to characterize the unicyclic graphs extremal w.r.t. the distance-based topo-
logical indices, we first introduce some necessary notations.

Denote by Ck(nil, n, ... ,nfm) the unicyclic graph obtained by attaching ¢; paths of

length nq, {5 paths of length ns, ... £, paths of length ny, respectively, to one vertex of

Cy, where ny > ny > --- > n,,. Note that the graph C’k(ﬁl), defined in Section 2, is a



-489-

special case of Cr(n‘t,n%, ... nbr). For example, the graph C5(4',32,22) is shown in Fig.

10.

Fig. 10. The graph C5(4%,32,22).

There are exactly two unicyclic graphs of order 4, namely Cy and C3(1!). We have
W(Cy) = W(Cy(11)), WIW(Ca) = WIV(Ch(11)), ROW(Cy) = ROW (Cy(11), H(Cy) =
H(Cg(ll)) and I/VP(C4) = Wp(Cs(ll)) =0.

Theorem 4.1. Let G be a unicyclic graph of order n > 5.

(1) ([141,167)) W(C3(1"3)) < W(G) < W(Cs((n — 3)1)), where the left equality holds
if and only if G = C3(1"72) forn > 6 and G = C3(1"3) or G = C5 forn =5, and
the right equality holds if and only if G = Cs((n — 3)1).

(2) ([46,156])) WW (C5(1"73)) < WW(G) < WW (Cs((n — 3)1)), where the left equality
holds if and only if G = C5(1"73) forn > 6 and G =2 C3(1"3) or G = C5 forn =5,
and the right equality holds if and only if G = Cs((n — 3)1).

(3) ([160]) H(C3((n—3)Y)) < H(G) < H(C3(1"73)), where the left equality holds if and
only if G = Cs((n — 3)Y), and the right equality holds if and only if G = Cs5(1"7?)
forn>6 and G =2 C3(1"3) or G = C5 forn = 5.

From Theorem 2.1 (2), we easily deduce the following:

Corollary 4.1. Let G be a unicyclic or bicyclic graph. Then, RCW(G) attains its maz-

imal value if and only if the diameter of G is 2.
This corollary further implies:
Theorem 4.2. Let G be a unicyclic graph of order n > 5. Then,
RCW(G) < RCW(C5(1"7%))

where the equality holds if and only if G = C3(1"7%) for n > 6 and G = C5(1"73) or
G = C5 forn=5.
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Let C',i‘q’)(pl7 q') be the unicyclic graph obtained by attaching two paths of lengths p

and g, respectively, to two vertices of Cy whose distance is s , s < |£/2].

Theorem 4.3. ([9]) Let G be a unicyclic graph of order n > 7. Then
ROW (G (I(n = 9)/21%, |(n — 9)/2]")) < RCW(G)

with equality holding if and only if G = Cf) ([(n—=4)/21%, |(n — 4)/2]").

A unicyclic graph is said to be a cycle—caterpillar if by deleting all its pendent vertices
it reduces it to a cycle [159]. Denote by U, a cycle-caterpillar obtained by attaching
ki >0,ky=[(n—g)/2] or [(n—g)/2], and k3 > 0 pendent vertices to three consecutive
vertices vy, v and vs of Cy with g > 4. Let Us be a cycle-caterpillar obtained by attaching
k; pendent vertices to the vertex v; (where i = 1,2,3) of the cycle C3 = vjvgv3v; with
ki — k;| < 1 for i, j € {1,2,3}.

Let S;¢—i be the unicyclic graph of order ¢t — k + i obtained by attaching ¢ — k pendent
vertices to one pendent vertex of C3(1°~%), where i > 4 and ¢t — k > 1. Let Sin—tkjk—i be
the unicyclic graph of n obtained by attaching & — i > 1 pendent vertices to a pendent
vertex of \S;,_; which is at distance 2 to the vertex of Cg(li_3) with maximum degree.

See Fig. 11 for two illustrative examples.

S

Ss2 S523

i

Fig. 11. Examples of graphs S;;—x and S; —kk—i -

Denote by S3(1"~*, 11) the unicyclic graph obtained by attaching n—4 pendent vertices
to one vertex of C3 and one pendent vertex to another vertex of Cj.

As pointed out in [105], the minimal Winer polarity index of unicyclic graphs on n
vertices is attained by C5(1"~%) or Cy or C5 . In the following two theorems, we present the
extremal unicyclic graphs with the greatest and second smallest Wiener polarity indices

among unicyclic graphs of order n.
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Theorem 4.4. (83]) Let G be the unicyclic graph with the mazimal Wiener polarity index
in the class of unicyclic graphs of order n > 5.

(1) Ifn=75, then G= Sy, .

(2) If n =16, then G = S;5.

(3) If n="17, then G = U;.

(4) If n =38, then G € {Uz, S5 3, Sa31}-

(5) If n =9, then G e {U77 Us, Us, 54,3,27 55,3,17 54,4,1, 56,3: 554,4}-

(6) [fn = 10, then G S {U5, Ug, 5‘_/1’4,27 5‘5,4117 SG,4}~

(7) If n =11, then G = Us or G = Us.

(8) Ifn>12, then G = Us.
Theorem 4.5. ([105]) Let G be a unicyclic graph with minimal Wiener polarity index
among unicyclic graphs of order n > 5, different from C3(1"~3) and Cs. Then G is cither
in the set {S3(1"4, 1Y), C4(1"*), C5 (11} oris C4(11,0, 177478 0) with 1 <t < [n/2] -2,

where Cy(1%,0,1"74710) is a cycle—caterpillar obtained by attaching t pendent vertices to

a vertex v of Cy and n —4 —t pendent vertices to another vertex of Cy not adjacent to v.

In the subsequent theorem, the unicyclic graph with the second smallest reciprocal
complementary Wiener index among all the unicyclic graphs of order n > 7 is character-

ized.
Theorem 4.6. ([9]) Let G be a unicyclic graph of order n > 7, different from
C(Z)([n 4'|1 Ln 4J1)-
(1) Ifn is odd and n < 11, then RCVV(C’SU([” 311252 11)) < ROW(G), with equality
holding if and only if G = 031)([”7_3]1, 252 ]1).

(2) Ifn is even orn > 13, then RCW (C\? (221", [%58]Y) < RCW(G), with equality
holding if and only if G = 042)([” 210|250,

For 2 < < |n/2], we denote by U, ,, the unicyclic graph obtained by attaching
n — 2m + 1 pendent edges and m — 2 pendent paths of length 2 to one vertex of C3, see

Fig. 12.
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Fig. 12. The graph U(n,m).

There is exactly one unicyclic graph with n vertices and matching number 5 = 1,
which is C3. In the following, we describe the unicyclic graphs extremal with respect to
Wiener, hyper-Wiener, and Harary indices among unicyclic graphs with n vertices and

matching number 5 > 2.

Theorem 4.7. Let G be a unicyclic graph with n > 9 vertices and matching number (5.
(1) (38]) If B > 2, then W (U, g) < W(G), with equality holding if and only if G = U, 5 .

(2) (44]) If B > 2, then WW (U, 3) < WW(G), with equality holding if and only if
G=U,p.

(3) (161]) If 8 > 3, then H(G) < H(U, ), with equality holding if and only if G = U, 5 .

Let B;, » be the graph obtained by adding a new edge between two pendent vertices of
the broom B, o . In the next theorem the graph with maximal Wiener index in the class
of unicyclic graphs of order n and with maximum degree A is completely determined.
If A = 2, then there is only one unicyclic graph, which is just C, . Therefore, we may

assume that 3 <A <n —1.

Theorem 4.8. ((34]) Let G be a graph with n vertices and mazimum degree A | 3 < A <
n—1. Then
W(G) < W(Bja)

with equality holding if and only if G = B, A .

Denote by U, 4 the set of unicyclic graphs with n vertices and girth g. Let
055”(117 177971 be a graph obtained by attaching n — g — 1 pendent vertices and a single
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pendent vertex to two adjacent vertices of Cy. For 3 < g < n — 3, let Cy((n — g)') be
the graph obtained by attaching a pendent vertex to the unique neighbor of the pendent
vertex of Cy((n—g—1)").
Theorem 4.9. ([167]) Let G € Up,y withn > 6 and 3 < g <n —2. Then

W(Cy(1"7)) S W(G) < W(Cy((n — g9)"))
where the left equality holds if and only if G = Cy(1"79), and the right equality holds if
and only if G = Cy((n — g)').
Theorem 4.10. ([47]) Let G € Uy 4 \ {Cy(1"79),Cy((n — g)")} withn > 13 and 3 < g <
n — 2. Then the following holds:

(1) W(G) < W(G%) with equality holding if and only if G = G where
Gi=ClP (1t (n—g-1)h and G} =Cy((n—g)")
for ge {3,4,n—3,n—2} and 5 < g < n — 4, respectively.
(2) W(C (1, 17971)) < W(G) with equality if and only if G = C{V (11, 17=9-1).

Corollary 4.2. ([47]) Let Gy and Gy be the unicylic graphs with minimal Wiener index
and with mazimal Wiener index, respectively, among all unicyclic graphs of order n > 7

different from Cs5(1"73) and C3((n — 3)'). Then
(1) Go = C4(1"4) or Go =P (11, 174);
(2) G1 = Cu((n—4)Y) or Gy=CMAL, (n—4)h).
Note that the result in Corollary 4.2 has been independently obtained also in [141].

Let U,4(k) be the element of U, 4, obtained by attaching %k paths of almost equal

lengths to one vertex of C,. Let, in addition, Uy

(k) be the graph in U, , obtained
by attaching k paths of almost equal lengths ¢, go, . . ., gx to only one pendent vertex of
Ugigog(l) with ¢; —qo —g < 1for i =1,2,... k. Recall that A, 5 is the same graph as
defined before.

If g is odd, let C;; (5) be the graph in U, 4 obtained by identifying a vertex of a cycle
Cy of odd order g with the vertex of An_gﬂﬁ_%l of degree n — f§ — %. When g is
even, let C; (f) be the graph in U, , obtained by identifying the vertex w; in a cycle
Cy = uguus . . . uguy of even order g with the vertex of A"_gﬂ_% of degree n — 3 — §, and

by attaching a pendent vertex to the vertex uy in Cy .
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Theorem 4.11. (80]) Let 3 < g < n—1 and G be a graph inU, 4 with k pendent vertices.

(1) If1 <k <n-3and g > [(n—g)/k], then W(G) > W(U,4(k)), with equality
holding if and only if G = U, 4(k).

(2) 2 <k <n—3andg < [(n—g)/k] ; n—g # O(mod k), then W/(G) > W (Us,(k)),
with equality holding if and only if G = U (k).

B) If2<k<n-—3andn = (k+1)g, then W(G) > W(U,,(k)) = WU,

n?y(k:)), with
equality holding if and only if G = U, 4(k) or G = Uy, (k).

Theorem 4.12. ([10]) Let 3 < g <n—1 and G be a graph in U, , with matching number
B >3g/2. Then
W(G) = W(C,, ,(P))

with equality holding if and only if G = Cy, (8).
Further results on extremal Wiener indices of unicyclic graphs can be found in [60,119].

Let B(n) be the set of bicyclic graphs of order n. The structure of cycles in G € B(n)
can be divided into the following three cases (see [162]):

(I) The two cycles C,, and C, in G have only one common vertex v.

(IT) The two cycles C,, and C; in G are linked by a path of length £ > 0.

(IIT) The two cycles Cpyx and Cpipn in G have a common path of length ¢ > 0.

The bicyclic graphs C, 4, Cpoq, and O, (where 1 < ¢ < min{k,m}), corresponding
to the above three cases will be referred to as the base subgraphs of G € B(n) of type (I),

(IT), and (III), respectively. These are depicted in Fig. 13.

V1 V2 Vk-1
LN )
uq Uz Uj-1
oo o X L) y
u Wi Wi-1
C
Cp’q pla ee o
Wi W2 Wm-1
eK,I,m

Fig. 13. The base graphs of type (I), (II), and (III).
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For n > 5, let B and B be the bicyclic graphs shown in Fig. 14. In Fig. 15 are
depicted the graphs 0513 and 6,53, which are bicyclic with diameter 2. It is easy to see

that 0,5 & {B\", BY} and 65,5 ¢ {B", B{?}.

$ 4

Fig. 14. Bicyclic graphs used in Theorem 4.13.

(IBES

92‘1’3 e2,2,3
Fig. 15. Bicyclic graphs with diameter 2.

For n > 5, let BY be the graph obtained by attaching a path of length n — 4 to one
vertex of degree 2 of ;5. In the following two theorems, we characterize the bicyclic
graphs extremal w.r.t. W, WW, and H in the class B(n). Note that, in [142], the authors
have determined the extremal graphs with respect to Wiener index among bicyclic graphs

containing two disjoint cycles.

Theorem 4.13. Let G be a bicyclic graph of order n > 5 and i € {1,2}. Then we have:

(1) ([49]) W(By(f)) < W(G), with equality holding if and only if G = BY forn >7T and
G Bﬁi) or G =0y93 forn=06 and G = B,(f) or G =013 or G = Ky3 forn=25;

(2) (49)) VVW( )) < WW(G), with equality holding if and only if G = BY forn>7
and G = Bn or G =2 0y53 forn =6 and G = B,(Li) or G =20y135 or G = Ky3 for
n=>5;

(3) ([160]) H(G) < H(BT(,,Z‘)), with equality holding if and only if G = BY for n > 7 and
G2 BY or G605 forn=06and G=B" or G=0y15 or G Ky forn=>5.
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Remark 4.1. It needs to be pointed out that the extremal graph 045 has been overlooked

in [49]. But, clearly, it is an extremal graph, since its diameter is 2.

Theorem 4.14. Let G be a bicyclic graph of order n > 5.

(1) ([49]) W(G) < W(BY)), where the equality holds if and only if G = BY.
(2) (49]) WW(G) < W/W(Br(?)), where the equality holds if and only if G = B
(3) ([160)) H(Bflo)) < H(Q@), where the equality holds if and only if G = BY.

From Corollary 4.1, in view of the structure of bicyclic graphs with diameter 2, we
obtain the following:
Theorem 4.15. Let G be a bicyclic graph of order n > 5 and i € {1,2}. Then,
RCW(G) < RCW (BY)
where the equality holds if and only if G = BY forn>T7and G = BY or G = 023 for

n==6 and G = B,(«f) or G =013 or G = Ky3 forn=>5.

Denote by L, ; the graph obtained by attaching a path of length 7 to a vertex of degree
2 of 651 9, and then attaching another path of order n —4 —i to the other vertex of degree
2 of 051,5. The following theorem characterizes the bicyclic graphs with the smallest and

second smallest reciprocal complementary Wiener indices.

Theorem 4.16. ((9]) Let G be a bicyclic graph of order n > 7, different from Ly, (-2
and Ly, |((n—6)/2)- Then

RCW (LT,WL(”,4)/2J) < RCW (L,—ML(",G)/QJ) < RCW(G) .

5 Concluding remarks

In the above sections, we have collected many results on graphs extremal with regard to
Wiener, hyper-Wiener, Harary, Wiener polarity, and reciprocal complementary Wiener

indices. In this section, we would like to outline a few concluding remarks.

Remark 5.1. As mentioned in Section 1, the Wiener index and the Wiener polarity index

were defined simultaneously. The Wiener polarity index seems less well-known than the
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Wiener index, and even less well-known than the hyper-Wiener index, Harary index, and

reciprocal complementary Wiener index, which were conceived much later. So far, results
on Wiener polarity index are much fewer than those on other distance-based topological
indices. Therefore, there are many extremal problems w.r.t. Wiener polarity index that
have been left unsolved. Moreover, it would be interesting to study the relation between
Winer polarity index and the other topological indices. By doing so, we might envisage

the major differences between Wp and the other distance-based indices.

Remark 5.2. Since the diameter is included in the reciprocal complementary Wiener
index, it is much more difficult to deal with it than with the Harary index. But, to
our surprise, sometimes in a given set of graphs, the graph with maximal Harary index
is just the same that with minimal reciprocal complementary Wiener index (see, e.g.,
Theorem 3.15). Thus, it would be an interesting problem to find the other classes of
graphs, in which the graph with maximal (resp. minimal) Harary index is just the one
with minimal (resp. maximal) reciprocal complementary Wiener index. Furthermore, the
reciprocal forms of the other distance-based topological indices would also be worthy of

consideration.

Remark 5.3. When studying the extremal trees, unicyclic, and bicyclic graphs, with
respect to distance—based topological indices, we find that in many cases (especially for
W, WW, and H), the extremal unicyclic graph is obtained by adding a new edge to the
extremal tree, and the extremal bicyclic graph is obtained by adding a new edge to the
extremal unicyclic graph (cf. Theorems 3.1 and 4.1). It is therefore natural to ask: Can
the unicyclic graphs with given graphic parameters extremal w.r.t. the three indices W,
WW, and H be obtained by adding a new edge to the extremal tree with the same graphic
parameters? What about the transition from the unicyclic to the bicyclic case? Examples
corroborating our idea are found in Theorems 3.10, 4.7, 3.13 (1), and 4.8. However, finding

the answer to this problem in the general case is still an open and challenging task.

Other interesting remarks on Wiener index, hyper-Wiener index, and Harary index
can be found in [157]. So far there is a great number of results on graphs extremal with
respect to the Wiener index. But there are fewer results on graphs extremal with respect
to other distance-based topological indices (WW, H, RCW, Wp, TW, and so on). In line
with this remark, in the future one should focus more attention to the extremal problems
of other distance—based topological indices, especially when some additional conditions

on the graphs are given.
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In spite of the great number of extremal results on the Wiener index, there still are
some open problems. We mention here the characterization of extremal graphs with given
radius (for some partial results see [85,150,166]), and with given diameter ( for partial
but incomplete results see [21,122,165] and in Theorem 2.3). Similarly, some interesting
and attractive problems on other distance-based topological indices also remain open.

Recently, Briickler et al. [6] introduced a general distance-based topological index,

called @Q-index. The @Q-index is defined as

QG) = f(k)d(G, k)

k>1

where f is a function such that f(0) = 0 and d(G, k) is the number of vertex pairs at
distance k. The Wiener, hyper-Wiener, Harary, and reciprocal complementary Wiener
indices are all special cases of the ()-index.

We would like to end this survey with the following remark.

Remark 5.4. Suppose that some property of the function f is given, enabling one to
characterize the extremal graphs (with respect to the Q-index) in some particular sets of
graphs. By comparing this results with the existing results for W, WW, H, RCW, ...,
in may be that some interesting and fundamental mathematical unified properties of the

distance—based topological indices could be envisaged.
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