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Abstract. Rooted product of n vertex graph H by a sequence of » rooted graphs G,,G,,...,G,,
is the graph obtained by identifying the root vertex of G, with the i-th vertex of A for all
i=12,...,n. In this paper, we show how the first and second Zagreb indices of rooted product
of graphs are determined from the respective indices of the individual graphs. The first and
second Zagreb indices of cluster of graphs, thorn graphs and bridge graphs as three important
special cases of rooted product are also determined. Using these formulae, the first and second

Zagreb indices of several important classes of chemical graphs will be computed.

1. Introduction

In this paper, we consider connected finite graphs without any loops or multiple edges. Let G
be such a graph with the vertex set V' (G) and the edge set E(G). For u eV (G), we denote by
N () the set of all neighbors of # in G. Cardinality of the set N (u) is called the degree of u
in G and will be denoted by deg; () . We denote by o (u), the sum of degrees of all neighbors

of the vertex u in G, i.e., a;(u)= Y deg,(a). We denote by |S| the cardinality of a set S.

aeNg (1)
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In theoretical Chemistry, the physico-chemical properties of chemical compounds are often
modeled by the molecular graph based molecular structure descriptors which are also referred
to as topological indices [1]. The Zagreb indices belong among the oldest topological indices,
and were introduced as early as in 1972 [2,3]. For details on their theory and applications see
[4-7], and especially the recent papers [8-11]. The first and second Zagreb indices of G are
denoted by M,(G) and M,(G), respectively and defined as follows:

M(G)= D deg;()* and M,(G)= Y degg(u)deg,(v).

uel’ (G) uveE(G)
The first Zagreb index can also be expressed as a sum over edges of G:

M (G)= Y (degg(u)+deg;(v)).

uveE(G)

Let P,, C, and S, denote the path, cycle and star on » vertices. It is easy to that;
M,(P,)=4n-6, n>2),
M,(P)=1,M,(F,)=4n-8, (n>3),
M, (C,)=M,(C,)=4n, (n=3),

M,(S,)=n(n—1), My(S,)=(n -1, (n22).

We denote by K,, the single vertex graph and assume that A =S, =K,. Clearly,
M, (K,)=M,(K,)=0.

At this point, we recall the definition of rooted product of graphs. Let H be a labeled graph
on n vertices and let G be a sequence of » rooted graphs G,,G,.,...,G,. According to [12], the
rooted product of H by G, denoted by H(G)=H(G,,G,.....G,) is the graph obtained by
identifying the root vertex of G, with the i-th vertex of A for all i=12,...,n. In the special
case when the components G,, i=1,2,...,n are mutually isomorphic to a graph K, the rooted
product of H by G is denoted by H{K} and called the cluster of # and K .

In this paper, we determine the first and second Zagreb indices of rooted product of graphs.
Also, we introduce several classes of chemical graphs which can be considered as the rooted

product and apply our results to find the first and second Zagreb indices of them.
2. Zagreb indices of rooted product of graphs

Let H be a labeled graph on n vertices with the vertex set V(H)={L2,..,n} and let G be a

sequence of n rooted graphs G,,G,....,G,. In this section, we compute the first and second
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Zagreb indices of the rooted product of H by G. The first and second Zagreb indices of
cluster of graphs, thorn graphs and bridge graphs as three important special cases of rooted

product are also determined. For i=12,...n, we denote the root vertex of G, by w, and the

degree of w, in G, by w,.
Theorem 2.1 The first and second Zagreb indices of the rooted product H(G) are given by:

(i) M, (H(G)) = My(H)+ 3 M,(G,) + 2 o, deg ().

i=1 i=1

(i) My (H(G) = My (H) + 3 My (G)) + 3 deg 4 (Dt (w) + Y[, degy (1) + o, deg (/) + w,0,].
i=1 i=1 ijcE(H)
Proof. (i) Using definition of the first Zagreb index, we have:
M(H(G)= {[deg; (D +o P +  Ydegg )’} =
i=1

uel (G-t}

D degy (i) + Z[wiz + Zdega, @)1+ 2) w;deg ; (i) =
i=1 i=l 1

uel (Gy)—tw;} i
M, (H)+ ZMI(Gi) +22w1 deg, (7).
i=1 i=1

(i1) Using definition of the second Zagreb index, we have:

My(H(@)= Y [deg, (i) +@,][deg; (/) + @]+

jjeE(H)

ST dggdegg )+ Y degg (n)ldeg, ()+ @] } =

=l weE (G uvew; weE(Gy); uel (Gy)v=mw;

szgH (i) deg;; (/) + Z[w; deg,, (i) + w; deg , (j) + a)iw/'] +

ijeE(H) ijeE(H)

Y degg, (u)degg (1) + D degy () Y degg, (1) =

n
i=1 uveE(G;) i=1 ueNg; (w;)

My (H)+ 3 My (G)+ Y de (et (w) + DL, degy (1) + @, deg () + 0,00,].

i=1 i=1 ijeE(H)
Suppose that w is the root vertex of a rooted graph K, and let G, =K and w,=w for all

i=12,...;n. Using Theorem 2.1, we easily arrive at:

Corollary 2.2 The first and second Zagreb indices of the cluster H{K} are given by:
(1) M, (H{K}) = M,(H)+nM,(K)+4mae,

(i) M, (H{KY}) = oM, (H) + M, (H) + nM, (K) + m(o* +2a,, (W),

where @=deg,(w) and m= ‘E(H)‘ .m
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Let H be a labeled graph on n vertices. Choose a numbering for vertices of H such that its
pendant vertices have numbers 1,2,....k and its non-pendant vertices have numbers & +1,...,n.
Let G be a sequence of n rooted graphs G,,G,.....G, with G, =K, for i=k+1,k+2...,n. Using
Theorem 2.1, we can easily get the following result.

Corollary 2.3 The first and second Zagreb indices of the rooted product
H(G)=H(G,,G,,...G, K ,K,,...K,) are given by:

(i)MI(H(G))=M1(H)+iM1(G,.)+2iw» s

i
i=1 i=1

(ii) If H = P,, then M,(H(G))= Mz(H)+iM2(Gi)+iaGI (w,.)+ia),a,_,(i) and

M, (P(G,Gy)) = My (G) + My (Gy) +ag (W) +ag, (w,) + (o + D)@, +1),

where for i=1.2,...k, w, denotes the root vertex of G, and o, denotes its degree. m

In the following Corollary, we consider the special case of Corollary 2.3, when the

components G,, i =12,...k are mutually isomorphic to a rooted graph K .

Corollary 2.4 Let H be a labeled graph on » vertices whose pendant vertices have numbers
1,2,....k and let K be a rooted graph with the root vertex w. Suppose G is a sequence of n
rooted graphs G,,G,,...,G, with G, =K for i=12....k and G, =K, for i=k+1,k+2..,n. Then
() M, (H(G))= M, (H) + kM, (K) + 2k,

k
(1) If H = P,, then M,(H(G))=M,(H)+k(M,(K)+ay(w)+ a)ZaH () ,and

i=1

M, (P,(G))=2M,(K) + 20, (W) + (@+1)?, where w=deg, (w). m

Let G be a labeled graph on » vertices and let py, p,,...,p, be non-negative integers. The thorn
graph G*(p,, p,»....p,) of the graph G is obtained from G by attaching p, pendant vertices to
the i-th vertex of G, i=1.2,...n. The concept of thorny graphs was introduced by Ivan Gutman
[13] and eventually found a variety of chemical applications [14-17]. The thorn graph
G (p,sPs»sp,) can be considered as the rooted product of G by the sequence

{S

2

S

ol

S, .1} > where the root vertex of S, is assumed to be in the vertex of degree p;,
i=1,2,...n. So we can apply Theorem 2.1 to obtain the first and second Zagreb indices of the

thorn graph G*(p,, pyse-rp,) -
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Corollary 2.5 The first and second Zagreb indices of the thorn graph G*(p,,p,,....p,) are

given by:

@) M, (G (D1, paresb ) = My(G)+ Y py(p, +1)+ 23 py deg (i),

i=1 i=1

(i) If G#P,, then

My (G (D12 passD,)) = Mo (G)+ Y p* + Y prdeg () + Dlp, degq (i) + p; deg () + pip, 1,

i=1 i=1 ijeE(G)

and M, (P (py.p,))=pi(py + D+ py(py + D +(p +1)(py +1) .0

Let {G,}i, be a set of finite pairwise disjoint graphs with vertices w, € V(G,). The bridge graph
B=B(G,,G,,....G,;w,w,,...w,) of {G;}, with respect to the vertices {w;};, is the graph

obtained from the graphs G,,G,,...,G, by connecting the vertices w, and w,

., by an edge for
all i=12,...n—1. We can consider the bridge graph B=B(G,,G,.,....G,;w,w,,..w,) as the
rooted product of the path P, and the sequence {G,,G,.....G,}, wWhere the root vertex of the
graph G, is assumed to be in the vertex w,, i=12,.,n. So using Theorem 2.1, we can

reproduce the results of the Theorem 2.2 and Theorem 2.4 of [18].

Corollary 2.6 The first and second Zagreb indices of the bridge graph
B=B(G,,G,,....G,;W,W,,...,w,) are given by:
n n-l
(i) For n22, M(B)=) M(G)+20,+4) &,+2w,+4n—6. In particular for n=2,
i=l i=2

M, (B)=M,(G))+ M, (G,) + 2o, + @, +1).

(i) For n=2, M,(B)=M,(G)+M,(G,)+agw)+agw,)+(@ +1)(w,+]), and for n>3,
n n-1 n—1

M,y (B) =3 My(G)+ag (w)+ag (w,)+2) ag W)+ ) 0,0, +2o +0,) (0, + 0, )+

i=1 i=2 i=1

n—=l
43 o, +4(n—-2),where o, =deg; (w;), for 1<i<n.

=2
Also by Corollary 2.2, we can reproduce the results of the Corollary 2.3 and Corollary 2.5 of
[18].

Corollary 2.7 The first and second Zagreb indices of the bridge graph
B=B(G,G,....G;w,w,..,w) (n>2 times) are given by:

(i) For n>2, M,(B)=nM,(G)+4a(n—1)+4n—6,
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(i) For n=2, M,(B) = ZMZ(G)+2010(W)+(50+1)2 ,and for n>3,

M, (B)) = nM,(G) +(n—=D[(@+2)* +205(w)] - 2(@+2) , where o= deg,(w). =
3. Corollaries and examples

In this section, we consider several classes of molecular graphs constructed by rooted product

and determine their Zagreb indices.
3.1 Caterpillars and Cycle-caterpillars

A caterpillar or caterpillar tree is a tree in which all the vertices are within distance 1 of a
central path. If we delete all pendent vertices of a caterpillar tree, we reach to a path. So

caterpillars are thorn graphs whose parent graph is a path, see Fig. 1.

° ® X °

Fig. 1. The caterpillar tree P;"(3,1,0,4,2).
Using Corollary 2.5, we can easily get the formulae for the first and second Zagreb indices of

caterpillar trees.

Corollary 3.1 Let p,,p,,....p, be non-negative integers. The first and second Zagreb indices

of the caterpillar tree P,"(p,, p,.....p,) are given by:

()M, (P, (P DyseeesP ) = 200 +52. 0, = 2py +p,) +4n—6, n>2

i=1 i=1

pi(py+ 1)+ py(py + D)+ (p, +D(py +1) if n=2
(i) My (P, (pys Pases)) = s, 2cd " , .=

Y P+ D PP 620 =3P+ p,)—(py + p,)+4n—8 if n>3

i=1 i=1 i=1

Caterpillar trees are used in chemical graph theory to represent the structure of benzenoid

hydrocarbon molecules. For example, for positive integer p<3, the caterpillar tree
P, (p,2,2,...2, p) is the molecular graph of certain hydrocarbon. Specially, 2"(3,3), P"(3,2,3),

P,"(3,2,2,3) are the molecular graphs of Ethane, Propane and Butane, respectively, see Fig. 2.
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Fig. 2. The molecular graphs of Ethane, Propane and Butane.

Using Corollary 3.1, we can get the formulae for the first and second Zagreb indices of
P (p.2.2,..2.p).

Corollary 3.2 For positive integer p<3, the first and second Zagreb indices of
P (p,2,2,...2, p) are given by:

)M, (P, (p2,..2,p))=2p* +6p+181—-34,

3p7 +4p+1 if n=2

i) M, (P (2,2, p) = .=
()M, (F, (P P)) 202 +10p+24n-56  if n>3

Specially, for Ethane, Propane and Butane, we easily arrive at:

Corollary 3.3 The first and second Zagreb indices of Ethane, Propane and Butane, are given
by:

() My (P, (33))=38, M,(P,(3,23))=56, M(P,(3,223)=74,

(i) My (P, (33))=40, My(P,'(3,23)=64, M,(P,(32,23))=88. m

A unicyclic graph is called cycle-caterpillar if deleting all its pendent vertices will reduce it to

a cycle. So cycle-caterpillars are thorn graphs whose parent graph is a cycle, see Fig. 3. Using

Corollary 2.5, we easily get the following formulae for Zagreb indices of cycle-caterpillars.

!.'
—d
b ,.-"" N e
o —8: ‘o
¢ v 4 °
.

Fig. 3. The cycle-caterpillar Cﬁ*(0,1,2,1,0,3) .
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Corollary 3.4 Let p,,p,,...,p, be non-negative integers. The first and second Zagreb indices

of the cycle-caterpillar C,"(p,, p,,....p,) are given by:

(i) Ml(C::(p],Pza-n,pn)): ZP,‘Z +52P; +4n,

i=1 i=l

n n n=l
(i) My (C, (P PysveesP, )= 2P +60 P+ 2 pyPyy + Pip, +4n. W

i=1 i=1 i=1
3.2 Sunlike graphs and Starlike trees

Let G be a labeled graph on » vertices with the vertex set V(G)={1,2,...,n} and let k,,k,,....k,
be positive integers. The sunlike graph G(k,,k,....,k,) is the graph obtained by identifying the

root vertex of B, with the i-th vertex of G forall i=1.2,...,n, see Fig. 4.

Fig. 4. The sunlike graph C4(2,3,1,4,2,3,4,3).

Note that in the case that k, =1, then B =F is a single vertex graph and for %, >1 the root
vertex of B is assumed to be in its pendant vertex. The sunlike graph G(k,,k,,....,k,) can be
considered as the rooted product of the graph G with the sequence {F, . £, ...} }. So, we can

apply Theorem 2.1 to compute the first and second Zagreb indices of the sunlike graph
Gy ks ik,

Corollary 3.5 Let G be a labeled graph on n vertices with the vertex set V(G) ={1,2,...,n} and

let k,k,,....k, be positive integers. Set I, ={i[1<i<nk, =1}, I,={i|1<i<nk =2} and
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I, ={i|1<i<nk >3} and let |[|=1,

12‘ =r. The first and second Zagreb indices of the sunlike
graph G(ki,k,,...,k,) are given by:
() My(G(ky ok, )= My(G) +2 ) deg (i) +4 Xk —6(n—1),

iel,Ul; iel,Ul;
(i1) M5 (G(ky Ky, 5k,)) = Mo (G) + Zdegc(i) + ZZdegG(i) + Z[degc(i) +degg () +1]+
iely iely ijeE(G); i,jel,Ul3

> deg; (i) +4> k,—8n+9r+8. m

ijeE(GY, iely, jel,Ul iely
If forall 1<i<n, k, =2 then the formulae of Corollary 3.5 can be simplified as follows:

Corollary 3.6 Let G be a labeled graph on n vertices and m edges with the vertex set
V(G)={12,...,n} and let k,,k,,....k, be positive integers with k, >2 forall 1<i<n.
(1) The first Zagreb index of the sunlike graph G(k,,k,,...,k,) is given by:
M, (G(ky, ky,....k,)) = M, (G)+ 4Zki +4m—o6n,
i=l
(1) Suppose I={i|1<i<nk,=2} and I'={i|1<i<n,k, >3} and let ‘l‘:r. The second Zagreb
index of the sunlike graph G(,, k,.,....k,) is given by:
My(Glkysky ik, ) = My (G) + M, (G) = S deg s (i) + 43k, —8n+9r + 5m.

iel iel'

If in particular for all 1<i<n, k, >3, then

My(Gky kg k) = My (G) + My (G)+ 4k, +5m—8n . m

i=l
A starlike tree is a tree with exactly one vertex having degree greater than two. We denote by

S(ky,ky,....k,) , the starlike tree which has a vertex v of degree n>3 and has the property that
S(kyskysk,)=v=0 UB,U..UB , where k >k,>..>k,>1. Clearly, k.k,,..k, determine
the starlike tree up to isomorphism and S(k,,,.,....,k,) has exactly k, +k, +...+k, +1 vertices.
For 1<i<n, denote by v , the root vertex of F;, attached to the vertex v, see Fig. 5. Clearly,

for k; 22, deg n (v,)=l. Now consider the subtree T of S(k,k,,....k,) with the vertex set

V(T)={v,v,v5,...,v,} . Clearly T is isomorphic to n+1 vertex star, S ,,. Choose a numbering

ntl®

for vertices of T such that the vertex v, 1<i<n, has number /i and the vertex v has number

n+1. So we can consider the starlike tree S(k;,k,,....k,) as the sunlike graph T'(k;,k,,....k,.,)
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where k,,, =1 and we can apply Corollary 3.5 to compute the first and second Zagreb indices

of the starlike tree S(k,,k,,....k,) .

Fig. 5. The starlike tree 5(4,3,3,1,4,2,5,3) with vertex v of degree n=8§.

Corollary 3.7 Let k,k,,..,k, be n positive integers. Set [, ={i|1<i<nk =1},

L={il1<i<nk =2} and I, ={i[1<i<nk >3}and let |[|=1,

L|=r. The first and second
Zagreb indices of the starlike tree S(k,,k,....,k,) are given by:

() M, (S(ky kysenik,)) =07 =3n+4t+4 Dk,

ielUl3

(i) My (S(hy ey ook, ) = 20% = 60+ 87 —1(n—6) + 43k, . m

il

The starlike tree S(k,k,,....k,) is said to be regular, if k =k,=..=k,=k. Clearly

S(M) =8,,, . Using Corollary 3.7, we can get the following formulae for Zagreb indices of
1 times

regular starlike trees.

Corollary 3.8 Let & be a positive integer. The first and second Zagreb indices of the regular

starlike tree S(M) are given by:

n times

(i) M,(S(k,k,...,k)) = n* =3n+4nk
HHoeell

n times

(1) M, (S(k,k,....k)) =

n times

n’ if k=1
P —6n+dnk  if k=2
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Let S(k,,k,.,....k,) denote the starlike tree which has a vertex v of degree greater than two and
has the property S(k,ky,...k,)—v=P UP, U..UpB . Also let S(k.k}....k;) denote the
starlike tree which has a vertex V' of degree greater than two and has the property
S(ki K5 ek =V =B UR, U...UB,, . The graph S(k,.k,.....k,:k].k}.....k);) obtained by joining
the vertex v of the graph S(k,.,k,.,....k,) to the vertex v’ of the graph S(k{,k},....k.,) by an edge
is called double starlike tree, see Fig. 6. It has exactly two adjacent vertices v and v' of degree
greater than three and has the property
SCkiskyseeesk 3kl ks =0V} =B, UR, U..UB, UB,UPR, U...UP, . We can consider the
double starlike tree Sy sk ek s b kb oeskly) as the bridge graph
B(S(ky,kys.osk,))sS(ky kS okl );v,v) . So using Corollary 2.6 for the case n=2, and then

Corollary 3.7, we can easily get the following result.

Fig. 6. The double starlike tree S(5,3,4,2,2;4,1,2,3).

Corollary 3.9 Let {k,k,,....k,} and {k/,k},...k,} be two sequences of positive integers. Set
L={ill<isnk =1}, L={i|ll<i<mk =2}, I,={i[1<i<nmk >3}, I ={i|l<i<n k =1},

L={i|1<i<n’k]=2} and Ij={i|1<i<n’k]>3}. Also let |I||=t,

Iz‘:”,

I|=r'and |1|=/".
The first and second Zagreb indices of the double starlike tree S(k,k,,....k,;k],k5,....k},) are
given by:

(1) M, (S(hyohey el B s o ) =40 Yok + Y kD) +n(n=D)+n'(n 1)+ 4@ +1) +2,

iel,UlL ielhUly



-912-

(i1) My (S(ky Ky kK o Ko ) =4 K+ k) +0(2n =t =3) +1' (20" ' =3) +8(r + 1) +

iely ielj
5+t)y+nn'+1.m
If n=n" and k, =k, for 1<i<n, then the double starlike tree S(k,,k,,....k,;k,k,,....k,) is called
symmetric double starlike. Using Corollary 3.9, we get the following formula for the first and

second Zagreb indices of symmetric double starlike trees.

Corollary 3.10 Let k,k,,..k, be positive integers. Set [, ={i|l<i<nk, =1},

n

L={i|l<i<nk =2} and I,={i|1<i<nk >3} and let |I|=1,

12\:r. The first and second
Zagreb indices of the symmetric double starlike tree S(k,,4,.,....k,;k,.k,,....k,) are given by:

Q) M (SUky ey ook kg, ) =8 Yk +20(n —1) + 80 +2,

iel,Uly

(i) My (SChyshey ok 3Ky gk, ) =83 s + 5% = 20(t +3) +167 +100 1. m

iely

3.3 Generalized Bethe trees

The level of a vertex in a rooted tree is one more than its distance from the root vertex. A
generalized Bethe tree of & levels, k>1 is a rooted tree in which vertices at the same level
have the same degree [19]. Let B, be a generalized Bethe tree of k levels. For i=12,....k, we

denote by d, ,,, and n,_,, the degree of the vertices at the level 7 of B, and their number,

respectively. Also, suppose ¢, =d, and ¢, =d, -1 for i=12,....k—1. Thus, d, =1 is the degree
of the vertices at the level k (pendent vertices) and d, is the degree of the root vertex. On the
other hand, », =1 is pertaining to the single vertex at the first level, the root vertex. For
i=12,....k—1, suppose B, ., denotes the subtree of B, which is also a generalized Bethe tree
of k—i+1 levels and its root is any vertex of the level i of B,, as shown in Fig. 7 and let

B, =K,. Now consider the subtree of S, ,,,, i=12,...,k—1 which is isomorphic to the star

graph S, ., and choose a numbering for its vertices such that its e, ;,, pendant vertices have

numbers 1,....e, ,,, and its vertex of degree e, ;,, has number ¢,_;,, +1. We can consider the

generalized Bethe tree f; ,.,,i=1.2,....,k—1 as the rooted product of S, ., by the sequence

{BiirsBrinKi} s 1e,
Gk k)

ef_js1 limes

Brin = Se,(,,ﬂﬂ BriseBri K}, =12,k —1.

i1 times
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Clearly, g, =S, +1, B, =B,.

Fig. 6. A generalized Bethe tree of 4 levels with its subtrees B, B3, Pa.

Now using Corollary 2.4, we can get the following recurrence relations for the first and

second Zagreb indices of the generalized Bethe tree g, .., i=12,...k—-1.

Corollary 3.11 The first and second Zagreb indices of the generalized Bethe tree g, ,.,,
i=12,..,k—1 are given by:
DM, (B)=0, Mi(Bi)) =My (Bi_) ey (e +2¢, +1), 1<i<k -1,

(i) M,(B,) = ezz s My(Biin) = €in My (Bi) + ek—i+12dk—i te e iy, 1Si<k-2.m

Note that the formulae of Corollary 3.11 hold for all 1<i<k-1. So using Corollary 3.11, we
can get the following explicit relations for computing the first and second Zagreb indices of
the generalized Bethe tree B, .

Corollary 3.12 The first and second Zagreb indices of the generalized Bethe tree B, are
given by:

k k
M (B)=Xd T]e,,
i1

j=i+l
k-1 k
(i) M, (B,) = Zei+1df+1d: Hej -
i=l J=iv2
The ordinary Bethe tree B, is a rooted tree of & levels whose root vertex has degree d, the

vertices from levels 2 to k —1 have degree d + 1, and the vertices at level k have degree 1, see

Fig. 8.
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Fig. 7. The ordinary Bethe tree B, ,.

Note that B, =5 and B,,=S,,,. Using Corollary 3.12, we get the following relations for
computing the first and second Zagreb indices of ordinary Bethe tree B, .

Corollary 3.13 The first and second Zagreb indices of the ordinary Bethe tree B,; are given
by:

k=3
() M\B,)=d*+d" " +d(d+17 Y d",

5=0

2

d? if k=2

i) M. (B = k= :
(ii) M5 (B 1) 2d2(d+1)idx if k=3 -

5s=0
Denote by C(d,k,n), the unicyclic graph obtained by attaching the root vertex of B, to the

vertices of n vertex cycle C,

no

see Fig. 9. For more information about this graph, see [18].

Fig. 8. The unicyclic graph C(2,4,3) .
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It is easy to see that C(d,k,n) is the cluster of C, and B,; . So we can apply Corollary 2.2 and

then Corollary 3.13, to get the following formulae for the first and second Zagreb indices of
C(d,k,n).
Corollary 3.14 The first and second Zagreb indices of C(d,k,n) are given by:

k=3
() M,(C(d.k,n)) = 4n(d + 1)+ nd” +nd" + nd(d +1)* Y d*,

5=0

2n(d* +3d +2) if k=2
i) M,(C(d, k,n)) = k3 .
@DMACDEI=1 52 6 s ays 2md(d+ DYd k=3t
5=0

Denote by P(d,k,n), the tree obtained by attaching the root vertex of B, to the vertices of n
vertex path P,, see Fig. 10. For more information about this classes of trees, see [20]. The
graph P(d,k,n) can be considered as the bridge graph B(B,,;,B,--»B; W, W,...,w) , where w
denotes the root vertex of B, ;. So we can apply Corollary 2.7 and then Corollary 3.13, to get

the formulae for the first and second Zagreb indices of the tree P(d,k,n) .

Fig. 9. The tree P(2,4,3).
Corollary 3.15 The first and second Zagreb indices of P(d,k,n) are given by:

k=3
(i) M,(P(d.k,n)) = 4d(n—1)+4n—6+nd" +nd" +nd(d +1)* Y d" ,

5=0
k=3
(i) M, (P(d.k.2))=3d" +4d +1+4d*(d+1)) d’* , and
5=0
(2n—1)d* + 6nd +4n —8d -8 if k=2
M, (P(d, k,n)) = k3 )
(P ) 3(n-1)(d +1)* +n72d—5+2ndz(d+l)2d" if k>3 "
5=0

Dendrimers are hyperbranched molecules, synthesized by repeatable steps, either by adding

branching blocks around a central core (thus obtaining a new, larger orbit or generation-the
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“divergent growth” approach) or by building large branched blocks starting from the
periphery and then attaching them to the core (the “convergent growth” [21]). Details on
dendrimers, an important and recently much studied class of nano-materials, and especially on

their topological properties can be found in the books [22-23] and the references quoted
therein. A dendrimer tree T, is a rooted tree such that the degree of its non-pendent vertices
is equal to d and the distance between the rooted (central) vertex and the pendent vertices is
equal to k [24], see Fig. 11. So T, can be considered as a generalized Bethe tree with k+1
levels, such that whose non-pendent vertices have equal degrees. Note that T, =B, and
T;, =S, . Using Corollary 3.12, we get the following relations for the first and second

Fig. 10. The dendrimer tree T} ;.
Corollary 3.16 The first and second Zagreb indices of the dendrimer tree T, are given by:

k=2
O M(T,)=d* +d(d-1)""+d*Y (d-1)",

s=0

k=2
(i) My(T, ) =d*(d =) +d’ Y (d-1) . m

5=0

Now we introduce a class of dendrimers for which Corollary 2.4 is applicable. This molecular
structure can be seen in some of the dendrimer graphs such as tertiary phosphine dendrimers.

Let D, be the graph of Fig. 12.

Dy
Fig. 12.The dendrimer graph D,.
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For positive integers d and k, suppose D, be a series of dendrimer graphs obtained by
attaching d pendent vertices to each pendent vertex of D, and set D,, =D,. Some

examples of this class of dendrimer graphs are shown in Fig. 13 and Fig. 14.

k . ’
k+1.,/' Dk .\‘m k+1

Fig. 13. Dendrimer graph D, , .

Dy

Fig. 14. Dendrimer graphs D, , for d=2, k=1,2,3.

It is easy to check that, M,(D,)=42 and M,(D,)=45. Choose a numbering for vertices of
D, such that its pendant vertices have numbers 1,2,3 and its non-pendant vertices have
numbers 4,5,...9. It is easy to see that,D,, is the rooted product of D; by the sequence

1ByissBisi»Baga»Ki,Ky,...K } . So by Corollary 2.4, we can get the following relations for
b b

6 times

the first and second Zagreb indices of the dendrimer graph D, , k >1.
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Corollary 3.17 The first and second Zagreb indices of the dendrimer graph D, , k>1 are

given by:

k-1
(i) M,(D, ) =42+3d(d +3)y d"

5=0

k=2
(i) My (D, ;) =3d” +12d +45+6d°(d+1)) d’ . m

5s=0
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