
Chemical Graphs Constructed from Rooted Product 

and Their Zagreb Indices 

Mahdieh Azari and Ali Iranmanesh* 

Department of Pure Mathematics, Faculty of Mathematical Sciences, Tarbiat Modares University, 
P. O. Box: 14115-137, Tehran, Iran 

iranmanesh@modares.ac.ir 

(Received March 16, 2013) 

 

 

 

 

 

 

1. Introduction  

In this paper, we consider connected finite graphs without any loops or multiple edges. Let G  

be such a graph with the vertex set )(GV  and the edge set )(GE . For )(GVu � , we denote by 

)(uNG  the set of all neighbors of u in G. Cardinality of the set )(uNG  is called the degree of u  

in G and will be denoted by )(deg uG . We denote by )(uG� , the sum of degrees of all neighbors 

of the vertex u in G, i.e., �
�

�
)(

)(deg)(
uNa

GG
G

au� . We denote by |S| the cardinality of a set S. 
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Abstract. Rooted product of n vertex graph H by a sequence of n rooted graphs nGGG ,...,, 21 , 

is the graph obtained by identifying the root vertex of iG  with the i-th vertex of H for all 

ni ,...,2,1� . In this paper, we show how the first and second Zagreb indices of rooted product 

of graphs are determined from the respective indices of the individual graphs. The first and 

second Zagreb indices of cluster of graphs, thorn graphs and bridge graphs as three important 

special cases of rooted product are also determined. Using these formulae, the first and second 

Zagreb indices of several important classes of chemical graphs will be computed. 
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In theoretical Chemistry, the physico-chemical properties of chemical compounds are often 

modeled by the molecular graph based molecular structure descriptors which are also referred 

to as topological indices [1]. The Zagreb indices belong among the oldest topological indices, 

and were introduced as early as in 1972 [2,3]. For details on their theory and applications see 

[4-7], and especially the recent papers [8-11]. The first and second Zagreb indices of G are 

denoted by )(1 GM  and )(2 GM , respectively and defined as follows:  

�
�

�
)(

2
1 )(deg)(

GVu
G uGM and �

�
�

)(
2 )(deg)(deg)(

GEuv
GG vuGM . 

The first Zagreb index can also be expressed as a sum over edges of G:
 

))(deg)((deg)(
)(

1 �
�

��
GEuv

GG vuGM . 

Let nP , nC  and nS  denote the path, cycle and star on n vertices. It is easy to that; 

                                              64)(1 �� nPM n ,                                )2( �n , 

          1)( 22 �PM , 84)(2 �� nPM n ,              )3( �n , 

                                              nCMCM nn 4)()( 21 �� ,                     )3( �n , 

           )1()(1 �� nnSM n , 2
2 )1()( �� nSM n ,  )2( �n . 

We denote by 1K , the single vertex graph and assume that 111 KSP �� . Clearly,

0)()( 1211 �� KMKM . 

At this point, we recall the definition of rooted product of graphs. Let H  be a labeled graph 

on n vertices and let G  be a sequence of n rooted graphs nGGG ,...,, 21 . According to [12], the 

rooted product of H  by G , denoted by ),...,,()( 21 nGGGHGH �  is the graph obtained by 

identifying the root vertex of iG with the i-th vertex of H  for all ni ,...,2,1� . In the special 

case when the components iG , ni ,...,2,1�  are mutually isomorphic to a graph K , the rooted 

product of H  by G  is denoted by }{KH  and called the cluster of H  and K . 

In this paper, we determine the first and second Zagreb indices of rooted product of graphs. 

Also, we introduce several classes of chemical graphs which can be considered as the rooted 

product and apply our results to find the first and second Zagreb indices of them. 

2. Zagreb indices of rooted product of graphs 

Let H  be a labeled graph on n vertices with the vertex set },...,2,1{)( nHV �  and let G  be a 

sequence of n rooted graphs nGGG ,...,, 21 . In this section, we compute the first and second 
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Zagreb indices of the rooted product of H  by G . The first and second Zagreb indices of 

cluster of graphs, thorn graphs and bridge graphs as three important special cases of rooted 

product are also determined. For ni ,...,2,1� , we denote the root vertex of iG  by iw  and the 

degree of iw  in iG  by i	 . 

Theorem 2.1 The first and second Zagreb indices of the rooted product )(GH  are given by: 

(i) ��
��

���
n

i
Hi

n

i
i iGMHMGHM

11
111 )(deg2)()())(( 	 , 

(ii) ���
���

������
)(11

222 ])(deg)(deg[)()(deg)()())((
HEij

jiHiHjiG

n

i
H

n

i
i jiwiGMHMGHM

i
				� . 

Proof. (i) Using definition of the first Zagreb index, we have: 

���� � �
� ��

n

i wGVu
GiH

ii
i

uiGHM
1 }{)(

22
1 })(deg])({[deg))(( 	

 

���� ����
�����

n

i
Hi

wGVu
G

n

i
i

n

i
H iui

ii
i

1}{)(

2

1

2

1

2 )(deg2])(deg[)(deg 		  

��
��

��
n

i
Hi

n

i
i iGMHM

11
11 )(deg2)()( 	 .

 
(ii) Using definition of the second Zagreb index, we have: 

���� �
� )(

2 ])(][deg)([deg))((
HEij

jHiH jiGHM 		

���� � �
� 
� ���

n

i wvuGEuv wvGVuGEuv
iHGGG

ii iii
iii

iuvu
1 ,);( ),();(

}])()[deg(deg)(deg)(deg{ 	
 

��
� )(

)(deg)(deg
HEij

HH ji ����
� )(

])(deg)(deg[
HEij

jiHiHj ji 				  

��� � ��
� � ��

n

i GEuv wNu
G

n

i
HGG

i iiG
iii

uivu
1 )( )(1

)(deg)(deg)(deg)(deg

���
���

�����
)(11

22 ])(deg)(deg[)()(deg)()(
HEij

jiHiHjiG

n

i
H

n

i
i jiwiGMHM

i
				� . ■ 

Suppose that w is the root vertex of a rooted graph K, and let KGi �  and wwi �  for all 

ni ,...,2,1� . Using Theorem 2.1, we easily arrive at:  

Corollary 2.2 The first and second Zagreb indices of the cluster }{KH  are given by: 

(i) 	mKnMHMKHM 4)()(}){( 111 ��� , 

(ii) ))(2()()()(}){( 2
2212 wmKnMHMHMKHM K�		 ����� , 

where )(deg wK�	  and )(HEm � . ■ 
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Let H be a labeled graph on n vertices. Choose a numbering for vertices of H such that its 

pendant vertices have numbers k,...,2,1  and its non-pendant vertices have numbers nk ,...,1� . 

Let G  be a sequence of n rooted graphs nGGG ,...,, 21  with 1KGi �  for nkki ...,2,1 ��� . Using 

Theorem 2.1, we can easily get the following result. 

Corollary 2.3 The first and second Zagreb indices of the rooted product

),...,,,,...,,()( 11121 KKKGGGHGH k�  are given by: 

(i) ��
��

���
k

i
i

k

i
iGMHMGHM

11
111 2)()())(( 	 , 

 

(ii) If 2PH 
 , then ���
���

����
k

i
Hi

k

i
iG

k

i
i iwGMHMGHM

i
111

222 )()()()())(( �	�  and

)1)(1()()()()()),(( 212122122122 21
������� 		�� wwGMGMGGPM GG , 

where for ki ,...,2,1� , iw  denotes the root vertex of iG  and i	  denotes its degree. ■ 

In the following Corollary, we consider the special case of Corollary 2.3, when the 

components iG , ki ,...,2,1�  are mutually isomorphic to a rooted graph K .  

Corollary 2.4 Let H be a labeled graph on n vertices whose pendant vertices have numbers 

k,...,2,1  and let K  be a rooted graph with the root vertex w. Suppose G  is a sequence of n 

rooted graphs nGGG ,...,, 21  with KGi �  for ki ...,2,1�  and 1KGi �  for nkki ...,2,1 ��� . Then 

(i) 	kKkMHMGHM 2)()())(( 111 ��� , 
 

(ii) If 2PH 
 , then
 

�
�

����
k

i
HK iwKMkHMGHM

1
222 )())()(()())(( �	�  , and

2
222 )1()(2)(2))(( ���� 	� wKMGPM K , where )(deg wK�	 . ■ 

Let G be a labeled graph on n vertices and let nppp ,...,, 21  be non-negative integers. The thorn 

graph ),...,,( 21 npppG�  of the graph G  is obtained from G  by attaching ip  pendant vertices to 

the i-th vertex of G, ni ,...,2,1� . The concept of thorny graphs was introduced by Ivan Gutman 

[13] and eventually found a variety of chemical applications [14-17]. The thorn graph

),...,,( 21 npppG�  can be considered as the rooted product of G by the sequence

},...,,{ 111 21 ��� nppp SSS , where the root vertex of 1�ipS  is assumed to be in the vertex of degree ip ,

ni ,...,2,1� . So we can apply Theorem 2.1 to obtain the first and second Zagreb indices of the 

thorn graph ),...,,( 21 npppG� . 
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Corollary 2.5 The first and second Zagreb indices of the thorn graph ),...,,( 21 npppG�  are 

given by: 

(i) ��
��

� ����
n

i
Gi

n

i
iin ipppGMpppGM

11
1211 )(deg2)1()()),...,,(( ,              

(ii) If 2PG 
 , then 

���
���

� ������
)(11

2
2212 ])(deg)(deg[)(deg)()),...,,((

GEij
jiGiGj

n

i
Gi

n

i
in ppjpipippGMpppGM , 

and )1)(1()1()1()),(( 2122112122 �������� ppppppppPM .■ 

Let n
iiG 1}{ �  be a set of finite pairwise disjoint graphs with vertices )( ii GVw � . The bridge graph

),...,,;,...,,( 2121 nn wwwGGGBB �  of n
iiG 1}{ �  with respect to the vertices n

iiw 1}{ �  is the graph 

obtained from the graphs nGGG ,...,, 21  by connecting the vertices iw  and 1�iw  by an edge for 

all 1,...,2,1 �� ni . We can consider the bridge graph ),...,;,...,,( 2121 nn wwwGGGBB �  as the 

rooted product of the path nP  and the sequence },...,,{ 21 nGGG , where the root vertex of the 

graph iG  is assumed to be in the vertex iw , ni ,...,2,1� . So using Theorem 2.1, we can 

reproduce the results of the Theorem 2.2 and Theorem 2.4 of [18]. 

Corollary 2.6 The first and second Zagreb indices of the bridge graph

),...,,;,...,,( 2121 nn wwwGGGBB �  are given by: 

(i) For 2�n , 64242)()(
1

2
1

1
11 ������ ��

�

��

nGMBM n

n

i
i

n

i
i 			 . In particular for 2�n , 

)1(2)()()( 2121111 ����� 		GMGMBM . 

(ii) For 2�n , )1)(1()()()()()( 212122122 21
������� 		�� wwGMGMBM GG , and for 3�n ,

���������� ��

�

�

�

��
��� )()(2)(2)()()()( 1211

1

1

1

2
1

1
22 1 nni

n

i
i

n

i
iGnGG

n

i
i wwwGMBM

in
						���

),2(44
1

2
���

�

�
n

n

i
i	 where )(deg iGi w

i
�	 , for ni ��1 . 

Also by Corollary 2.2, we can reproduce the results of the Corollary 2.3 and Corollary 2.5 of 

[18]. 

Corollary 2.7 The first and second Zagreb indices of the bridge graph

),...,,;,...,,( wwwGGGBB � ( 2�n  times) are given by: 

(i) For 2�n , 64)1(4)()( 11 ����� nnGnMBM 	 , 
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(ii) For 2�n , 2
22 )1()(2)(2)( ���� 	� wGMBM G , and for 3�n ,  

)2(2)](2)2)[(1()()( 2
212 ������� 	�	 wnGnMBM G , where )(deg wG�	 . ■ 

3. Corollaries and examples 

In this section, we consider several classes of molecular graphs constructed by rooted product 

and determine their Zagreb indices. 

3.1 Caterpillars and Cycle-caterpillars  

A caterpillar or caterpillar tree is a tree in which all the vertices are within distance 1 of a 

central path. If we delete all pendent vertices of a caterpillar tree, we reach to a path. So 

caterpillars are thorn graphs whose parent graph is a path, see Fig. 1.  

 

Fig. 1. The caterpillar tree )2,4,0,1,3(5
�P . 

Using Corollary 2.5, we can easily get the formulae for the first and second Zagreb indices of 

caterpillar trees.  

Corollary 3.1 Let nppp ,...,, 21  be non-negative integers. The first and second Zagreb indices 

of the caterpillar tree ),...,,( 21 nn pppP �  are given by: 

(i) 64)(25)),...,,(( 1
11

2
211 ������ ��

��

� npppppppPM n

n

i
i

n

i
inn ,  2�n  

(ii)

�


�

�

���������

�������
�

�
�

�

�
�

�

�

��� 384)()(36

2)1)(1()1()1(
)),...,,((

121
1

1

1
1

1

2

212211

212 nifnpppppppp

nifpppppp
pppPM

nn

n

i
i

n

i
ii

n

i
i

nn . ■ 

Caterpillar trees are used in chemical graph theory to represent the structure of benzenoid 

hydrocarbon molecules. For example, for positive integer 3�p , the caterpillar tree 

),2,...,2,2,( ppPn
�  is the molecular graph of certain hydrocarbon. Specially, )3,3(2

�P , )3,2,3(3
�P ,

)3,2,2,3(4
�P  are the molecular graphs of Ethane, Propane and Butane, respectively, see Fig. 2. 
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Fig. 2. The molecular graphs of Ethane, Propane and Butane. 

Using Corollary 3.1, we can get the formulae for the first and second Zagreb indices of

),2,...,2,2,( ppPn
� .  

Corollary 3.2 For positive integer 3�p , the first and second Zagreb indices of 

),2,...,2,2,( ppPn
�  are given by: 

(i) 341862)),2,...,2,(( 2
1 ����� nppppPM n , 

(ii)
�


�
�

����

���
��

35624102

2143
)),2,...,2,(( 2

2

2 nifnpp

nifpp
ppPM n . ■ 

Specially, for Ethane, Propane and Butane, we easily arrive at:
 

Corollary 3.3 The first and second Zagreb indices of Ethane, Propane and Butane, are given 

by: 

(i) 38))3,3(( 21 ��PM , 56))3,2,3(( 21 ��PM , 74))3,2,2,3(( 21 ��PM , 

(ii) 40))3,3(( 22 ��PM , 64))3,2,3(( 22 ��PM , 88))3,2,2,3(( 22 ��PM . ■ 

A unicyclic graph is called cycle-caterpillar if deleting all its pendent vertices will reduce it to 

a cycle. So cycle-caterpillars are thorn graphs whose parent graph is a cycle, see Fig. 3. Using 

Corollary 2.5, we easily get the following formulae for Zagreb indices of cycle-caterpillars.  

 

Fig. 3. The cycle-caterpillar )3,0,1,2,1,0(6
�C . 
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Corollary 3.4 Let nppp ,...,, 21  be non-negative integers. The first and second Zagreb indices 

of the cycle-caterpillar ),...,,( 21 nn pppC �  are given by: 

(i) npppppCM
n

i
i

n

i
inn 45)),...,,((

11

2
211 ��� ��

��

� ,              

(ii) npppppppppCM ni

n

i
i

n

i
i

n

i
inn 46)),...,,(( 11

1

111

2
212 ����� �

�

���

� ��� . ■ 

3.2 Sunlike graphs and Starlike trees 

Let G  be a labeled graph on n vertices with the vertex set },...,2,1{)( nGV �  and let nkkk ,...,, 21  

be positive integers. The sunlike graph ),...,,( 21 nkkkG  is the graph obtained by identifying the 

root vertex of ikP  with the i-th vertex of G  for all ni ,...,2,1� , see Fig. 4. 

 
 Fig. 4. The sunlike graph )3,4,3,2,4,1,3,2(8C .   

Note that in the case that 1�ik , then 1PP
ik �  is a single vertex graph and for 1�ik  the root 

vertex of 
ikP  is assumed to be in its pendant vertex. The sunlike graph ),...,,( 21 nkkkG  can be 

considered as the rooted product of the graph G with the sequence },...,,{
21 nkkk PPP . So, we can 

apply Theorem 2.1 to compute the first and second Zagreb indices of the sunlike graph 

),...,,( 21 nkkkG .   

Corollary 3.5 Let G  be a labeled graph on n vertices with the vertex set },...,2,1{)( nGV �  and 

let nkkk ,...,, 21  be positive integers. Set }1,1|{1 ���� ikniiI , }2,1|{2 ���� ikniiI  and 
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}3,1|{3 ���� ikniiI  and let tI �1 , rI �2 . The first and second Zagreb indices of the sunlike 

graph ),...,,( 21 nkkkG  are given by: 

(i) )(64)(deg2)()),...,,((
3232

1211 tnkiGMkkkGM
IIi

i
IIi

Gn ����� ��
�� ��

,              

(ii) ������� ���
���� 3232 ,);(

2212 ]1)(deg)([deg)(deg2)(deg)()),...,,((
IIjiGEij

GG
Ii

G
Ii

Gn jiiiGMkkkGM
�

trnki
Ii

i
IIjIiGEij

G 8984)(deg
3321,);(

���� ��
���� �

. ■ 

If for all ni ��1 , 2�ik  then the formulae of Corollary 3.5 can be simplified as follows: 

Corollary 3.6 Let G  be a labeled graph on n vertices and m edges with the vertex set 

},...,2,1{)( nGV �  and let nkkk ,...,, 21  be positive integers with 2�ik  for all ni ��1 .  

(i) The first Zagreb index of the sunlike graph ),...,,( 21 nkkkG  is given by: 

nmkGMkkkGM
n

i
in 644)()),...,,((

1
1211 ���� �

�
, 

(ii) Suppose }2,1|{ ���� ikniiI  and }3,1|{ ����� ikniiI  and let rI � . The second Zagreb 

index of the sunlike graph ),...,,( 21 nkkkG  is given by: 

mrnkiGMGMkkkGM
Ii

i
Ii

Gn 5984)(deg)()()),...,,(( 21212 ������� ��
���

. 

If in particular for all ni ��1 , 3�ik , then 

nmkGMGMkkkGM
n

i
in 854)()()),...,,((

1
21212 ����� �

�
. ■ 

A starlike tree is a tree with exactly one vertex having degree greater than two. We denote by

),...,,( 21 nkkkS , the starlike tree which has a vertex v of degree 3�n  and has the property that

nkkkn PPPvkkkS ��� ...),...,,(
2121 �� , where 1...21 ���� nkkk . Clearly, nkkk ,...,, 21  determine 

the starlike tree up to isomorphism and ),...,,( 21 nkkkS  has exactly 1...21 ���� nkkk  vertices. 

For ni ��1 , denote by 
i

v , the root vertex of 
ikP  attached to the vertex v, see Fig. 5. Clearly, 

for 2�ik , 1)(deg �
iik

vP . Now consider the subtree T  of ),...,,( 21 nkkkS  with the vertex set 

},...,,,{)( 21 nvvvvTV � . Clearly T  is isomorphic to 1�n  vertex star, 1�nS . Choose a numbering 

for vertices of T such that the vertex 
i

v , ni ��1 , has number i  and the vertex v has number 

1�n . So we can consider the starlike tree ),...,,( 21 nkkkS  as the sunlike graph ),...,,( 121 �nkkkT  
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where 11 ��nk  and we can apply Corollary 3.5 to compute the first and second Zagreb indices 

of the starlike tree ),...,,( 21 nkkkS . 

 
Fig. 5. The starlike tree )3,5,2,4,1,3,3,4(S  with vertex v of degree 8�n . 

Corollary 3.7 Let nkkk ,...,, 21  be n positive integers. Set }1,1|{1 ���� ikniiI , 

}2,1|{2 ���� ikniiI  and }3,1|{3 ���� ikniiI and let tI �1 , rI �2 . The first and second 

Zagreb indices of the starlike tree ),...,,( 21 nkkkS  are given by: 

(i) �
�

����
32

443)),...,,(( 2
211

IIi
in ktnnkkkSM

�
,          

(ii) �
�

������
3

4)6(862)),...,,(( 2
212

Ii
in kntrnnkkkSM . ■ 

The starlike tree ),...,,( 21 nkkkS  is said to be regular, if kkkk n ���� ...21 . Clearly

1)1,...,1,1( �� n

timesn

SS ��� . Using Corollary 3.7, we can get the following formulae for Zagreb indices of  

regular starlike trees. 

Corollary 3.8 Let k be a positive integer. The first and second Zagreb indices of the regular 

starlike tree
 

),...,,( �����
timesn

kkkS  are given by: 

(i) nknnkkkSM
timesn

43)),...,,(( 2
1 �������� ,              

(ii)
�


�
�

���

�
�

2462

1
)),...,,((

2

2

2
kifnknn

kifn
kkkSM

timesn
����� . ■ 
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Let ),...,,( 21 nkkkS  denote the starlike tree which has a vertex v of degree greater than two and 

has the property 
nkkkn PPPvkkkS ��� ...),...,,(

2121 �� . Also let ),...,,( 21 nkkkS ����  denote the 

starlike tree which has a vertex v�  of degree greater than two and has the property

nkkkn PPPvkkkS
����� ������ ��� ...),...,,(

2121 . The graph ),...,,;,...,,( 2121 nn kkkkkkS ����  obtained by joining 

the vertex v of the graph ),...,,( 21 nkkkS  to the vertex v�  of the graph ),...,,( 21 nkkkS ����  by an edge 

is called double starlike tree, see Fig. 6. It has exactly two adjacent vertices v and v�  of degree 

greater than three and has the property

nn kkkkkknn PPPPPPvvkkkkkkS
����� ������ ������� ......},{),...,,;,...,,(

21212121 . We can consider the 

double starlike tree ),...,,;,...,,( 2121 nn kkkkkkS ���� , as the bridge graph 

),);,...,,(),,...,,(( 2121 vvkkkSkkkSB nn ���� � . So using Corollary 2.6 for the case 2�n , and then 

Corollary 3.7, we can easily get the following result. 

 
Fig. 6. The double starlike tree )3,2,1,4;2,2,4,3,5(S .   

Corollary 3.9 Let },...,,{ 21 nkkk  and },...,,{ 21 nkkk ����  be two sequences of positive integers. Set 

}1,1|{1 ���� ikniiI , }2,1|{2 ���� ikniiI , }3,1|{3 ���� ikniiI , }1,1|{1 ������� ikniiI ,

}2,1|{2 ������� ikniiI  and }3,1|{3 ������� ikniiI . Also let tI �1 , rI �2 , tI ���1 and rI ���2 . 

The first and second Zagreb indices of the double starlike tree ),...,,;,...,,( 2121 nn kkkkkkS ����  are 

given by: 
(i) 2)(4)1()1()(4)),...,,;,...,,((

3232
21211 ���������������� ��

����
ttnnnnkkkkkkkkSM

IIi
i

IIi
imn

��
,          

-911-



(ii) ������������������� ��
���

)(8)32()32()(4)),...,,;,...,,((
33

21212 rrtnntnnkkkkkkkkSM
Ii

i
Ii

imn

1)(5 ����� nntt .■ 

If nn ��  and ii kk ��  for ni ��1 , then the double starlike tree ),...,,;,...,,( 2121 nn kkkkkkS  is called 

symmetric double starlike. Using Corollary 3.9, we get the following formula for the first and 

second Zagreb indices of symmetric double starlike trees. 

Corollary 3.10 Let nkkk ,...,, 21  be positive integers. Set }1,1|{1 ���� ikniiI , 

}2,1|{2 ���� ikniiI  and }3,1|{3 ���� ikniiI  and let tI �1 , rI �2 . The first and second 

Zagreb indices of the symmetric double starlike tree ),...,,;,...,,( 2121 nn kkkkkkS  are given by: 

(i) 28)1(28)),...,,;,...,,((
32

21211 ����� �
�

tnnkkkkkkkSM
IIi

inn
�

,          

(ii) 11016)3(258)),...,,;,...,,(( 2
21212

3

������� �
�

trtnnkkkkkkkSM
Ii

inn . ■ 

3.3 Generalized Bethe trees 

The level of a vertex in a rooted tree is one more than its distance from the root vertex. A 

generalized Bethe tree of k levels, 1�k  is a rooted tree in which vertices at the same level 

have the same degree [19]. Let kB  be a generalized Bethe tree of k levels. For ki ,...,2,1� , we 

denote by 1��ikd  and 1��ikn  the degree of the vertices at the level i of kB  and their number, 

respectively. Also, suppose kk de �  and 1�� ii de  for 1,...,2,1 �� ki . Thus, 11 �d  is the degree 

of the vertices at the level k (pendent vertices) and kd  is the degree of the root vertex. On the 

other hand, 1�kn  is pertaining to the single vertex at the first level, the root vertex. For 

1,...,2,1 �� ki , suppose 1��ik�  denotes the subtree of kB  which is also a generalized Bethe tree 

of 1�� ik  levels and its root is any vertex of the level i  of kB , as shown in Fig. 7 and let

11 K�� . Now consider the subtree of 1��ik� , 1,...,2,1 �� ki  which is isomorphic to the star 

graph 11���ikeS  and choose a numbering for its vertices such that its 1��ike  pendant vertices have 

numbers 1,...,1 ��ike  and its vertex of degree 1��ike  has number 11 ���ike . We can consider the 

generalized Bethe tree 1��ik� , 1,...,2,1 �� ki  as the rooted product of 11���ikeS  by the sequence 

},,...,{ 1

1

K
timese

ikik

ik

�����
��

�� �� , i.e., 

},,...,{ 111

1

1
KS

timese

ikikeik

ik

ik �����
��

�� ����� � ��� , 1,...,2,1 �� ki . 
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Clearly, 1
22 �� eS� , kk B�� . 

 
Fig. 6. A generalized Bethe tree of 4 levels with its subtrees β2, β3, β4. 

Now using Corollary 2.4, we can get the following recurrence relations for the first and 

second Zagreb indices of the generalized Bethe tree 1��ik� , 1,...,2,1 �� ki . 

Corollary 3.11 The first and second Zagreb indices of the generalized Bethe tree 1��ik� ,

1,...,2,1 �� ki  are given by:   

(i) 0)( 11 ��M , )12()()( 111111 ���� ���������� ikikikikikik eeeMeM �� , 11 ��� ki , 

(ii) 2
222 )( eM �� , 11

2
12112 )()( ������������� ��� ikikikikikikikik deedeMeM �� , 21 ��� ki .■ 

Note that the formulae of Corollary 3.11 hold for all 11 ��� ki . So using Corollary 3.11, we 

can get the following explicit relations for computing the first and second Zagreb indices of 

the generalized Bethe tree kB . 

Corollary 3.12 The first and second Zagreb indices of the generalized Bethe tree kB  are 

given by:   

(i) � �
� ��

�
k

i

k

ij
jik edBM

1 1

2
1 )( , 

(ii) ��
��

�

�
���

k

ij
j

k

i
iiik eddeBM

2

1

1
112 )( . ■ 

The ordinary Bethe tree kdB ,  is a rooted tree of k levels whose root vertex has degree d, the 

vertices from levels 2 to 1�k  have degree d + 1, and the vertices at level k  have degree 1, see 

Fig. 8. 

-913-



 
Fig. 7. The ordinary Bethe tree 4,2B . 

Note that kk PB �,1  and 12, �� dd SB . Using Corollary 3.12, we get the following relations for 

computing the first and second Zagreb indices of ordinary Bethe tree kdB , . 

Corollary 3.13 The first and second Zagreb indices of the ordinary Bethe tree kdB ,  are given 

by:   

(i) �
�

�

� ����
3

0

212
,1 )1()(

k

s

sk
kd dddddBM ,  

(ii)

�


�

�

��

�

�
�

�

�

3)1(2

2
)( 3

0

2

2

,2
kifddd

kifd
BM k

s

skd . ■ 

Denote by ),,( nkdC , the unicyclic graph obtained by attaching the root vertex of kdB ,  to the 

vertices of n vertex cycle nC , see Fig. 9. For more information about this graph, see [18]. 

 
Fig. 8. The unicyclic graph )3,4,2(C . 

-914-



It is easy to see that ),,( nkdC  is the cluster of nC  and kdB , . So we can apply Corollary 2.2 and 

then Corollary 3.13, to get the following formulae for the first and second Zagreb indices of 

),,( nkdC . 

Corollary 3.14 The first and second Zagreb indices of ),,( nkdC  are given by:   

(i) �
�

�

� ������
3

0

212
1 )1()1(4)),,((

k

s

sk ddndndnddnnkdCM ,  

(ii)

�


�

�

�����

���
�

�
�

�

3)1(2)463(

2)23(2
)),,(( 3

0

22

2

2 kifddndddn

kifddn
nkdCM k

s

s . ■ 

Denote by ),,( nkdP , the tree obtained by attaching the root vertex of kdB ,  to the vertices of n 

vertex path nP , see Fig. 10. For more information about this classes of trees, see [20]. The 

graph ),,( nkdP can be considered as the bridge graph ),...,,;,...,,( ,,, wwwBBBB kdkdkd , where w 

denotes the root vertex of kdB , . So we can apply Corollary 2.7 and then Corollary 3.13, to get 

the formulae for the first and second Zagreb indices of the tree ),,( nkdP . 

 
Fig. 9. The tree )3,4,2(P . 

Corollary 3.15 The first and second Zagreb indices of ),,( nkdP  are given by:   

(i) �
�

�

� ��������
3

0

212
1 )1(64)1(4)),,((

k

s

sk ddndndndnndnkdPM ,  

(ii) �
�

�

�����
3

0

22
2 )1(4143))2,,((

k

s

sdddddkdPM , and

 


�


�

�

��������

������
�

�
�

�

3)1(252)1)(1(3

28846)12(
)),,(( 3

0

22

2

2 kifddnddndn

kifdnnddn
nkdPM k

s

s . ■ 

Dendrimers are hyperbranched molecules, synthesized by repeatable steps, either by adding 

branching blocks around a central core (thus obtaining a new, larger orbit or generation-the 
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“divergent growth” approach) or by building large branched blocks starting from the 

periphery and then attaching them to the core (the “convergent growth” [21]). Details on 

dendrimers, an important and recently much studied class of nano-materials, and especially on 
their topological properties can be found in the books [22-23] and the references quoted 

therein. A dendrimer tree kdT ,  is a rooted tree such that the degree of its non-pendent vertices 

is equal to d and the distance between the rooted (central) vertex and the pendent vertices is 

equal to k [24], see Fig. 11. So kdT ,  can be considered as a generalized Bethe tree with 1�k  

levels, such that whose non-pendent vertices have equal degrees. Note that 12,2 �� kk PT  and 

11, �� dd ST . Using Corollary 3.12, we get the following relations for the first and second 

Zagreb indices of the dendrimer tree kdT , . 

 
Fig. 10. The dendrimer tree 3,4T . 

Corollary 3.16 The first and second Zagreb indices of the dendrimer tree kdT ,  are given by:   

(i) �
�

�

� �����
2

0

312
,1 )1()1()(

k

s

sk
kd dddddTM , 

(ii) �
�

�

� ����
2

0

312
,2 )1()1()(

k

s

sk
kd ddddTM . ■ 

Now we introduce a class of dendrimers for which Corollary 2.4 is applicable. This molecular 

structure can be seen in some of the dendrimer graphs such as tertiary phosphine dendrimers. 

Let 0D  be the graph of Fig. 12.  

 
Fig. 12.The dendrimer graph D0. 
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For positive integers d  and k , suppose kdD ,  be a series of dendrimer graphs obtained by 

attaching d  pendent vertices to each pendent vertex of 1, �kdD  and set 00, DDd � . Some 

examples of this class of dendrimer graphs are shown in Fig. 13 and Fig. 14.  

 
Fig. 13. Dendrimer graph kD ,1 . 

 

Fig. 14. Dendrimer graphs kdD , , for d=2, k=1,2,3. 

It is easy to check that, 42)( 01 �DM  and 45)( 02 �DM . Choose a numbering for vertices of 

0D  such that its pendant vertices have numbers 3,2,1  and its non-pendant vertices have 

numbers 9,...,5,4 . It is easy to see that, kdD ,  is the rooted product of 0D  by the sequence

},...,,,,,{
6

1111,1,1, �������
times

kdkdkd KKKBBB ��� . So by Corollary 2.4, we can get the following relations for 

the first and second Zagreb indices of the dendrimer graph kdD , , 1�k . 
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Corollary 3.17 The first and second Zagreb indices of the dendrimer graph kdD , , 1�k  are 

given by:   

(i) �
�

�

���
1

0
,1 )3(342)(

k

s

s
kd dddDM , 

 

(ii) �
�

�

�����
2

0

22
,2 )1(645123)(

k

s

s
kd dddddDM . ■ 
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