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Abstract

Bounds for the incidence energy of connected bipartite graphs were recently reported. We
now extend these results to connected non-bipartite graphs. In addition, these bounds are
generalized so as to apply to the sum of a-th powers of signless Laplacian eigenvalues, for any
real .

1 Introduction

The energy of a graph is defined as the sum of the absolute values of the eigenvalues of its
adjacency matrix [14]. After the great success of this concept [15,20,27], the natural idea
was to extend it to other matrices. The first such attempt was to conceive the “energy”
of the Laplacian matrix [22,44], followed by a plethora of other “graph energies” [16,27].
A significant step forward in the theory of these novel “graph energies” was made by
Nikiforov [33]. According to Nikiforov, the energy of any matrix is equal to the sum of
singular values of this matrix.

Recall that the singular values of a (real) matrix M are equal to the positive square
roots of the eigenvalues of M M . In particular, the ordinary graph energy coincides with

the energy of the adjacency matrix, whereas the Laplacian energy of an (n, m)-graph G is
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the energy of the matrix L(G) — (2m/n) I,,, where L(G) and I,, are the Laplacian matrix

of G and the unit matrix of order n.

The first non-trivial matrix energy defined via singular values was the incidence energy

[24], namely the energy of the vertex—edge incidence matrix.

Let I(G) be the vertex—edge incidence matrix of the graph G. For a graph G with
vertex set V(G) = {v1,vq,...,0,} and edge set E(G) = {e1,ea,...,ey,}, the (i, j)-entry
of I(G) is equal to 1 if the vertex v; is incident to the edge e;, and is zero otherwise. Let
&1, &, ..., & be the singular values of I(G). Then the incidence energy of the graph G is
defined as [24]

IE=TEG) =Y & .
i=1

Some basic properties of the incidence energy were established in [18,19,24,37,38,42].

It was soon recognized [18] that the incidence energy is intimately related with the
eigenvalues of the Laplacian and signless Laplacian matrices. Therefore, for the con-
siderations that follow, we need to define these matrices and recall their main spectral
properties [8-11,31,32].

Let G be a simple connected graph with n vertices and m edges and vertex set V(G) =
{v1,v2,...,0,}. For v; € V(G), the degree of the vertex v;, denoted by d;, is the number

of vertices adjacent to v; .
The Laplacian matriz of the graph G is defined as L(G) = D(G) — A(G), where A(G)

is the (0,1)-adjacency matrix of G, and D(G) the diagonal matrix of the vertex degrees.
The eigenvalues of L(G) are said to be the Laplacian eigenvalues of G and will be denoted
by gy > pe > -+ > p, . It is well known that p,, = 0 and that the multiplicity of zero
is equal to the number of connected components of G [13]. The sum of the Laplacian

eigenvalues is equal to 2m. For more details on Laplacian eigenvalues see [31,32].

The signless Laplacian matriz of the graph G is defined as Q(G) = D(G) + A(G) and
its eigenvalues are denoted by ¢; > qo > -+ > ¢, . The signless Laplacian eigenvalues are
real non-negative numbers. Their sum is also equal to 2m. For more details on signless
Laplacian eigenvalues see [8-11].

As well known in graph theory, I(G) I(G)T = Q(G). From this identity it immediately
follows [18]

TE(G) = Vi - (1)

Independently of, and somewhat earlier than, the introduction of the incidence energy
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concept, Liu and Liu [29] considered the quantity LEL defined as
LEL = LEL(G) =Y _ i
i=1

and named it Laplacian—energy like invariant of the graph G. The authors of [29] believed
that LEL has properties analogous to the Laplacian energy, but it was later found [23] that
it is much more similar to the ordinary graph energy. For survey and more information
on LEL see [28].

For the present considerations, it is important that because for bipartite graphs the
Laplacian and signless Laplacian eigenvalues coincide [8,31,32], for bipartite graphs LEL
is equal to the incidence energy [18].

In the present work we obtain some new estimates of the incidence energy. However,
we will be able to establish more general results, of which the incidence-energy results
are straightforward special cases. The details of this generalized approach are outlined in

the subsequent section.

2 Sum of powers of Laplacian and signless
Laplacian eigenvalues

Let a be a real number. In order to avoid trivialities, we may require that a # 0 and
a # 1. For a connected graph G, several authors [1,5,30,36,40,41,45] considered the sum

of the a-th powers of the non-zero Laplacian eigenvalues,
n—1
Oaq = Ua(G) = ZN? . (2)
i=1

The cases a« = 0 and o = 1 are trivial as 0¢o(G) = n — 1 and 0,(G) = 2m. Note that
o1/ = LEL.

Some properties of oy were established in [25]. The author of [25], fully unjustified,
referred to o9(G) as to the Laplacian energy of the graph G. In fact, o9 is just the second
Laplacian spectral moment, and its dependence on the structure of the graph G is trivially
simple.

Tt is worth noting that for a connected graph G with n vertices, no_1(G) is equal to
the Kirchhoff index, an invariant having extensive applications in the theory of electric

circuits, probabilistic theory, and chemistry [2-4,12,21, 35].
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The graph invariant o, and especially its estimates were much studied in the literature.
For instance, Zhou established bounds of o, and also discussed further properties for oo
and o5 [40]. The results obtained in [40] were eventually improved [30,36]. More bounds
on o, are found in [1,41,45]. In [45] lower and upper bounds for incidence energy and
lower bounds for Kirchhoff index and Laplacian Estrada index of bipartite graphs were
also deduced.

Our main concern in this paper is the sum
n
sa=5a(G) =) _at
i=1

which is just the signless-Laplacian variant of Eq. (2). Also the sum of the a-th powers of
the signless Laplacian eigenvalues was studied in the literature [1,26], but to a somewhat
lesser extent than o, .

The author of the paper [26] named s, “a-incidence energy”, because its special case
for v = 1/2 coincides with IE, cf. Eq. (1). This name for s, is certainly not adequate,
and “sum of powers of the signless Laplacian eigenvalues” should be preferred [1]. For the
case when « is a positive integer, the name “signless Laplacian spectral moment” would

be justified.

Formally speaking, s, would be the “energy” of the signless Laplacian matrix raised
to the power of . However, Nikiforov’s matrix—energy concept [33] is purposeful only for
square and symmetric matrices whose trace (sum of diagonal entries) is zero.!

Returning to the sum of powers of signless Laplacian eigenvalues, we first note that
the cases @ = 0 and a = 1 are trivial as so(G) = n and s1(G) = 2m, respectively.
Evidently, s1/2(G) is equal to the incidence energy of G. Note further that o, (G) and
$4(G) coincide in the case of bipartite graphs. This is an immediate consequence of the

well known fact that the Laplacian and signless Laplacian eigenvalues of bipartite graphs

coincide [8,31,32]. Some bounds for s,(G) were established in [26].

The rest of the paper is organized in the following way. In Section 3, we give some
useful lemmas that will be used later. In Section 4, we present some lower and upper

bound on s,(G) for a connected graph G' and show that some of our results improve the

'Recall that the “Laplacian energy” of an (n,m)-graph G is not the energy of the Laplacian matrix
L(G), but of the modified matrix L(G) — (2m/n)1,. The trace of the signless Laplacian matrix Q(G)
is 2m. Therefore, the consistent definition of “a-incidence energy” would be the energy of the matrix
Q(G)* — (2m/n)*1,. The present authors hope that nobody ever would endeavor to examine this
awkward and ill-conceived “graph energy”.
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results obtained in [26]. These results yield, as immediate special cases, estimates for the

incidence energy.

3 Lemmas

Let Zg(G) be the first Zagreb index of a graph G, defined as the sum of squares of the
vertex degrees of G [17,34]. Let £L(G) denote the line graph of the graph G and let G x G
be the Cartesian product of the graphs G and G [7]. We now introduce an auxiliary

quantity for a graph G as

1 =
T=7(G) =3 [A+6+\/(Afo)2+4A] (3)
where A and 0 are the maximum and the minimum vertex degree of G, respectively.

Lemma 3.1. ([10]) Let G be a connected non-bipartite graph with n vertices and signless

Laplacian eigenvalues ¢ > qa > -+ > q, . Then

026G x Ky)
E‘b = 715(6')

where t(G) and t(G x K3) are the number of spanning trees of G and G x K , respectively.

Lemma 3.2. ([42,43]) Let G be a graph with at least two edges. Then

Zg(G)

m

G =
with equality if and only if L(G) is regqular.

Lemma 3.3. ([6,39]) Let G be a connected graph with n > 3 vertices and let A be the

mazimum vertex degree of G. Then
n>T>A+1
with either equalities if and only if G is a star graph K ,_ .

Lemma 3.4. ([8]) Let G be a connected graph with diameter d. If G has exactly k distinct

signless Laplacian eigenvalues, then d +1 < k.
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4 Main Results
Theorem 4.1. Let G be a connected graph with n vertices, m edges, Zagreb index Zg(G),
and t(G) spanning trees. If G is bipartite, then

Zg(G) nmt(Q) 1/@n=2)
B0 (1)

1E(G) > 74

(4)
with equality if and only if G = K,y or (provided n is even) G = Ky /3,2 -
If G is non-bipartite, then

18 > /249 4 ) (M) 1/(2n-1))

m Zg(G)H(G) ®)

with equality if and only if G = K, .

The inequality (4) was earlier established by Zhou and Ili¢ [45], whereas (5) is stated
here for the first time.

Instead of proving Theorem 4.1, we demonstrate the validity of a more general result,

from which Theorem 4.1 follows as an immediate special case for o« = 1/2.

Theorem 4.2. Let G be a connected graph with n > 3 wvertices, m edges, Zagreb index
Zg(G), and t(G) spanning trees. Let o be a real number. If G is bipartite, then

with equality if and only if G = Ky, or (provided n is even) G = Ky 25/ -
If G is non-bipartite, then

29(G)\" 2m (G x k)|
5a(G) = (T) +n-1) (W) "

with equality if and only if G = K, .
Proof. Inequality (6) has been obtained by Zhou and Ili¢ [45]. Therefore, its proof will

be omitted.

Using Lemma 3.1 and the arithmetic-geometric mean inequality, we obtain

V(n-1)
+qu > g+ (n—1) <HQ>

sa(G)

2(G % KQ))"“”*“

ﬁ+“‘”(w®m
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with equality if and only if ¢o = -+ = ¢, .

Consider now the following function:
2(G x K,)\
fl@)=a"+(n—1) (7( ”)

tG)x

1/n
It is easy to see that f(x) is increasing for x > <2t(GXI(2)) for both a@ > 0 and o < 0.

Q)
By Lemma 3.2 and the Cauchy—Schwarz inequality, we have [42]
Zg(G Zg(G 2
o> 290G S, [20G)  2m
m n n

Using the arithmetic-geometric inequality and Lemma 3.1, we get

n n 1/n 1/n
om 1 %(G x K>)
—— E > | I . === .
nooon h= (il qz) < t(@) )

Therefore
Z9(G) Zg(G)\* 2mt(G x Ky)\ ™"
(G) > = —q (BB X B2 ‘
@21 (42) = (52) + 00 (g
Hence (7) follows. Equality holds in (7) if and only if ¢; = Zg(G)/m and ¢o = -+ = g, .

Suppose that the equality holds in (7). Then by Lemma 3.2, we get that £(G) is
regular. Note further that ¢ > ¢» = -+ = ¢, otherwise we would have that ¢ =
2m/n < 2+/Zg(G)/n < Zg(G)/m, which is a contradiction. Thus, G has exactly two
distinct signless Laplacian eigenvalues. Then, by Lemma 3.4, we conclude that G = K, .

Conversely, it can be easily verified that the equality holds in (7) for the complete
graph K, . O

Setting v = 1/2 into the inequalities (6) and (7), we readily arrive at the inequalities
(4) and (5) for the incidence energy.

The following results were given by Zhou and Ili¢ in [45].
Theorem 4.3. Let G be a connected bipartite graph with n > 3 vertices and m edges.
(i) If « <0 or a > 1, then

(ii) If 0 < v < 1, then
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Equality in both (8) and (9) occurs if and only if G = Kj,-1 or (provided n is even)
G= Kn/2,n/2 .

(i11) As a special case of (9) for a =1/2,

027D 1 fin 2 (am - 229 10

Theorem 4.4. Let G be a connected non-bipartite graph with n > 3 vertices and m edges.

(i) If « <0 or a> 1, then

ZQ(G))Q+ (Q*m—%?))a (11)

m (n— 1)1

sa(G) = (

(it) If 0 < ae < 1, then

z9@)\*
Zg(G) “ (2m T m )
< 1
(@) = (F19) (12)
Equality in both (11) and (12) occurs if and only if G = K, .

Proof. Note that x® is convex when > 0 and o < 0 or a > 1. Therefore we get

n 1 o n 1 .
(Zn—lqi> Szn_lqi

=2 =2

Sz e (0]

with equality if and only if go = --- = ¢,,. Then

(2m — q)*
o(G) > E i = —
50(G) = g + n—l ( Q> =+ (n—l)"“l
Consider the auxiliary function

(2m — )~

g(x) =2 + (n =TT

and note that it is increasing for > 2m/n, see [26]. By Lemma 3.2, and bearing in mind

that ¢1 > Zg(G)/m > 2/ Zg(G)/n > 2m/n, we get

i (#52) - (212) =)

m m (n—1)a-t
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for « < 0 or @ > 1. Hence (11) follows.
Now we consider the case of 0 < o < 1. Note that x® is concave when x > 0 and

0 <a<1. Thus

with equality if and only if g =--- =g, .

Note that g(z) is decreasing for @ > 2m/n, see [26]. Then, by a parallel argument as
above, we can prove (12).

For connected non-bipartite connected graphs, either equality in (11) or (12) holds if
and only if ¢ = Zg(G)/m and g3 = - - - = q,, . Then, by using similar arguments as in the
proof of Theorem 4.2, we conclude that G = K, . O

For o = 1/2, Theorem 4.4 yields the following corollary.

Corollary 4.5. Let G be a connected non-bipartite graph with n > 3 vertices and m edges.

Then
150) <729 4 a1 (2m - 229) 19

with equality if and only if G = K, .

In view of (10), the inequality (13) holds also for bipartite graphs, which then coincides
with Proposition 1 in [42].

Theorem 4.6. ([26]) Let G be a connected graph with n > 3 vertices and m edges. Let
a#0,1. Then the following holds:
(i) If « <0 or a > 1, then

o (2m—2y/@)"
5a(G) > (2 Zg(G)) +( ) (14)

n (n _ 1)(1—1
with equality if and only if G = K, .

(ii) If 0 < v < 1, then

a (2m72 —Z“G))a
(15)

+
n (TL B 1)(1—1

0(C) < (2 Zg<G>)

with equality if and only if G = K, .
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Remark 4.7. From the proof of Theorem 4.4, we conclude that if « < 0 or a > 1, then
the lower bound (11) is better than the lower bound (14) and if 0 < « < 1, then the
upper bound (12) is better than the upper bound (15). Thus our Theorem 4.4 provides an
improvement of Rao Li’s Theorem 4.6.

Theorem 4.8. Let G be a connected graph with n > 3 vertices. If G is bipartite, then
nt(G) ) 1/(2(n-2))

IE(G) > VT + (n—2) ( T
with equality if and only if G = Ky 1 .
If G is non-bipartite, then

IE(G) > VT + (n—1) (M)u(z(n,l))

tG)T

Proof. Theorem 4.8 is an immediate special case of the below Theorem 4.9, obtained by
setting av = 1/2. O
Theorem 4.9. Let G be a connected graph with n > 3 vertices and let the parameter T

be given by Eq. (3). Let « be a real number. If G is bipartite, then

a/(n-2)
t
5262 T+ (a2 (") (16)
with equality if and only if G = Ky, .
If G is non-bipartite, then
. 2(G x )\ Y
50(G) > T+ (n 1)( OT ) (17)

Proof. Inequality (16) was earlier communicated in [5].

By Lemma 33, ¢y > T > 1+ A > A > 2m/n > (%)Un. Thus by similar
arguments as in the proof of Theorem 4.2, we get that s,(G) > f(T). Then (17) follows
and the equality holds in (17) if and only if g =T and ga = -+ = ¢q;, .

The condition ¢s = - -+ = ¢, would imply that G = K,,. However, ¢(K,,) is equal to
2n — 2, which differs from T(K,) = n — 1 + v/n — 1. Thus we conclude that (17) cannot
become an equality.

This completes the proof of the theorem. O
Theorem 4.10. Let G be a connected bipartite graph with n > 3 vertices and m edges.
(i) If « <0 or a> 1, then

(2m —T)~

54(Q) 2T“+m .

(18)
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(ii) If 0 < o < 1, then
(2m —T)~

W(G) < T+ ———— . 19
N e (19)
Equality in both (18) and (19) occurs if and only if G = K 1 .
Let G be a connected non-bipartite graph with n > 3 vertices and m edges.
(iti) If « <0 or > 1, then
(2m—-T)~
s T+ ——— . 2
() > T+ 1y (20)
() If 0 < a < 1, then
(2m —T)*
W (G) < To 4 22/ 21
s54(G) < +(n71)a—1 (21)

Proof. Inequalities (18) and (19) was previously proven in [5].

By Lemma 3.3, we have ¢ > T > 1+ A > A > 2m/n. Thus by similar arguments as
in the proof of Theorem 4.4, we get that s,(G) > ¢(T') for &« < 0 or a > 1. Then (20)
follows.

From the proof of Theorem 4.4, we also obtain s,(G) < g(T') for 0 < a < 1 and then
(21) follows.

Either equality in (20) or (21) holds if and only if ¢ = T and ¢ = -+ = ¢,. By
similar arguments as in the proof of Theorem 4.9, we conclude that the above inequalities

cannot become equalities. O

From Theorem 4.10, we also have the following sharp upper bound for the incidence

energy of connected graphs.

Corollary 4.11. Let G be a connected graph with n > 3 vertices and m edges. If G is
bipartite, then

IE(G) < VT ++/(n—2)(2m —T)

with equality if and only if G = Ky, . If G is non-bipartite, then

TE(G) < VT ++/(n—1)2m —T) .

Rao Li [26] obtained also the following result:
Theorem 4.12. ([26]) Let G be a connected graph with n > 3 vertices, m edges, and
mazimum vertex degree A. Let o # 0,1. Then the following holds:
(i) If « <0 or a > 1, then
2m—1—-A)"

Sa(G) > (1+A)Q+W .

(22)
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(it) If 0 < oo < 1, then
2m—1-A)"

5(G) < (48 + s

(23)

Remark 4.13. From the proof of Theorem 4.10, we conclude that if « < 0 or o > 1,
then the lower bound (20) is better than the lower bound (22) and if 0 < o < 1, then the
upper bound (21) is better than the upper bound (23). Thus our Theorem 4.10 provides

an improvement of Rao Li’s Theorem 4.12 for the case of non-bipartite graphs.
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Science and Education, through grant no. 174033. This paper was completed during a

visit of the first author to the second author.

Note added in proof: After the completion of this paper, the article M. Liu, B. Liu,
On sum of powers of the signless Laplacian eigenvalues of graphs, Hacettepe J. Math.
Stat. 41 (2012) 527-536 came to our attention. In it some results identical to ours are

communicated.

References

[1] S. Akbari, E. Ghorbani, J. H. Koolen, M. R. Oboudi, On sum of powers of the
Laplacian and signless Laplacian eigenvalues of graphs, El. J. Comb. 17 (2010) R115.

[2] B. Arsi¢, I. Gutman, K. C. Das, K. Xu, Relations between Kirchhoff index and
Laplacian—energy-like invariant, Bull. Acad. Serbe Sci. Arts (Cl. Sci. Math. Natur.)
144 (2012) 59-70.

[3] E. Bendito, A. Carmona, A. M. Encinas, J. M. Gesto, A formula for the Kirchhoff
index, Int. J. Quantum Chem. 108 (2008) 1200-1206.

[4] E. Bendito, A. Carmona, A. M. Encinas, J. M. Gesto, M. Mitjana, Kirchhoff indexes
of a network, Lin. Algebra Appl. 432 (2010) 2278-2292.

[5] S. B. Bozkurt, D. Bozkurt, On the sum of powers of Laplacian eigenvalues of bipartite
graphs, submitted for publication.

[6] Y. Chen, L. Wang, Sharp bounds for the largest eigenvalue of the signless Laplacian
of a graph, Lin. Algebra Appl. 433 (2010) 908-913.

[7] D. Cvetkovi¢, M. Doob, H. Sachs, Spectra of Graphs — Theory and Application,
Academic Press, New York, 1980.

[8] D. Cvetkovi¢, P. Rowlinson, S. Simié, Signless Laplacian of finite graphs, Lin. Algebra
Appl. 423 (2007) 155-171.



9]
0]
]
12]

(13]
(14]

(15]

(16]

(17]

(18]

(19]

[20]

[21]

22]

(23]

[24]

(25]
[26]

-155-

D. Cvetkovi¢, S. Simi¢, Towards a spectral theory of graphs based on the signless
Laplacian, I, Publ. Inst. Math. (Beograd) 85 (2009) 19-33.

D. Cvetkovi¢, S. Simi¢, Towards a spectral theory of graphs based on the signless
Laplacian, II, Lin. Algebra Appl. 432 (2010) 2257-2277.

D. Cvetkovié¢, S. Simié¢, Towards a spectral theory of graphs based on the signless
Laplacian, III, Appl. Anal. Discr. Math. 4 (2010) 156-166.

K. C. Das, K. Xu, I. Gutman, Comparison between Kirchhoff index and the
Laplacian—energy-like invariant, Lin. Algebra Appl. 436 (2012) 3661-3671.
M. Fiedler, Algebraic connectivity of graphs, Czech. Math. J. 23 (1973) 298-305.

[. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. Forschungsz. Graz 103
(1978) 1-22.

I. Gutman, The energy of a graph: old and new results, in: A. Betten, A. Kohnert, R.
Laue, A. Wassermann (Eds.), Algebraic Combinatorics and Applications, Springer,
Berlin, 2001, pp. 196-211.

I. Gutman, Comparative studies of graph energies, Bull. Acad. Serbe Sci. Arts (CL
Sci. Math. Natur.) 144 (2012) 1-17.

1. Gutman, K. C. Das, The first Zagreb index 30 years after, MATCH Commun.
Math. Comput. Chem. 50 (2004) 83-92.

1. Gutman, D. Kiani, M. Mirzakhah, On incidence energy of graphs, MATCH Com-
mun. Math. Comput. Chem. 62 (2009) 573-580.

I. Gutman, D. Kiani, M. Mirzakhah, B. Zhou, On incidence energy of a graph, Lin.
Algebra Appl. 431 (2009) 1223-1233.

I. Gutman, X. Li, J. Zhang, Graph energy, in: M. Dehmer, F. Emmert-Streib (Eds.),
Analysis of Complex Networks — From Biology to Linguistics, Wiley-VCH, Wein-
heim, 2009, pp. 145-174.

[. Gutman, B. Mohar, The quasi-Wiener and the Kirchhoff indices coincide, J. Chem.
Inf. Comput. Sci. 36 (1996) 982-945.

I. Gutman, B. Zhou, Laplacian energy of a graph, Lin. Algebra Appl. 414 (2006)
29-37.

[. Gutman, B. Zhou, B. Furtula, The Laplacian-energy like invariant is an energy
like invariant, MATCH Commun. Math. Comput. Chem. 64 (2010) 85-96.

M. Jooyandeh, D. Kiani, M. Mirzakhah, Incidence energy of a graph, MATCH Com-
mun. Math. Comput. Chem. 62 (2009) 561-572.

M. Lazi¢, On the Laplacian energy of a graph, Czech. Math. J. 56 (2006) 1207-1213.

R. Li, On a-incidence energy and a-distance energy of a graph, Ars Combin., in
press.



-156-

[27] X. Li, Y. Shi, I. Gutman, Graph Energy, Springer, New York, 2012.

[28] B. Liu, Y. Huang, Z. You, A survey on the Laplacian-energy like invariant, MATCH
Commun. Math. Comput. Chem. 66 (2011) 713-730.

[29] J. Liu, B. Liu, A Laplacian—energy like invariant of a graph, MATCH Commun.
Math. Comput. Chem. 59 (2008) 355-372.

[30] M. Liu, B. Liu, A note on sum of powers of the Laplacian eigenvalues of graphs,
Appl. Math. Lett. 24 (2011) 249-252.

[31] R. Merris, Laplacian matrices of graphs — A survey, Lin. Algebra Appl. 197 (1994)
143-176.
[32] R. Merris, A survey of graph Laplacians, Lin. Multilin. Algebra 39 (1995) 19-31.

[33] V. Nikiforov, The energy of graphs and matrices, J. Math. Anal. Appl. 326 (2007)
1472-1475.

[34] S. Nikoli¢, G. Kovacevi¢, A. Milicevi¢, N. Trinajsti¢, The Zagreb indices 30 years
after, Croat. Chem. Acta 76 (2003) 113-124.

[35] J. Palacios, Foster’s formulas, probability and the Kirchhoff index, Methodol. Com-
put. Appl. Probob. 6 (2004) 381-387.

[36] G. X. Tian, T. Z. Huang, B. Zhou, A note on sum of powers of the Laplacian
eigenvalues of bipartite graphs, Lin. Algebra Appl. 430 (2009) 2503-2510.

[37] Z. Tong, Y. Hou, On incidence energy of trees, MATCH Commun. Math. Comput.
Chem. 66 (2011) 977-984.

[38] J. Zhang, J. Li, New results on the incidence energy of graphs, MATCH Commun.
Math. Comput. Chem. 68 (2012) 777-803.

[39] Y. Zhang, X. Liu, B. Zhang, X. Yong, The lollipop graph is determined by its Q-
spectrum, Discr. Math. 309 (2009) 3364-3369.

[40] B. Zhou, On sum of powers of the Laplacian eigenvalues of graphs, Lin. Algebra Appl.
429 (2008) 2239-2246.

[41] B. Zhou, On sum of powers of Laplacian eigenvalues and Laplacian Estrada index of
graphs, MATCH Commun. Math. Comput. Chem. 62 (2009) 611-619.

[42] B. Zhou, More upper bounds for the incidence energy, MATCH Commun. Math.
Comput. Chem. 64 (2010) 123-128.

[43] B. Zhou, Signless Laplacian spectral radius and hamiltonicity, Lin. Algebra Appl.
432 (2010) 566-570.

[44] B. Zhou, I. Gutman, On Laplacian energy of graphs, MATCH Commun. Math. Com-
put. Chem. 57 (2007) 211-220.

[45] B. Zhou, A. Ili¢, On the sum of powers of Laplacian eigenvalues of bipartite graphs,
Czech. Math. J. 60 (2010) 1161-1169.



