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Abstract

Let G1 = (V1, Eq) and G = (Va, E2) be two graphs with disjoint vertex sets V; and Va.
Let uy € Vi and ug € V. The bridge graph of these two graphs with respect to uy and g is
the graph whose vertex set is V1 UV, and edge set Ey U EyU{e = ujug}, where e = ujus is a
new edge. In this paper we calculate the Szeged, edge-Szeged, PI, vertex-PI and eccentric
connectivity indices of bridge graphs.

1. Introduction

Let G = (V,E) be a simple graph with V' and E being its vertex and edge
sets, respectively. Graph theory has successfully provided chemists with a variety
of useful tools [1,2], among which are the topological indices or molecular—graph—
based structure descriptors [3,4]. In this paper we are concerned with five of these

topological indices, that recently attracted much attention and found noteworthy

chemical applications.
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All graphs considered in this paper are assumed to be simple, undirected, without
weighted edges, and connected.

The Szeged index of a graph G is denoted by Sz(G) and defined as [5]

Sz =8z(G) = Z nu(e)ny(e) . (1)
e=uv

Here the sum is taken over all edges of G, and for a given edge e = wv, the quantity
ny,(e) denotes the number of vertices closer to u than to v, and the quantity n,(e) is
defined analogously. For more details on the Szeged index see the review [6] and the
references cited therein.

Denote by dg(x,y) the distance (= number of edges in a shortest path) between

the vertices x and y of the graph G. Then we can define the sets
N(e,u,G) = {x € V(G) | da(w,u) < dg(z, v)}
and
N(e,v,G) = {r € V(G)|dg(z,v) < d(;(:c,u)}

by means of which we have:
nu(e) = ny(e,G) = ’N(e,u, G)‘ and ny(e) = ny(e,G) = ’N(e,v,G)‘ .

It is obvious that an end-vertex of any edge is closer to itself than to the other
end-vertex of that edge. Therefore the product n,(e)n,(e) is always positive.

The edge-Szeged index is obtained by replacing n,(e)n,(e) in Eq. (1) by
my(e)my(e), where m,(e) is the number of edges in G whose distance to vertex
u is smaller than the distance to vertex v, and m,(e) is defined analogously. Hence

the edge version of the Szeged index is given by [7]
Sz = 5z.(G) = Z my(e) my(e) .

We recall that the distance between the edge f = zy and the vertex w in the graph
G, denoted by dg(f,u), is define as dg(f,u) = min {dg(ac7 u), d)G(y, u)} . We can

now introduce the sets

M(e,u,G) = {f € B(Q) | da(f,u) < da(f. v)}
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and
Mfe,v,G) = {f € B(G)|da(f.v) < da(f,u) }

by means of which we have:

Me,u, G)‘ and my(e) = my(e,G) =

my(e) = my(e,G) = ]W(e,uG)‘ .

If instead of multiplicative contributions n,(e) n,(e) and m,(e) m,(¢e), we consider
their additive versions, n,(e) + n,(e) and my(e) + m,(e), then we obtain the vertex—
and the edge-PI indices, respectively.!

The edge-PI index is defined as [8]

PL =PL(G)= [mu(e) n mv(e)] .

e=uv
Since this edge version was introduced first, the subscript e is usually omitted and
the index is referred to simply as P/ index. More details on the PI index are found
in the review [9] and the references cited therein.

The vertex-PI index seems to was first considered by Khalifeh et al. [10] and is

defined as
PI, = PL(G)= Y [nu(e) + nv(e)} .

e=uv

The eccentric connectivity index of the graph G is defined as [11]
Ecc = Ecc(G) = Z deg(u) e(u) (2)
ueV
where for a given vertex w, its eccentricity e(u) is the greatest distance between u
and any other vertex of G. The maximum eccentricity over all vertices of G' is called
the diameter of G whereas the minimum eccentricity among the vertices of G is the
radius of G. The set of vertices whose eccentricity is equal to the radius of G is called
the center of G. It is well known that each tree has either one or two vertices in its
center.
The aim of this article is to contribute to the theory of the above described five
topological indices by showing how these can be computed in the case of bridge

graphs.

The acronym PI comes from Padmakar and Ivan. Whereas Padmakar is the first name of P.
V. Khadikar, the inventor of the PI index [8], Ivan comes from the first name of one of the present
authors, whose contribution to the discovery of the PI index was nil.
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Suppose that Gy = (Vi, Ey) and Gy = (Va, Ey) are two graphs with disjoint vertex
sets. Let uy € Vi and uy € V4 be given vertices of Gy and G, respectively. The
bridge graph of these two graphs with respect to u; and wug, denoted by B =
B(G4, Ga,ug,us), is defined as the graph with vertex set V' = V; U V; and edge set
E = FE1U Ey U {e = ujus}, where e = ujus is a new edge connecting the vertices uy

and us , see Fig. 1.

Usg

Fig. 1. The bridge graph B(G1, Ga,u1, us) and the labeling of its structural details.

2. Main Results

In this section, we compute the Szeged, edge-Szeged, edge-PI, vertex-PI, and
eccentric connectivity indices of the above described bridge graph. We first introduce

the following structural parameters of B = B(G1, Ga,u1,uz). Let i = 1,2 and f =

2y € E;, and
n() = [N G| L) = N G
n(f)=|N(f.2B)| o ny() =[N (L. B)|
() = ML, G|, i) = | M1y, G
ma(f) = [M(f2 B my(h) =M1y B)|
In addition, for a given vertex u € V(B), let £1(u) be the eccentricity of u as a vertex

of Gy, e2(u) the eccentricity of u as a vertex of G, and £(u) the eccentricity of u as

a vertex of the bridge graph B.
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Proposition 1. Assume that f = xy € E; .
(i) If vy € N(f,x,G), then

na(f) = np () + Vel oy (f) = my(f)
ma(f) =m,(f) +1Bl+1 . my(f) =my(f) .

(”) ]f dGl (’U,hI) = dGl (uh y)7 then

na(f) =ng(f) o ny(f) =ny(f)
ma(f) =my(f) o my(f) =my(f) .

Analogous relations hold if f = xy € Fs.

Proof is easy and is left to the reader.

In order to verify the following propositions we need some preparations.

i=1,2, let

Si={f=ay € Bldo(v,w) = de(yu)} . T=E\Si , =T

In addition, for f = xy € FE; define
n(f) it de,(z,w) > d, (y, w)
n'(f) =19 ni(f) it de,(x,w) < da,(y, ui)
0 it de,(z,u;) = de, (y, u;)

and ) .
()it de(zw) > de,(y, wi)

m
m'(f)=9q my(f) it de(,w) < de,(y,w)
0 it de(z,w) =de,(y,w) -
Proposition 2.

Sz(B) = Sz(Gi)+ Sz(Ga)

+ Wl D> Rl H+ ML DD n) + Vil VAl

f=zyek f=zyeE>

For
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Proof.

SZ(B) = Z ni(f)ny(f)"' Z n&v(f)ny(f)"’nm(e)nuz(e)

f=zyekE, f=zyelbs

oo+ D Valn'(f)

f=zyek, f=zyeby

+ ) mN e+ D Vi) + Vil [Vl -

f=xycE> f=zyecbs

Because for i = 1,2,

Z nk(f)ny(f) = Sz(Gy)

f=zy€E;

from Eq. (3) we directly obtain Proposition 2. |

Proposition 3.

Sze(B) = Sz(Gi) + Sz.(Gs)

+ (1Bl +1) Y m' D+ B+ Y mP(f) + BB .

[=zyeE f=xyeEy

Proof.

Sz(B) = Z ma(f) my(f) + Z ma(f) my(f) + ma, (€) mu, (€)

f=zyeE; f=zycEy

Y. o mHmy(H+ Y (El+1)mi(f)

f=xyeEy f=axyeEy
+ Y mOmiN+ Y (B +1)mA(f) + BB -
f=zy€E> f=zy€Es

Because for ¢ = 1,2,

> mi(f)ymi(f) = Sz(Gi)

f=zyeE;

from Eq. (4) we directly obtain Proposition 3. |

Proposition 4.

PI,(B) = PI,(G1) + PL,(G2) + (t2 + 1)[Vi| + (t1 + 1)|Va] .
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Proof.

PI,(B) S el +ny (D4 D alf) +ny(f)]

f=wyeTr f=azyes:

+ Z [ (f) + my( Z [na(f) + 1y ()] + [P (€) + My (€)]

f=zyeT> f=zy€eSs

= > O+ WVal+ny (Dl + D e+ ()]

+ fZ 2(f) + Vil +n2()] + fZ [2(f) +n2(H)] + (V] + [Va])
= fZ [PA(F) + ny ()] +ta [Val + fZ mL(f) +nb(f)]

+ fZ [n2(f) +ny ()] + 2 [VA] + fZ 2(f) +n2(f)]

+ (1l + WD) - (5)

Because for i = 1,2,

Yo ) Fny(N+ D ) +n(Hl= Y RS

f=zy€eT; f=xyes; f=zyEeE;

from Eq. (5) we directly obtain Proposition 4. |

Proposition 5.

+ny(f)] = PL(G)

PI(B) = PI(G)) + PI(G3) + (t2 + D)|E1| + (61 + 1)|Ea| + (61 + ta) -

Proof.

PI(B)

Il
]
T

O +my(D+ D [ma(f) +my(f)]

f=xyen f=zyeSr

S ) m Dl Ia() 4 my (D] () + mau(©)]

f=xyeTs f=ay€eSs

= > ) +IEl+1+mi(Hl+ D [mi(f) +my(f)]

f=wyen f=zyesr

Y N FIBIF Lm0 [mi(f) + mi(f)]

f=xyeTs f=zy€eSs
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+ (|B1] + | E2])

= > ) +my N+ t(Bl+ D+ D [mi(f)+my(f)]
f=zyeT f=zyesS)

+ > M) +my(N+ BB+ D+ D mi() +mi(f)]
f=zyeT> f=zyeSs

+ (|Ei] + | E) - (6)

Because for 1 = 1, 2,
Y () +my(Dl+ D mb(H)+my(H = D [mi(f)+my(f)] = PI(G,)
[=xy€eT; [=xyesS; f=zyeE,;

from Eq. (6) we directly obtain Proposition 5. |

The next result was earlier communicated in Ref. [12]. We nevertheless repeat it

for the sake of completeness.

Proposition 6. [12]

Ecce(B) = Z degp(x) - max {dgl (z,u1) +ea(ug) + 1, sl(x)}

zeVi
+ Z degp(y) - max {dg2 (y,uz) +e1(ug) + 1, 62(y)} .

yeVa
Proof. Consider a vertex x of the bridge graph B, such that x € Vj. Let z be the
vertex of B whose distance to x is maximal. Thus, e(z) = dp(z, z). If z belongs to the
graph Gy, then e(x) = ¢;(z). If 2 belongs to the graph G, then the distance between
x and z is equal to dg, (z,u1) + 1+ dg, (us, 2), see Fig. 1. In addition, z must be the
vertex at greatest distance from uy. Consequently, e(z) = dg, (x,u1) + ea(uz) + 1.

This means that no matter where the vertex z is located,
g(z) = max {clc;l(yc7 uy) + eo(ug) + 1, 51(90)}

holds for any vertex z € V;. The formula for £(y) in the case when y € V3 is fully
analogous.
Proposition 6 follows now from the definition of the eccentric connectivity index,

Eq. (2). | |
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