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Abstract

The restricted partial-cycle-index (RPCI) method has been developed by starting from
the partial-cycle-index (PCI) method of the unit-subduced-cycle-index (USCI) approach
(S. Fujita, “Symmetry and Combinatorial Enumeration in Chemistry”, Springer-Verlag
(1991)), where enumerated derivatives are generated by means of vertex substitution (mon-
odentate ligands) and/or edge substitution (bidentate ligands) under a restriction condition
that occupation of a common vertex (or occupation of adjacent edges) is avoided. Thus,
restricted partial cycle indices with chirality fittingness (PCI-CFs) are derived from unit
subduced cycle indices with chirality fittingness (USCI-CFs) via restricted subduced cycle
indices with chirality fittingness (SCI-CFs). The resulting restricted PCI-CFs enable us to
enumerate derivatives under the restricted condition in a symmetry-itemized fashion. The
restricted PCI-CFs are further transformed into restricted cycle indices with chirality fit-
tingness (restricted CI-CFs) for gross enumerations of total, achiral, chiral derivatives. A
maple program for the RPCI method is reported as an appendix.
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1 Introduction

The partial-cycle-index (PCI) method [1, 2] is one of the four methods supported by the unit-
subduced-cycle-index (USCI) approach [3, 4], where partial cycle indices without and with
chirality fittingness (PCIs and PCI-CFs) are derived from unit subduced cycle indices with-
out and with chirality fittingness (USCIs and USCI-CFs) via subduced cycle indices without
and with chirality fittingness (SCIs and SCI-CFs) and used to provide generating functions for
symmetry-itemized enumerations.

In Part II of this series, we have extended the fixed-point matrix (FPM) method [57], which
is another method of the USCI approach, so as to be capable of treating restricted cases in which
occupation of a common vertex (by a monodentate ligand and a bidentate ligand) or occupation
of adjacent edges (by two bidentate ligands) is avoided. In the model adopted by the restricted
FPM method (Part II), such restricted cases are considered to stem from interactions between
two or more orbits of vertices and/or edges. Then, superposed occupation at a vertex due to such
interactions is rejected by converting SCI-CFs (or SClIs) into restricted SCI-CFs (or restricted
SClIs), which are used to evaluate a fixed-point matrix (FPM), as formulated in Part II. As a
continuation of Part II, a parallel extension of the PCI method is desirable for the purpose of
expanding facilities of the USCI approach.

In the present paper, the restricted PCI (RPCI) method will be proposed on the basis of the
restricted SCI-CFs described in Part II, where symmetry-itemized enumerations under restricted
conditions can be conducted. Moreover, restricted cycle indices without and with chirality
fittingness (ClIs and CI-CFs) are derived from the restricted PCIs and PCI-CFs, so as to conduct
gross enumerations of total, achiral, and chiral derivatives. Although we have discussed another
version of the RPCI method for treating restricted cases of a slightly different type in Part I of
this series, the consideration of restriction conditions has been based on factorizations of SCI-
CFs (or SCIs), which are not fully systematic from a practical point of view. Hence, the present
RPCI method aims at a more systematic consideration of restriction conditions as a continuation
of the methodology described in Part II.

2 Symmetry-Itemized Restricted Enumerations

2.1 Restricted Partial Cycle Indices With Chirality Fittingness

The subduced cycle index with chirality fittingness (SCI-CF) defined by Def. 19.3 of [3] has
been transformed into the corresponding restricted SCI-CF for the subgroup G (C G) in terms
of Lemma 1 of Part II of this series, i.e., SCI-CF(G_/;$£;:)). The restricted SCI-CF has been
used to evaluate the marks (the numbers of fixed points, pg ;) for restricted enumerations, as
shown in Lemma 2 of Part II. The marks have been collected to form a restricted fixed-point
matrix (FPM), which is in turn multiplied by the inverse mark table of G to give the numbers of
derivatives, as formulated in the FPM method (Part II of this series).

Remember that usual SCI-CFs provide the basis of the FPM method as well as the basis of
the PCI method, as formulated in our monograph [3]. This implies that restricted SCI-CFs are
capable of providing a restricted version of the PCI method, because they have already been
demonstrated as the basis of the restricted FPM method in Part II of this series. As a result, just
as the usual SCI-CFs are transformed into partial cycle indices with chirality fittingness (PCI-
CFs) as shown in Def. 19.6 of [3], the restricted SCI-CFs can be transformed into restricted
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partial cycle indices with chirality fittingness (PCI-CF(G;; $[(,i:))):
Definition 1 (Restricted PCI-CFs) The restricted PCI-CFs are defined as follows:

S
PCI-CF G,,$d’“ Zm,,SCI CF G,,$d’“ ) 0]

fori=1,2,...,s, where the restricted SCI-CF in the right-hand side has been given in Lemma
1 of Part II of this series.

Note that G; is tentatively fixed in the right-hand side of Eq. 1 but covers all of the subgroups
selected from the non-redundant set of subgroups (SSGg) of the group G:

SSGg = {G1(=C1),G2,---,Gi,...,G4(=G)}. @)

The summation Zj-:] in the right-hand side of Eq. 1 is concerned with G, which also covers
all of the subgroups of the SSGg.

The usual PCI-CFs described in Theorem 19.6 of [3] are easily replaced by the restricted
PCI-CFs defined by Def. 1. Thus, the following derivation is traceable by starting from Theorem
1 of Part II:

Y BoWe = Zzpf’jmﬁ% =) ;i) poWe
(0] =1 =
_ v (i0)\ _ B H . 1)
_ Z SCICF(G38,) = PCI-CF(G;;$,2)), 3)

where Lemma 2 of Part II is used to evaluate marks implicitly, i.e., } 9] Po;Wp. The word
“implicitly” is used to show that the equations contained in Lemma 2 of Part II are not been
expanded during the derivation of Eq. 3 but afterward expanded at the step of the last equation.
This delayed expansion provides the same effect as the introduction of inventory functions into
the last equation of Eq. 3. As a result, we reach the following theorem.

Theorem 1 (Enumerations by Restricted PCI-CFs) Generating functions for obtaining the
numbers Bg; of G;-derivatives with weight Wy under the restricted condition are calculated by
the following equations:
Y BoWe =PCI- CF(G,,$d’“ ) @)
6]

fori=1,2,...,s, where the variables $gf) ($ = a,b,c) are substituted by
J

A x|

agy = Y wia(X{ ) 5)
f=1

@ _ W 4

bd/k = Zwia(xf) " ©)
=1

) X] X] () \ /2

e = Zwla D42 ¥ (wialXy (X)) 9
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where the notations succeed Part II and our monograph [3]. Hereafter, the enumeration based
on Theorem 1 is called the restricted PCI (RPCI) method.

To memorize Eq. 1 of Def. 1, let us define the vector of SCI-CFs (SCIV) and the vector of
PCI-CFs (PCIV) as follows:

SCIV =

(SCI-CF(GI;$§§‘>),SCI-CF(G2; $§,i:)), ...,SCI.CF(G ; $§}:))7 ...,SCI.CF(Gy; $§,"/_‘:> ) 8)
PCIV =

(PCI-CF(GI;$£;]f)),PC1-CF(G2; $§,’]fz)), ...,PCI.CF(G; $§;jj)), .. ,PCI-CF(GS;$£;!$))). ©)

Then, Eq. 1 is transformed into the following vector-matrix representation:
PCIV = SCIV x Mg', (10)

where the symbol Mél denotes the inverse mark table of G.

2.2 Restricted Partial Cycle Indices (Without Chirality Fittingness)

Just as the usual PCI-CFs are transformed into PCIs (without chirality fittingness) [3], restricted
PCI-CFs defined by Def. 1 can be degenerated into restricted PCIs (without chirality fitting-
ness) by putting $El’j‘:‘) = sfj/_‘:), ie., a‘(’l:) = CE;J:) = cfjj_‘:) = sgfj). This degeneration means that
the chiralilty/achirality of a (pro)ligand is neglected so that three-dimensional structures are de-
generated into graphs in one extreme. To do this degeneration, the restricted SCI-CFs given in

Lemma 1 of Part II of this series, i.e., SCI—CF(G s $gf)), is degenerated into the restricted SClIs,
J!

ie., W(G f;sftij))v which is used to the following definition in a parallel way to Def. 1:

Definition 2 (Restricted PCIs (without chirality fittingness)) The restricted PCIs are defined
as follows:
W(Gi;sf;f) = Zﬁ-""ﬁ(c j;sg’j_’;‘)) (11)
j=

fori=1,2,...,s, where the restricted SCI in the right-hand side, i.e., W(Gj;sg:)), is derived

from the restricted SCI-CF given in Lemma 1 of Part II of this series by putting $<dif) = SSZ)
J! !
Obviously, W(Gi;sgz)) = PCI-CF(Gi;$Sj(:)), when we place $2,? = s((;:) It follow§ that
Theorem 1 is degenerated into the following theorem by placing $t<il,(:> = St(;,?, ie., afi’:) =
(ia) _ (ia) _ (i«)
Cq, = Cay = Sdy -
Theorem 2 (Enumerations by Restricted PCIs) Generating functions for obtaining the num-
bers By; of G;-derivatives with weight Wy under the restricted condition and without considering

the chirality/achirality of substituents are calculated by the following equations:

Y BoiWe = ﬁ(ci;sgjjf:)) (12)
[6]
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fori=1,2,...,s, where the variable sgf) is substituted by
i
(icx) & (a)\d;
Sy :; Wioc(Xf )ik, (13)
=1

The words “without considering the chirality/achirality of substituents” indicate that Theorem
2 is effective in graph enumerations. The enumeration based on Theorem 2 is also called the
restricted PCI (RPCI) method.

2.3 Illustrative Example
2.3.1 Restricted PCI-CFs for the Trigonal Prismatic Skeleton

The same problem of Part II on counting derivatives of a trigonal prismatic skeleton (1) under
the restricted condition is alternatively solved by using restricted PCI-CFs formulated above:

Consider the vertices and the edges of a trigonal prismatic skeleton (1) as substi-
tution sites. Monodentate ligands (X, p, and p), where X is an achiral ligand and
p/p represents an enantiomeric pair of chiral monodentate ligands, are placed on the
vertices and bidentate ligands (Z’s) are placed on the edges under the restricted con-
dition that no occupation of common vertices (or no occupation of adjacent edges)
occurs. Evaluate the numbers of such derivatives.

Figure 1: Trigonal prismatic skeleton

The point group D3, of the trigonal prismatic skeleton (1) is characterized by the following
non-redundant set of subgroups:

SSGp,, = {Ci,C2,Cy,C}, C3,Cay, Cy, C3;, D3, D3} (14)

The restricted SCI-CFs necessary to the present RPCI method (cf. Def. 1) are cited from the
Table 1 of Part II of this series as follows:

SCI-CF(C1;$4,%4,84) = b$+6b7b1by + 36363 + 9675} +3b1h,

+6btby +3b7h; + b (15)
SCI-CF(C2:$4,%4,84) = b3 +b3by +3bybo+ by +byby + b1, (16)
SCI-CF(Cy3$4,%4,80) = a2c3+2c20141 4 2d3crd) + a3 + 3dy

+ara, +aier+a s a7

SCI-CF(C%; $4,54,54) 3+ @3 + 3681 + 3¢28 + 36381 + 3¢243 (18)
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SCI-CF(C3;84,84,84) = b3+b3 (19)
SCI-CF(C2,3$4,80,84) = asca + andn + axdy + @16z + @2dy + cadiy (20)
SCI-CF(C33$4,84,84) = di+as @1
SCI-CF(Ca43$4,84,84) = o+ (22)
W(D%$d,$d,$d) = b6+i72 (23)
SCI- CF(D’%I1v$d7 $4.84) = as+as (24)

Note that the symbol $ ($ = a,b,c) in the right-hand side of Eq. 1 is replaced by $, ($ =

a,b,c) for suborbits generated from the orbit of vertices governed by Ds;,(/Cs), by $4 (§ =
@, b, &) for suborbits generated from the orbit of edges governed by D3;,(/C;), and by $4 8=
a,b, &) for suborbits generated from the orbit of edges governed by D3,(/Cay).

According to Eq. 1 of Def. 1, the restricted SCI-CFs (Eqs. 15-24) and the inverse mark table
of D3y, [3, 8] give the following set of restricted PCI-CFs:

PCI-CF(C;;$4,84,$4) = %m(&;&?d,id,%)—%m(cz;iﬁdﬁd,%)
— {SCICR(Cy384,84,84) — 13 SCICR(CL:84.,54.54)
~ SSCICR(Cy:8.§4.84) + 5 SCICF(Cay:$4.54.54)
+ iSCI CF(C3‘,$d,$d,$d) LZSCI CF(Csp; $d,$d,$d)

le— N
+ ZSCI-CF(D3‘$d. $d7 $4)— *SCI'CF(DSh; $4,%4,%4)

1. 1 1 3
= —by——d3+ —ce+ b6+ bzb

I T
< < 12 b%b%+fb4b1

= =

Gy — 462[11 + 2a2a2+ 2a204

11 6
Eazal + 504(11 + fbl
3
2

NS

1 1 1 1
23— —bl+ 1 bbb

a3+2

BT ART)

1 1 1
— 5ol — Ea%czd] — 546 25

__ ~ A 11— ~ A 11— ~ A
PCI-CF(C2;$4,%4,%4) ESCI-CF(Cz; $4,84,%4) — ESCI—CF(sz; $4,%4,%4)

11— ~ A 11— O
- §SCI-CF(D3;$,1’ $4,8q) + ESCI-CF(DM; $4,%4,%4)

15 154 3 . 1. 4 1. 4 1. 4 1
= =b5+ =b5b| + =byby + =byb| + =bybr + =b1by — —ard
22+221+222+221+222+212 Zazaz
L R D e PDUNN PN
5 2C4 — 52y — 1y — 5aad1 — 5c4d1 — 503 = 56
1 1
+ —ds+ —ag (26)

2 2
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PCT-CF(C):$4.84.$4)

PCI-CF(C3;$4, 34, $4)

PCI-CF(Cay;$4,%4,54)

PCI-CF(C3y:$4,54,84)

PCI-CF(C31:$4, 54, $4)

PCI-CF(D3;$4,54,$4)

PCI-CE(D3;$4, 84, $4)
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P i & | g, &

5SCI—CF(CS; $4,%4,%4) — ESCI—CF(sz; $4,84,%4)
 [— & | e~ g @

- ESCI-CF(C\;‘,; $4,%4,%4) + ESCI'CF(D3h§$d7 $4,%4)

. | 1 ,, 1 1_
2d141 + al*crd; + 7a%c% + 7(1%41% + 7c%a1 + 7a%a1

2 2 2 2
+12A_+1AA_ |V U SRV B
F@C2+ 5a16 = Saxly = Saxca — Sary — 501Gy
1 1 1 1
- iﬁzcﬂ - 56‘4&1 - Ea%+§a6 @n
1

- . _ < A
6SCI-CF(C;;$d7$d7$d) — ESCI-CF(C2\7;$d,$d,$d)

P ¢ &L lsrreE 58
— & SCI-CF(C343 84,34, 84) + 5 SCI-CE(D3:$4, 84, 34)

1 1 1 1 1
C% + 7aA? 4+ =Cd1 + Zcalr + 76%&1 + *Cza’\%
1

AN =

6 2 2 2 2
1 T 1, 1_ ., 1
2a2a2 2azc4 2a2a2 20!1612 2612111 20441
USSP (28)
3a3 666 2“6

— g &y lemes g 8
3 SCI-CR(C5:84,84,84) — 5 SCI-CF(C31:84,84,84)

g &y lemem P
_ ZSCI-CF(C3h;$d7$d7$d) - ZSCI-CF(D3;$d,$d7$d)

1 N
+ QSCI—CF(D3h;$d, $4,%4)

1 1 1 1 1
383 39— 3e— ghot 5as @

= SCI-CF(Ca,:84,$4,$4) — SCI-CF(Cay:$4, 54, 84)

ardr + arcq + ards + Aydr + drdy + c4dy — a3 — ag (30)
A ) [ U
ESCI-CF(C3V;$L17 $a,84) — ESCI‘CF(D3h§$d7 $a,%4)

1 1
295 5% o

[ ¢ ¢y lemew g &
5SCI—CF(C%; $4,%4, $d) - ESCI‘CF(DSIB $4,%4, $d)
1 1

2% 5% .

l e g &y lsmren g, 8
5SCECE(D3;84, 34, $4) — 5PCI-CF (D31 84,34, 84)
1 1

25~ 54 9
SCI-CF(D3;,;$4,$4,$4)

as+ag C))

1. 1
§h3+§b6_
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The inventory functions for vertex substitution is obtained by applying Eqgs. 57 of Theorem
1 to the present case. Thereby, the following inventory functions are obtained:

ag = 1+x4 (35)
by = 1+X+p?+p? (36)
cqg = 1+X442p4%p2 37

On the other hand, the inventory function for edge substitution is obtained by applying Eqs. 5-7
of Theorem 1 to the present case.

ag=by=¢, = 7% (38)
dg=by=¢ = 7% (39)

The inventory functions for vertex substitution (Eqs. 35-37) as well as the inventory func-
tions for edge substitution (Eqs. 38 and 39) are introduced into the restricted PCI-CFs (Eqs.
25-34). The resulting equations are expanded to give the following generating functions of
respective subsymmetries (cf. SSGp,, of Eq. 14) for counting derivatives under the restricted
condition:

11 3 oy a5 _
flc) = X+ 5(P+D)+ §(p2+p2) + 5(p3 +P°)+pp+5p P +pP + 5(Xp+Xp)
+5(X%p+X%P) +5(Xp? + Xp°) + 5(p°P+ pp°) + 8Xpp + 12X°pp
S | ~ N
+15(Xp*p+ Xpp?) + 5(p4 +7Y) +5(Xp’ + Xp) +5(X°p+X°p)
+6(X?p*+X*p%) +5(pp° +p’p) + 8X’pp + X*pp+ 5X*p’p” + 13Xp’p”
5

+15(X2p*p + X%pp?) + 10(Xpp° + Xp°p) + > (Xp* +Xp*) +5(X%p* + X*p°)

5 B i a1 =
+ 5(X4p+X4p) +5(X°p* + X°p) +5(p°p" +pP°) + E(p5 +7°)

5 1 3 a1 5
+ 500" +p'D) + 5 (Cp" +X7p") + S (X + Xp) + 5 (Xp+ XP)

1 Lo ~ _ ~ ~ _
+ 5 (X +XP7) + S (Xp* + XP°) + 5(Xp*p+ Xpp) +5(X°pp” + X*pp)

, .5 1. 1« <
+5(Xp’p° + Xp*p’) + 3 (Xpp" +Xp*p) + 3 (PP +pp") + Q(pp5 +p°p)
+{2X+2X*+2X* +3(p+p) +4(p>+7°) +3(p* +7°) + 6pp + 3p°p°
+9(Xp +Xp) +9(X*p + X°p) + 9X(p* + Xp*) + 9(p’p + pp°) + 16Xpp
_ S | B _
+6X2pp+ 9(Xp*p + Xpp>) + 3 (p*+74) +3(Xp* + Xp°) + 3(X°p+X°p)
+4(X?p* +X*p%) +3(pp” +p°D) 1 Z
1
+{2X+3(Xp+Xp) + 5 (p* +P°) +pp+3(p+P)}Z* (40)
3 .3 _
f(C) = X2+XI43(XCp + X9 + S (0P +p'P)) + 5 (07 +P)

3 .3 3 = N

+5 (XX + S (X + XY + 5 (p° +5Y) + 2p% + 2X7p7p

B o
+{X*+ (X°p* + X)) + (07 +7°) + 5 (0" +7)}Z
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+{1+X2+2(p> +7°)} 22 @1
F(C) = X+X2+X3+X*+4Xp?p? 4 X2p*p° +4X3pp + 4Xpp

+4X%pp+2pp + X° + 2X*pp + p*p>

+ {1 42X 43X +2X> + X* + 4Xpp + 4X>pp + 4pp + p°P°}Z

+{1+2X+X2+2pp}Z? (42)
f(CY) = pP+Xp’p +2X?pp+pp+X'pp+p°pD
+ (X2 +p*p” +2pp + 2X°pp)Z + 2ppZ> (43)
1 a1 y
f(Cy) = 07 +7)+5 (X +Xp) (44)
f(Cy) = X4XP42XPp 2 +2p°p" + {1+ X} +2p7P°}Z+ 2+2X%)Z° +Z°  (49)
f(Cy) = X° (46)
f(Cy) = PP N
1
fD3) = S(°+p°) (48)
fDy) = 1+X°47° 49)

The processes of calculating generating functions by the RPCI method are programmed by
using the Maple programming language [9]. The source list of a sample program for obtaining
Eqgs. 40—49 (named “prismPCI2-2-1BR.mpl”) is attached as an Appendix.

The coefficient of the term X*p/p™Z" appearing in the generating function for each subgroup
G; of D3;, (Eqs. 40-49) represents the number of G;-derivatives with the formula kalﬁ’"Z",
Such terms as containing p and p (chiral ligands) should be commented to explain the features
of the present enumeration, where each enantiomeric pair of chiral ligands is counted once.

The coefficient 2 of the term p?p? in Eq. 41 shows the presence of two enantiomeric pairs
of Cy-derivatives (2/2 and 3/3), as shown in Fig. 2, where p is represented by a black solid
circle and p is represented by a gray solid circle. Note that the two-fold axis of the subgroup C,
runs through the midpoint of the edge {1,4} and the center of the face {2,3,5,6}. Because the
term p2p? is converted into itself (p?p?) by a mirror-image operation, the term 2p*p? is formally

interpreted as 2 x %(pzﬁz +p2p?) = 2p*p°. Thus, an enantiomeric pair as a unit corresponds to

30 +°p?) = PP

On the other hand, the term %(p2 +p?) in Eq. 41 should be interpreted to be 3 x %(p2 +9),
so that there are three enantiomeric pairs of C,-derivatives (4/4, 5/5, and 6/6), as shown in
Fig. 2. Thus, an enantiomeric pair as a unit corresponds to %(p2 +P2) in terms of the present
formulation, because the term p? is converted into p> by a mirror-image operation vice versa.
On a similar line, the term (p? +p>)Z in Eq. 41 should be interpreted to be 2 x %(p2 +9%)Z, so
that there are two enantiomeric pairs of Cp-derivatives (7/7 and 8/8) as shown in Fig. 2.

When the term p?p> or p>p>Z corresponds to achiral derivatives, its coefficient represents
the number of such achiral derivatives. For example, the term p?p> or p2p>Z in Eq. 42 shows
the presence of one achiral derivative (9 or 10), as shown in Fig. 3. Note that the mirror plane
of the subgroup Cjy contains the edge {1,4} and bisects the edges {2,3} and {5,6}. Similarly,
the term p>p? or p>p>Z in Eq. 43 shows the presence of one achiral derivative (11 or 12), as
shown in Fig. 3. Note that the mirror plane of the subgroup C; bisects the edges {1,4}, {2,5},
and {3,6}.

In several cases, there appear phenomena akin to pseudoasymmetric cases. Thus, the term
2p’p? in Eq. 45 shows the presence of two achiral C,,-derivatives (13 and 14), which are dia-
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7 7 8 8
(C,, chiral) (C,, chiral)

Figure 2: C;-Derivatives with chiral ligands, where a chiral ligand p is represented by a black
solid circle and its enantiomeric ligand p is represented by a gray solid circle. A bidentate ligand
(Z) is represented by a boldfaced straight line. Two structures linked by an underbrace indicate
an enantiomeric pair, which is counted once in the present methodology of enumerations.
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.5 .5
™ ™
4 ‘ @6 4 ‘ 6
p2p? e 02527 e
~N ~N
1 o3 1 3
9 10
(C;, achiral) (C;, achiral)
o’ o’
™ ™
4 ‘ [ 3 4 ‘ 6
252 I 02527 L
~N N
1 3 1 3
11 12
(C%, achiral) (C%, achiral)
05\ 05\ 05\ 05\
4 ; [ 3 4 ; @6 4 ; ® 4 ; 6
2p2§2 o’ e 2p2§22 o’ I8
1 \is 1 \03 1 \03 1 \ 3
13 14 15 16
(Cy,, achiral) (C,,, achiral) (Cyy, achiral) (Cy,, achiral)

Figure 3: Cs-, C}-, and Cy,-Derivatives with chiral ligands, where a chiral ligand p is repre-
sented by a black solid circle and its enantiomeric ligand p is represented by a gray solid circle.
A bidentate ligand (Z) is represented by a boldfaced straight line.

stereomeric to each other so as to be regarded as an extended pseudoasymmetric case. Note
that the two-fold axis of the subgroup Cy, runs through the midpoint of the edge {1,4} and the
center of the face {2,3,5,6} and that one mirror plane of the subgroup Cy, contains the edge
{1,4} and bisects the edges {2,3} and {5,6} and the other mirror plane is a horizontal one
bisecting the thee edges {1,4}, {2,5}, and {3,6}. Similarly, the term 2p*p>Z in Eq. 45 shows
the presence of two achiral C,,-derivatives (15 and 16), which are also diastereomeric to each
other so as to be regarded as an extended pseudoasymmetric case.

As a matter of course, the results reported in Part II of this series (by the fixed-point matrix
(FPM) method) are contained in Eqs. 4049 as the coefficients of the terms 1, Z, 72,73, PP,
Xpp. ppZ, and XppZ. For example, the coefficients of the term Z> are 1 for C,, (Eq. 45), 1 for
D3;, (Eq. 49), and equal to zero for the other subgroups. This is identical with the result (the
[6]1-row) of the isomer-counting matrix (ICM) shown in Eq. 42 of Part II.
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3 Gross Enumerations under the Restricted Condition

3.1 Total Numbers Under the Restricted Condition

According to Eq. 43 of Part II, the total number By can be calculated by summing up Bg; over
all of the subgroups G; (i = 1,2,...,s) contained in the SSG¢ (Eq. 2):

Bg = ZBe: Z Z Po,mmji = Z Poj (Zm,,) . (50)
i=1 i=1j=1 =1 i=1

On a similar line to Eq. 3, Eq. 50 can be converted into an expression for giving generating
functions concerned with the weight (formula) Wy:

Eoowo = 28 oo ( S ) 5 () Zoum

0] [6]/=

©“

= Z(Zmﬂ> SCI- CF(G,,$J“) def- & I-CF(G;$EJ§>) (51)

The last part of Eq. 51 shows a definition of the restricted cycle index with chirality fitting-
ness (CI-CF), which is proved easily to be equal to the sum of the restricted PCI-CFs shown
in Def. 1, because the sum concerning i and the sum concerning j are interchangeable in their
order of summing up. Then, we have the following definition:

Definition 3 (Restricted CI-CF for Counting Total Derivatives) The restricted CI-CF is de-
fined as follows:

CI-CF(G;$§{“ ZPCI CF G,,$d’a Z (erz,,) SCI- CF(G,,$d"" ), (52)

=1

where the restricted SCI-CF in the right-hand side has been given in Lemma 1 of Part II of this
series.

The delayed expansion described in Eq. 3 to give Theorem 1 can be also applied to Eq. 51.
Thereby, we obtain a theorem for enumerations by the restricted CI-CF:

Theorem 3 (Gross Enumeration of Total Numbers by the Restricted CI-CF)  Generating
functions for obtaining the total numbers Bg of derivatives with weight Wy under the restricted
condition are calculated by the following equations:

Y BeWy = CI-CF(G; $;“ ), (53)
[6]

where the variables $c<fi'l:) ($ = a,b,c) are substituted by Egs. 5-7.
J

It should be noted that the sum }';_, 77i; for G j vanishes to zero when G  is a non-cyclic sub-
group [10, 11]. This means that the restricted CI-CF (Def. 3) is concerned with cyclic subgroups
only. To exemplify the disappearance of non-cyclic subgroups, we continue the enumeration of
trigonal prismatic derivatives as follows.
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The values of )i, 7;; for the group D3, have already been reported in the “total”-column
of the matrix for gross enumeration (Eq. 49 of Part II of this series). According to Def. 3, the
restricted SCI-CFs for cyclic subgroups are selected from the restricted SCI-CFs (Eqs. 15-24)
so as to give the following restricted CI-CF:

— - A 1 ~ A 1 ~ A
CI-CF(D3p384,%4,%4) = ESCI'CF(CI 384, 84,84) + ZSCI-CF(C2;$d7$d7$d)
l—— = A ) [ N
+ ZSCI—CF(CS;$¢17 $4,84) + ESCI—CF(C;;SS,,, $4,84)
l———— = A 11— A
+ ESCI-CF(C3;$,1~, $a.84) + ESCI-CF(C%; $4,%4,54)
1
6
Loy Logn 1~ 1 5.
+ Zb]b] + Zb]b] + szbz + szbl

1 1 3. 3,0 14
= ﬁb?+zb§+ b§+1b2b2+1b%b%+§b‘l‘bl

I I P P P
—biby + —byby + =b7b1by + =b1by + =b3 + —
+4 1 1+421+2 101 1+412+63+]2
1 1 1 1
c% + 66'6 + Za%d% + Ea%czdl + Zczfg

b

2

Cy + 12

1,, 1 5 1, 1, ~1__ 1 _

+—ajcr+ ch] + 562a1 + Zalal + ZCZal + Eczalal
U N 1 5

+—d16+ 6“3 + Eal'

As a matter of course, Eq. 54 is alternatively obtained by summing up Eqgs. 25-34, as for-
mulated generally in Def. 3. Note that Eq. 54 contains only monomials due to cyclic subgroups
because monomials for non-cyclic subgroups vanish to zero during this summation. These fea-
tures of Def. 3 and Theorem 3 succeed to the general features of unrestricted enumerations
[2].

The inventory functions for vertex substitution (Eqs. 35-37) as well as the inventory func-
tions for edge substitution (Eqs. 38 and 39) are introduced to the restricted CI-CF (Eq. 54). The
resulting equation is expanded to give the following generating function for obtaining the total
numbers of derivatives under the restricted condition:

—_

(54

N

9 = 14X+3X24+3X3 43X+ X7+ X0 +4pp + 11p*p’ + 3p°p°

1 _ _ — 1 _
+5 (D) +2(0° +07) +2(0 +5°) + 5 (0° +5°) +5(X°p* + Xp?)

5
+18X2pp + 12Xpp + E(Xp +XP) +5(X%p+X%p) + 5(Xp* + Xp%)

+5(p°p+pp°) + 15(Xp’p+ Xpp’) + 12X°pp + 15(X*p’p + X*pp°)
+ 17Xp*p? + 10(Xpp° + Xp°p) + 5(Xp* + Xp°) + 5(X°p + X°p)

1
+2(" 45 + 5 (07 +7

5
+90p? +X7p%) +5(pp” +p7p) + 5(X°p* + Xp) + 5 (X' + X'p)

1 5 ~ L,
)+5(Xp* +Xp) + 5 (pp" +0"P) +5(p°D* +p°P")

5 | - I D
+ 2 (Xp* +Xp") + 5 (X°p+X) +2(°p" +p'P*) + 5 (0P +pP")

5
+20% +X%) + 20"+ X3pY) + S (Xp'p+ Xpp*) +2(X*p? + X*p?)
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+4X4 5+ 5P 4+ X3pp?) + 11X2p?p% 4 5(X*pp° + X*p’p)

+5(Xp’p’ +Xp’p’)

F{2+4X+7X24+4X3 +2X* + 12pp+ Tp*p> + 3(p+P) + 5(p> +7°)

+3(p° +7°) + 12X%pp + 20Xpp + 9(Xp + XP) + 9(X>p + X?P) + 9(Xp” + Xp°)
+9(p’P+pp°) + 9(Xp’p+Xpp*) +3(Xp’ + Xp’) +3(X’p+X°p)

+(p* ") +5(X*p* +X°p°) +3pp° +3p°P}Z
+{44+4X+4X>+5pp+3(p+P) +3(Xp+Xp) + g(p2+§2)}22+223. (55)

Obviously, Eq. 55 is also obtained by summing up Eqgs. 40—49.

3.2 Enumeration of Achiral Derivatives Under the Restricted Condition

According to Eq. 45 of Part II of this series, the number B(ea) of achiral derivatives can be

calculated by summing up Bg; over all of the achiral subgroups G;, selected from the SSGg
(Eq. 2),1i.e.,

:ZBOia =ZZP9jmjza ZPG] (Zmpa), (56)
iy Vig j=1 Via

where the summation represented by }.y;, covers all the achiral subgroups.
On a similar line to Eq. 3, Eq. 56 can be converted into an expression for giving generating
functions concerned with the weight (formula) Wy:

%B(oa>w = Z Z Poj <\_/Z:m]1a> Wy = Z (\;mﬂ“) ZPQJWQ
J la Jj=1 la
- Zl (vaJ > SCI-CF (G, def- I-CF(”)(G;$§;':)). (57)
J= la

The last part of Eq. 57 shows a definition of the restricted CI-CF for enumerating achi-
ral derivatives. The restricted CI-CF is proved easily to be equal to the sum of the restricted
PCI-CFs for achiral subgroups shown in Def. 1, because the sum concerning i and the sum
concerning j are interchangeable in their order of summing up. Then, we have the following
definition:

Definition 4 (Restricted CI-CF for Counting Achiral Derivative) The restricted CI-CF for
counting achiral derivatives is defined as follows:

S
CI-CF(G; $d’“ =Y PCI-CF(G =¥ (Zm,, ) SCI-CF( G,,$ ), (58)
Vig Jj=1 \Vig

where the restricted SCI-CF in the right-hand side has been given in Lemma 1 of Part II of this
series.

The delayed expansion described in Eq. 3 to give Theorem 1 can be also applied to Eq. 57.
Thereby, we obtain a theorem for enumerating achiral derivatives by the restricted CI-CF:
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Theorem 4 (Enumeration of Achiral Derivatives by the Restricted CI-CF) Generating

functions for obtaining the numbers Bg)a) of achiral derivatives with weight Wy under the re-
stricted condition are calculated by the following equations:

Y BY'Wy = CLCF) (G 55%), (59)
o1

where the variables $Ef/_‘f) ($ = a,b,c) are substituted by Egs. 5-7.

The values of }y; i, for the group D3, have already been reported in the *“achiral”-column
of the matrix for gross enumeration (Eq. 49 of Part II of this series). According to Def. 4, the
restricted SCI-CFs for achiral cyclic subgroups are selected from the restricted SCI-CFs (Eqs.
15-24) so as to give the following restricted CI-CF:

o . 1 L. 1— o .
CI-CE' )(D3/1;$d,$d,$d) = ESCI-CF(Cs;$d>$d7$d)+ESCI‘CF(C;;$¢/7$‘1,$¢/)

11— Y A
+ gSCI-CF(Cy,; $4,%4,%4)

1 1 1 1 1
= Ea%c% + gcg + 3¢ + Ea%d% +a%czdl + 56252
Lo b 5 n 1, 1 o
+ 50102"!‘ 502611 +crar + Ealal + 56201 +c2d1d;
1 1 1
+§a1@2+§d3+6ai (60)

It is to be noted that the monomials appearing in the right-hand side of Eq. 60 contain a,
and ¢4 but no by, where their coefficients are twice of the counterparts appearing in Eq. 54.

The inventory functions for vertex substitution (Eqs. 35-37) as well as the inventory func-
tions for edge substitution (Eqs. 38 and 39) are introduced to the restricted CI-CF (Eq. 60). The
resulting equations are expanded to give the following generating function for obtaining the
numbers of achiral derivatives under the restricted condition:

F9 = 14X 42X 42X3 4+ 2X* + X + X0+ 3X*pp + 4X?p’p* + 3pp
+2p°F° +4X3pp + 4Xp*P* + 4Xpp + 6X>pp + 4p°P°
+ (242X 4+ 4X2 4 2X3 4 2X* + 6pp + 4p?p* + 6X2pp + 4Xpp)Z
+ (342X +3X2 +4pp)Z* +27°. (61)

Obviously, Eq. 61 is also obtained by summing up the results for achiral subgroups selected
from Eqgs. 40—49.

The term 4p>p> in Eq. 61 shows the presence of four achiral derivatives of the formula p*p2,
which have been already depicted in Fig. 3, i.e., 9 (Cs), 11 (C}), 13 (C5,), and 14 (C5,). Sim-
ilarly, the term 4p?p>Z in Eq. 61 shows the presence of four achiral derivatives of the formula
p*P2Z, which have been already depicted in Fig. 3, i.e., 10 (Cy), 12 (C), 15 (C»,), and 16 (C,).

3.3 Enumeration of Enantiomeric Pairs Under the Restricted Condition

According to Eq. 46 of Part II, the number Bg_f) of enantiomeric pairs of chiral derivatives
can be calculated by summing up Bg; over all of the achiral subgroups G;, selected from G;
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By = Y Boi. =) Z Pojmji, = Z bej (Zmﬂe> g ©2)

Vie Vie j=1 Vi,

where the summation represented by }y;, covers all the chiral subgroups.
On a similar line to Eq. 3, Eq. 62 can be converted into an expression for giving generating
functions concerned with the weight (formula) Wp:

%B(OG)W = Z Zpej (;"ﬁu) Wy = Zl (\;mm> Zpe,We
- Z (Zm )SCI CF(G:${") def. orer® (G:50*) (63)
Vi e Py )= >V

The last part of Eq. 63 shows a definition of the restricted CI-CF for counting enantiomeric
pairs of chiral derivatives. The restricted CI-CF is proved easily to be equal to the sum of the
restricted PCI-CFs for chiral subgroups shown in Def. 1, because the sum concerning i and
the sum concerning j are interchangeable in their order of summing up. Then, we have the
following definition:

Definition 5 (Restricted CI-CF for Counting Enantiomeric Pairs) The restricted CI-CF for
counting enantiomeric pairs of chiral derivatives is defined as follows:

CI-CF)(G; $d’°‘ =Y PCI-CF G,,$d’“ Z (Zmﬂ ) sc1-CF(Gj;$§,"j‘:>)., (64)
Vie Jj=1 \\Vi,

where the restricted SCI-CF in the right-hand side has been given in Lemma 1 of Part II of this
series.

The delayed expansion described in Eq. 3 to give Theorem 1 can be also applied to Eq. 63.
Thereby, we obtain a theorem for enumerating enantiomeric pairs of chiral derivatives by the
restricted CI-CF:

Theorem 5 (Counting Enantiomeric Pairs by the Restricted CI-CF) Generating functions
for obtaining the numbers BE;) of enantiomeric pairs of chiral derivatives with weight W under
the restricted condition are calculated by the following equations:

Y. By wp = CLCF (G254 (65)
(6]

where the variables $E;_’Z‘) ($ = a,b, ) are substituted by Egs. 5-7.
ik

The values of }.y; mj;, for the group D3, have already been reported in the “chiral”-column
of the matrix for gross enumeration (Eq. 49 of Part II of this series). According to Def. 4, the
restricted SCI-CFs for cyclic subgroups are selected from the restricted SCI-CFs (Eqs. 15-24)
so as to give the following restricted CI-CF:

. PO 1 — -~ A 11— -
CICF (D3584,84,80) = $5SCTCF(C18,84,8) + ;SCECR(Cai84.84.80)



It is to be noted that the monomials contained in Eq. 66 are the same as those of Eq. 54
although plus signs are changed into minus for the monomials containing a4 and c;. Obviously,
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1——— X A 1 — oA
— ZSCI-CF(Cx; $4,%4,%4) — BSCI—CF(CQ;%, $4,%4)
11— ~ A 11— ~ A
+ ESCI'CF(Cs; $4,84,%4) — gSCI-CF(Csh; $4,%4,%4)
1 1 1 3. 3 ,- 1 4~
= ﬁb? + Zbg + gbg +3boba+ Zb%b% + Eb‘,‘bl

gy 1ogn 1 2 1,0
+ Zb%b% + Zb‘l‘b] + ybaba + Zbgb1

1 1 1 1
22 2~ ~

—Ce — —ajdi — =ajcad| — —Cc2Cy
47171 oM 4

2, VSR PUUS S

CHrAa|1 — —aja) — —Cd1 — £Ca1dy

2y 2

the sum of Eq. 60 and Eq. 66 provides Eq. 54.

The inventory functions for vertex substitution (Eqs. 35-37) as well as the inventory func-
tions for edge substitution (Eqs. 38 and 39) are introduced into the restricted CI-CF (Eq. 66).
The resulting equations are expanded to give the following generating function for obtaining

the numbers of enantiomeric pairs of chiral derivatives under the restricted condition:

_ . 41 _ _ _
F9 = XXX pp TP P + 5 (0 +D) 4207 +50) +2(07 +7)

1
+ =

2

5
(p®+p°) + 12X%pp + 8Xpp + 5 (Xp+Xp) + 5(X2p+X>p) + 5(Xp” + Xp?)

+5(p°p+pp°) + 15(Xp*p+Xpp’) + 8X°pp+ 15(X*p*p + X*pp°) + 13Xp’p”
|
+10(Xpp’ + Xp’p) +5(Xp’ +Xp°) + 5(X°p+X7p) +2(p* + ') + 5 (p° +1°)

5
+ =

2

2
(pp* +p*p) +5(p*P° +p°p7) + 9(X*p* + X*p%) +5(pP° +p°P)

5 5
+5(X2p° +X7) + E(x“p +X*) + 5(Xp4 +Xp") +5(%p> + X°p2)

P ~ ~
+2(p%" +p"P%) + 5 (PP +P7) + 5 (Xp +XP°) + 20  + Xp?)

1
+ =

2

2
(X°p+X°p) +2(X°p* +X°p!) +2(X*p” + X*P’) + X'pp

+5(X°pp+X°pp?) + 7Xp’p’ +5(X?pp’ + X*p’p)

5
+=

2

(Xpp* +Xp*p) +5(Xp’p’ + Xp’p°)

+{2X 43X +2X3 + 6pp+3p P> +3(p+P) + 5(p> +7°) + 3(p> +P°)
+6X%pp+ 16Xpp + 9(Xp + XP) + 9(X2p + X?p) + 9(Xp* + Xp?)
+9(p*P+pp’) +9(Xp*p + Xpp’) +3(Xp’ + Xp°) + 3(X’p+ X7p)
+(p* 49" +5(Xp* + X)) +3(pp’ +p'D) }Z
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Figure 4: Enantiomeric pairs of chiral derivatives, each corresponding to %(p2 +p%)Z2, where a
chiral ligand p is represented by a black solid circle and its enantiomeric ligand p is represented
by a gray solid circle.

5
+{14+2X+X>+3(p+p) +3(Xp+Xp) + E(p2+§2) +ppiz? 67)

Obviously, Eq. 67 is also obtained by summing up the results for chiral subgroups selected
from Eqgs. 40-49.

To exemplify the validity of the results shown in Eq. 67, Fig. 4 shows five enantiomeric pairs
corresponding to the term %(p2 +P2)Z2, which is interpreted to be 5 x %(p2 +92)Z%. Among
them, the pair of 17/17 belongs to C;, which corresponds to the term %(p2 +p?)Z? appearing in
Eq. 40. On the other hand, the four pairs of 18/18, 19/19, 20/20, and 21/21 belong to Cs, which
corresponds to the term 2(p? +p2)Z? (= 4 x %(p2 +p?)Z?) appearing in Eq. 41.

3.4 Restricted CIs for Degenerate Cases

On a similar line to the derivation of Def. 2 from Def. 1, restricted CIs (without chirality fit-
tingness) are derived from the corresponding CI-CFs (Defs. 3, 4, and 5). The derivation simply

stems from the replacement of $£f_'f) by sf,’ ‘Z).
JK J
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Definition 6 (Restricted CIs for Gross Enumerations) Three definitions for gross enumera-
tions of degenerate cases (without considering the chirality/achirality of substituents) are item-
ized below, where the restricted SCI in each right-hand side, i.e., SCI(G; syjf:)), is derived from
the restricted SCI-CF given in Lemma 1 of Part II of this series by putting $£f:> = 55:)'

1. The restricted CI for counting total derivatives is defined as follows:

Cl(Gssiy) Z 1(Gicsyy) i(im)SCIG/,sQ )- (68)

2. The restricted CI for counting achiral derivatives is defined as follows:

a1 (Gss) = Y PCIGrsfe) = Y. (Zmﬂ)SCI Gisy™). (69

Vi, Jj=1 \Vig4

3. The restricted CI for counting enantiomeric pairs of chiral derivatives is defined as fol-

lows:
(Gs) = L PCI(Gissy?) = ¥ (Zm,, ) SCU(Gyisy).  (70)

Vi Jj=1 \\Vi.

Theorems 3, 4, 5 are degenerated into the following set of theorems by using the definitions
collected in Def. 6.

Theorem 6 (Gross Enumeration by the Restricted CIs) Three theorems for gross enumera-
tions of degenerate cases (without considering the chirality/achirality of substituents) are item-
ized below, where the variables sfi'f are substituted by Eq. 13.
1. Generating functions for obtaining the total numbers Bg of derivatives with weight Wy
under the restricted condition are calculated by the following equations:

Y. BoWs = CI(G; sfj“)) an
@

2. Generating functions for obtaining the numbers B(sa) of achiral derivatives with weight

Wy under the restricted condition are calculated by the following equations:

Y By Wo = 1) (Gssy™). (72)
0]

3. Generating functions for obtaining the numbers BE;) of enantiomeric pairs of chiral deri-

vatives with weight Wy under the restricted condition are calculated by the following
equations:

ZB ©g; sfj””), (73)
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To exemplify enumerations of degenerate cases, let us consider achiral monodentate ligands
of a single kind (X) and bidentate ligand of a single kind (Z) as a continuation of the enumeration
of trigonal prismatic derivatives. According to Eq. 68 of Def. 6, Eq. 54 is degenerated into the
following CI by placing ag = bd =Cq =S4, dd = Bd = Ed = fd, and ﬁd = I;d = éd = fd.

__ 1 11—
CI(D3j;84,54,84) = ESCI(CI,Sde,Sd)+4SCI(C2ssd,5d75d)

1 ___
+ ZSCI(Cs; $ds8a,8q) + ESCI(CQ;%SM $4)

11— 11—
+ ESCI(C3;sd~, fd,fd) + gSCI(Cgh;Sd,f[],fd)

1g 15 1, 1 1 L.

= 12s1+352+6T3+45192+655+szsz+slsl+zslsl
1, | 1 3, 1, |
+4sls1+4s1s1+4szsz+4s251+4s152+4szs1
1~2 +1~ 1 B +1 +1A+la
+ =5 —581 + =535181 + =818 §3+ —§
ST 552 1+ FSISISTH 55152+ 283+ )
1 1
+ 5515251 + Eszflfl. (74)
The inventory functions of this degenerate case is obtained as follows:
sg=1+x4 (75)
Sqg=84="21. (76)

These are introduced into Eq. 74. The resulting equation is expanded to give the following
generating function:

F& = 14X 3X2 43X+ 3X 4+ X5+ XE
+ 2+ 4X+7X2+4X3 +2XHZ + (444X +4X2)2% +27°. a7

As a matter of course, Eq. 77 is contained in Eq. 55, where all of the terms containing p
and/or p are deleted to give Eq. 77. The same result is alternatlvely obtained by introducing
degenerate inventory functions, i.e.,ay =bg; =c4 =1 +X? da;=by=¢;=2% and a; = bd =
&4 =27, into the restricted CI-CF (Eq. 54).

4 Conclusion

The restricted partial-cycle-index (PCI) method is proposed to enumerate derivatives by means
of vertex substitution (monodentate ligands) and/or edge substitution (bidentate ligands) under
a restriction condition that occupation of a common vertex (or occupation of adjacent edges)
is avoided. Restricted subduced cycle indices without and with chirality fittingness (SCIs and
SCI-CFs) are derived from unit subduced cycle indices without and with chirality fittingness
(USClIs and USCI-CFs). The restricted SCI-CFs (and also the restricted SCIs as degenerate
cases) are transformed into restricted PCI-CFs, which enable us to enumerate derivatives under
the restricted condition in a symmetry-itemized fashion. The restricted PCI-CFs are further
transformed into restricted cycle indices with chirality fittingness (restricted CI-CFs) for gross
enumerations of total, achiral, chiral derivatives.
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Appendix

Maple Program for Calculation by the Restricted PCI Method

The following program is based on the restricted SCI-CFs shown in Eqs. 15-24, where the
symbol ay, by, c;, etc. are replaced by al, bl, c2, etc.; the symbol a, 131, Gy, etc. are replaced
by Al, Bl, C2, etc.; and the symbol dj, 51, ¢y, etc. are replaced by AA1, BB1, CC2, and
so on. The restricted PCI-CFs (Eqs. 25-34) are calculated by using the restricted SCI-CFs.
Then, the inventory functions for vertex substitution (Eqs. 35-37) and the inventory functions
for edge substitution (Eqs. 38 and 39) are introduced into the resulting restricted PCI-CFs to
give generating functions.

#prismPCI2-2-1BR.mpl for Trigonal Prisms
restart;
#read "c:/fujital/calc3/prismPCI2-2-1BR.mpl";

#Restricted SCI-CFs

MCl:= 6%xbl1"2+B1+BBl +3%xb1"2+«BB172 + 9xb1"2xB1"2 + 3%bl"4 BBl
+ 6xb174%Bl + bl"6 + 3xB1°2xBB1 + BB1"3;

MC2:= b2"3+b2"2+%BB1+3+b2+B2+B2+xBB1+b2*BB2+BB1+BB2;

MCs:= 2xc2+xAlxAAl+2%al”2+xc2+«Al+al”2xc2"2+al " 2+xA1"2+c2"2+AA1l
+A1"2xAA1+al " 2%xCC2+AA1*CC2;

MCsp:= c2"3+AA1l"3+3%C2+AAL1+3%Cc2+C2+3%Cc2"2xAA1+3%Cc2+xAAL"2;

MC3 := BB3+b3"2;

MC2v := a2+AA2+a2+cd4+al+«A2+AA1+AA2+A2+xAAl+c4*AAT;

MC3v := AA3+a372;

MC3h := AA3+c6;

MD3 := BB3+bo6;

MD3h := AA3+a6;

#Resricted PCI-CFs

MFMC1 := (1/12)«MC1-(1/4)+MC2~-(1/4)+MCs—(1/12)«MCsp-(1/12)~*MC3
+(1/2)«MC2v+(1/4) «MC3v+(1/12) *MC3h+ (1/4) xMD3-(1/2) «MD3h;
MFMC2 := (1/2)*MC2-(1/2)*MC2v—(1/2)*MD3+(1/2)+MD3h;
MFMCs := (1/2)*MCs-(1/2)*MC2v—-(1/2)*MC3v+(1/2)*MD3h;
MFMCsp := (1/6)+MCsp-(1/2)+MC2v-(1/6)+MC3h+(1/2)*MD3h;
MFMC3 := (1/4)*MC3-(1/4)*MC3v~-(1/4)+MC3h~-(1/4)«MD3+(1/2) *MD3h;
MFMC2v := MC2v-MD3h;

MFMC3v := (1/2)*MC3v—(1/2)*MD3h;

MFMC3h := (1/2)*MC3h-(1/2)*MD3h;

MFMD3 := (1/2)*MD3-(1/2) *MD3h;

MFMD3h := MD3h;

#Inventory Functions for Vertex Substitution

al := 1+X; a2 := 1+X"2; a3 := 14X"3; a6 := 1+X"6;

bl := 1+X + p + P; b2 := 1+X"2 + p"2 + P"2;

b3 := 1+X"3 + p"3 + P"3; b6 := 1+X"6 + p"6 + P"6;

c2 := 14X"2 + 24p*P; cd := 1+X"4 + 2xp 2«P"2;

c6 := 1+X"6 + 2%p " 3xP"3;

#Inventory Functions for Edge Substitution

Al := Z; A2 := 2°2; A3 := 2°3; A6 := 776;

Bl := 7Z; B2 := Z2"2; B3 := Z°3; B6 := 276;

C2 :=2"2; C4 :=72"4; C6 := 776;

AAl := Z; AA2 := Z"2; AA3 := 773;

BBl := Z; BB2 := Z°2; BB3 := 7"3;

CC2 := 7"2;
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#Expansion into Generating Functions

GFCl := collect (expand (MFMC1),2Z2);
GFC2 := collect (expand (MFMC2),2Z2);
GFCs := collect (expand (MFMCs), Z) ;
GFCsp := collect (expand (MFMCsp),Z) ;
GFC3 := collect (expand (MFMC3),2Z2);
GFC2v := collect (expand (MFMC2v),Z) ;
GFC3v := collect (expand (MFMC3v),Z) ;
GFC3h := collect (expand (MFMC3h),Z);
GFD3 := collect (expand (MFMD3),2Z) ;
GFD3h := collect (expand (MFMD3h),Z);
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