MATCH MATCH Commun. Math. Comput. Chem. 68 (2012) 913-916

Communications in Mathematical
and in Computer Chemistry ISSN 0340 - 6253

A Note on the Randi¢ Spectral Radius*
Bolian Liu"-", Yufei Huang?, Jingfang Feng'
ICollege of Mathematical Science, South China Normal University,
Guangzhou, PR. China, 510631
2Guangzhou Civil Aviation College, Guangzhou, P.R. China, 510403

(Received May 5, 2012)

Abstract

Let G be a simple connected graph on n vertices and d; be the degree of its vertex
vi,,i =1,2,...,n. The (i, j)-entry of the Randi¢ matrix of G is equal to 1/ m if v; and
v; are adjacent, and zero otherwise. In this paper, we obtain that the Randi¢ spectral radius
of G is p1(G) = 1, which improves the results of Bozkurt et al. [MATCH Commum. Math.
Comput. Chem. 64 (2010) 321-334].

1 Introduction

Let G be a simple connected graph with vertex set V(G) = {v,v,,...,v,} and edge set E(G).
Let d; denote the degree of vertex v;, where i = 1,2,...,n. Use the notation v; ~ v;, if two
vertices v; and v; of G are adjacent. The Randi¢ matrix of G and the Randi¢ degree of vertex
v; [1,2] is defined as
R(G) = (rij)nxn and R = Z Tij

respectively, where

(did) = ifvi~v;

r,-]- =
0 otherwise.

The Randi¢ matrix is real symmetric, so that its eigenvalues can be arranged as follows:

pl(G) > p2(G) > 2> pnfl(G) b pn(G)
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The Randi¢ energy [1] of G is defined to be
RE(G) = Z loi|
i=1

On the other hand, the famous Randi¢ index [3] was put forward by Milan Randi¢ already

in 1975, given by

R(G) = Z (c; d,-)’%

Vi~V
where the sum run over all pairs of adjacent vertices v; and v;. Countless applications and the
mathematical properties of the Randi¢ index were reported (see e.g. [4—6]). Besides, it’s clear

to see the connection between Randi¢ matrix and Randi¢ index, that is,

R(G) = % iR,- .
i=1

However, Randi¢ matrix which is also called “weighted adjacency matrix” or “degree-
adjacency matrix” is not so popular. Only a few papers (e.g. [7-10]) referred to it for the
study of Randi¢ index. Recently, in [1,2], the role of Randi¢ matrix in the Laplacian theory was
clarified. Moreover, some lower bounds for the Randi¢ spectral radius and some upper bounds
for the Randi¢ energy were obtained (see [1,2]). Especially, Bozkurt et al. [1] pointed out that
the Randi¢ matrix plays an outstanding role in the theory of Laplacian spectra.

The Laplacian matrix [11] of a graph G is defined as L = D — A, where A is the adjacency
matrix of G and D is the diagonal matrix whose ith diagonal entry is the degree of vertex v;.
The normalized Laplacian matrix [12] is defined as I = D2LD"2. It can be seen that the

normalized Laplacian matrix and the Randi¢ matrix of a connected graph G are related [2] as

L=I-R (D

where I is the unit matrix of order  and R is the Randi¢ matrix. Let the eigenvalues of L be
(G) 2 ix(G) 2 -+ 2 fi,1(G) 2 in(G) = 0.

In this paper, we obtain that the Randi¢ spectral radius of G is p;(G) = 1, which improves

the results of [2].

2 Main results

Theorem 2.1 The Randic¢ spectral radius p\(G) = 1.
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Proof. By Equation (1), we have

2(G) = 1 = py-in1 (G)

fori=1,2,...,n. Hence p1(G) = 1 — 1,(G) = 1 —

0=1
Remark 1 The second Randic degree of vertex v; is defined as

n
S,‘ = Z r,-j RJ .
=1
Some lower bounds for p, were given in [2] as follows

Sy | Es:

; R
Z (L(F)) Z R[Q
i=1 i=1

R{ (a is a real number) and for p > 2,

L(p) L(ﬁ l)
Z Vi d;

However, we show that p1(G) = 1, so it is no need to give the bounds for p;

P12

where Lf.]) =

Lemma 2.2 ( [2]) If G is a simple connected graph on n vertices with Randi¢ spectral radius
p1 and Randic¢ energy RE(G), then

REG) < pr + ("‘1)1224d -pi

Vi~V

(@)
By Theorem 2.1 and Inequality (2), we obtain that

Corollary 2.3 If G is a simple connected graph on n vertices with Randi¢ energy RE(G), then

REG) <1+ (n—l)‘ZZ——l}.

Vi~v

Remark 2 Let

fx)=x+ (n—l)lZZﬁ—xz}.
Uhatt}

By directly calculation, it can be seen that f(x) is monotonically decreasing. From Theorem 2.1
and Remark 1,

®

I

\%
nas

(L(17+l)) ;ZZ*‘ISIZ 5 ;

= |2 \ndida
(p) 2 n< idj
S\ 2R "

i~V

n

1
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then we get
sy [ [gs
fsfl 15— =1 |5
2 (L") 2R

i=1 i=1

Hence the upper bound of RE(G) in Corollary 2.3 is better than the bounds given in [2].
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