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Abstract

In this paper we consider the computation of permanental polynomials of some
graphs. By orienting even cycles oddly, explicit expressions for the permanental
polynomials of some basic graphs including a path and a cycle are obtained in terms
of roots. For hexagonal systems, based on reduction procedures, the permanental
polynomials of hexagonal chains and a type of pericondensed hexagonal system
are deduced from product of matrices of order 5. Meanwhile, the permanental

polynomial of a general polygonal chain is also derived.

1 Introduction

This paper deals with the computation of permanental polynomials of some graphs. Sup-
pose G = (V, E) is a finite and simple graph on n vertices. The permanental polynomial
of G is defined as .
(G, z) = per(z] — A(G)) = Z bk,
k=0

*This work is supported by NSFC (grant no. 10831001).
fCorresponding author.
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where I is the identity matrix of order n, A(G) is the adjacency matrix of G and the

permanent per(;l) of a matrix A = (@ij)nxn is given as [18]

per(g) = z Haw(i)

oA, i=1
with A, denoting the set of all the permutations of {1,2,--- ,n}. For the permanental
polynomial of a bipartite graph with an even number of vertices, one has b1 = 0

and by=Y_, per(A(H))= >, M?(H), where the summation extends over all induced
subgraphs H with 2¢ vertices of G and M (H) is the number of perfect matchings of H
[4, 17, 24]. Obviously, the value of the last coefficient is the square of the number of
perfect matchings of G.

As is well known, computing the permanent of a matrix is a #P-complete problem
[23]. So computing the permanental polynomial of a graph is difficult. In the literature,

Merris et al. [17] proved that the coefficient of the permanental polynomial satisfies that
(—1), = 3720, W)
H

where the sum ranges over all subgraphs H on i vertices whose components are single
edges or cycles, and k(H) is the number of cycles. Based on this result, similarly to the
technique of computing the characteristic polynomial of a graph in terms of subgraphs
[20], Borowiecki and Jézwiak [5] studied the relationship between the permanental poly-
nomial of a dimultigraph (resp. a muligraph) and certain subgraphs. Recently, Belardo
et al. extended these results to characteristic and permanental polynomials of weighted
graphs and matrices in [2] and [3], respectively. For the permanental polynomials of
chemical graphs, in [7] by generating all the coefficients of the permanental polynomial
of fullerenes up through Cgg, the zeros of these polynomials were dealt with by Cash. It
was shown that of the independent zeros, ten are nearly constant within an isomer series
of constant N, while the remaining (N/2 — 10) zeros vary greatly with structure. This
indicates that the permanental polynomial encodes a variety of structure information. To
determine the coefficients of a permanental polynomial, Gutman and Cash [13] consid-
ered the relation between the permanental polynomial and the characteristic polynomial
of hexagonal systems and fullerenes, and established a formula on a part of coefficients of
these two polynomials. Later by focusing on the orientation graph of a bipartite graph
containing no even subdivision of K3, Yan and Zhang [25] proved that the permanental
polynomial of such a bipartite graph can be computed by the characteristic polynomial
of a skew adjacency matrix. Furthermore, in [26] we obtained that only the permanental
polynomials of bipartite graphs containing no even subdivision of K53 can be computed
in this way, and a characterization of this kind of graphs is given. For more studies on
the permanental polynomials in chemistry and mathematics, see [4, 6, 8, 9, 14, 15, 16, 22]

and related references.
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To overcome the difficulty of computing permanents, it is reasonable to convert the
computation of permanental polynomials to the computation of matrices and determi-
nants. Motivated by this idea, in this work, we first pay attentions to some basic graphs,
such as a path and a cycle. Instead of computing the permanental polynomials directly,
we assign orientations to graphs, and compute the characteristic polynomials of the cor-
responding skew adjacency matrices. Then we turn to some chemical graphs including
some types of hexagonal systems, which is a natural graph representation of benzenoid
hydrocarbons. The corresponding polynomials are produced by the product of matrices.

The organization of this paper is as follows. In Section 2 we give explicit expressions
of the permanental polynomials of a path, an even cycle, an even n-sun graph and one
subgraph of an n-sun graph. Under these formulas, the roots of the corresponding poly-
nomials follow immediately. Applying the reduction procedures, in Section 3 we obtain
the permanental polynomials of a general polygonal chain G,, and a kind of pericondensed
system H,, by multiplications of matrices. According to this, the permanental polynomial
of a hexagonal chain is provided. As special cases, explicit formulas on the permanental

polynomials of a linear chain, zigzag chain and helix chain are obtained.

2 Explicit expressions for the permanental polyno-

mials of some basic graphs

In this section, we will compute the permanental polynomials of a path, an even cycle, an
even n-sun graph and the subgraph of an n-sun graph. Throughout this paper we denote
by P, a path on n vertices, C,, a cycle on n vertices and S,, an n-sun graph. An n-sun
graph is the graph on 2n vertices obtained by attaching a pendant edge to each vertex of
a cycle C, [1]. Particularly, we call C,, (resp. S,) an even cycle (vesp. even n-sun graph)
if n is even.

Using the results of matching polynomials on paths and cycles [11] and formula (1),

it is easy to check that the permanental polynomials of a path and a cycle given as

7(Py,a) = (” f k) P (2)

and

m(Cyx) = — (” - k) 22k 4 b(C), (3)

k=0
where b(C,) = 4 if n is even, and b(C,) = —2 if n is odd. Here by computing the
characteristic polynomial of the skew adjacency matrix of an orientation graph, we will
derive the explicit expressions of the permanental polynomials of a path and an even cycle

in terms of roots. We begin by introducing a few definitions and lemmas.
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A graph G is an even subdivision of a graph H if G is obtained from H by replacing
the edges of H by internally disjoint paths, each containing an even number of vertices
and at least one edge.

For a graph G, an even cycle C is said to be nice if G — V(C) has a perfect matching.
Let G¢ be an orientation of G. An even cycle is said to be oddly oriented in G€ if the
number of edges pointing in each direction is odd. Under an orientation G, the skew
adjacency matriz A(G®) = (aj;)nxn is defined as

1 if (v;,v;) is a directed edge from v; to vy,
a;; =& =1 if (v;,v;) is a directed edge from v; to v;,

0  if no edges connect v; and v;.

Theorem 2.1. [24] Let G be a bipartite graph containing no even subdivision of K.
Then there exists an orientation G of G such that

(G, z) = det(zI — A(G?)).

Moreover, each cycle of G¢ is oddly oriented.

—
S}
» L
.
.
.
=
'
—_
=

Figure 1: Orientations P¢ and C¢ of P, and C,,, respectively.

Lemma 2.2. [21] Define n x n matrices U, and U; " with components 1 < k, k' < n:

B 2 .. kkw 1 B 2 . kKT
(Un)kw = P 51n(n+1), (o )k’k/iwn—s—l(_l) 51n("+1).

Let @Q),, be the nxn matriz ) ) ) . Then the matriz @,L = U;lQ"U,,L

-1 0 1
-1 0
has the element (@n)k,k’ = Ojpr - 20 COS nl% for1 <k,k <n andi*=—1.

Theorem 2.3. The permanental polynomial of a path P, is

=

t
7(Po,z) = | | (@ + 2icos T
n+

-+
Il

1
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Proof. By Theorem 2.1 and according to the orientation P¢ of P, shown in Figure 1(a),
(P, ) = det(xl — A(P?)) = det(xl, + Q) holds. Following the result of Lemma 2.2,
conjugate the matrix (z1, +QW) by U, to obtain U, ' (z1,+Q,)U, = diag(x+2i cos - St
22@051,--- T+ 2icos ). So (P, ) = [T, (x + 2i cos ;25) is got. O

Remark 2.4. Combining the formula for the characteristic polynomial of a path P, [20]

n n

tm tm
P, x) = r — 2cos = T + 2cos
orna) =TI -1l )

and the theorem presented in [4], the same result as (4) can be obtained.
Lemma 2.5. [25] Define n x n matrices V,, and V,7* with components 1 <t,j < n:

1 .@i-yir

i _ 1 _;2t=Djr
Vg =yf e (W Ve = e
0 1 1
-1 0 1
-1 0 1 ~
Let Y, be the n xn matriz ) ) ) . Then the matriz Y, = V.71V, V,
-1 0 1
-1 -1 0

has the element ()7,7),] =0 21 sin(mel)7T for1 <t j<n andi’=—1.
Theorem 2.6. The permanental polynomial of an even cycle C,, is

(2t —1)m

nsy 2 .
7(Ch, ) g x + 2isin - ) (5)

Proof. An orientation C¢ of C,, referring to Figure 1(b) is oddly oriented when n is even.
The matrix xf — A(C¢) takes the form R,, where

T 1 1
-1 z 1
-1 =z 1
R, = (6)
-1 z 1
-1 -1 =z

Conjugating R, = zI,+Y,, by V,,, we obtain that det(R,) = det(V," 1R, V) = det(diag(z+
2isinZ,x+ 2sin 3, ...z + 2sin (2”71)) So w(Ch, ) = T, (x + 2i sin 2= 1>7r) holds.
|
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Remark 2.7. Forn = 4k + 2, using the characteristic polynomial of a cycle C,, [20]

n n

H(Cr,x) = H(l —2cos 2%) = H(z + 2sin W)

t=1 t=1

and the theorem presented in [4], the same result as (5) can be also obtained. For other

values of m, w(Ch, ) cannot be get in this way.

n+l n+1

Figure 2: The n-sun graph St and the graph S¢ — nl.

Theorem 2.8. The permanental polynomial of an even n-sun graph S, is

(2t —1)m

(S, z) = +1). (7)

x + 224 sin

n
=1

t
Proof. Figure 2(a) gives an orientation S¢ of an even n-sun graph S, with the only cycle
being oddly oriented. Following the labeling of vertices and the orientation graph S¢
R, I,
=1, i,
(=1I,) Ry, it follows that det(zI — A(SS)) = det(R,(zI,) — (—1,)1,) = det(D,,), where the

matrix R, takes the form shown in (6) and

in Figure 2(a), the matrix xI — A(S¢) takes the form . Since R,(—1I,) =

2241 T T
—  22+1 T
—r 2’41 2
D, =
—x 22+1 T
—x —z 2?41

By Lemma 2.5, conjugate D,, = (x2 + 1)1, + zY,, by V,, to obtain

(2n — 1)71').

Then according to Theorem 2.1, (S, z) = det(zI — A(S¢)) = det(D,,) = [[_, (2* +

1+ 2mi sin 2= >7T) is obtained with i = v/—1. O

3
VD, V, = diag(x® + 1 + x2isin K, 22+ 1+ 22i sin—ﬂ, <o 2?4+ 1+ 22isin
n n
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For an edge e of a graph G, G — e is the graph resulting from the remove of e. Choosing
an edge e belonging to the cycle of S,,, the resulting graph S,, — e takes the form shown

in Figure 2(b). By Lemma 2.2 and the discussion in the proof of Theorem 2.8, we have

Theorem 2.9. Let e be an edge belonging to the cycle of an n-sun graph. Then

tm

2 .
2 1). 8
(x +xzcosn+1+ ) (8)

o B

(S, —e,x) =

o+
Il

1

(2t— 1)7r

+1=0 and 2> +22icos & +1 =0,

the roots of w(Sy,x) and 7(S, — e, x) can be obtamed, respectively.

Remark 2.10. By the equations ¥ + x2i sin ¢ sl

3 Recursive expressions for the permanental polyno-

mials of some kinds of graphs

3.1 Identites for permanental polynomials
In [5] Borowiecki and J6éZwiak proved an identity on the permanental polynomial, which
is described in Theorem 3.1.

Theorem 3.1. [5] Let e = (u,v) be an edge of a graph G and €.(G) the set of cycles

containing e. Then

m(G,x) =7(G —e,x) + (G —u—v,z)+2 Z (—)VOlr(@ - v(C),z). (9)
CE.(G)

Formula (9) provides a general connection between the permanental polynomial of a

graph and the permanental polynomials of its subgraphs. With the help of Theorems 2.3

and 2.6, a different expression comparing with (3) appears immediately.

Theorem 3.2. The permanental polynomial of a cycle C,, on n vertices is

[T/, (z + 2isin 2= 1)’r) if n is even,
[T (& + 2 cos ) + TTiZ X s 1) — 2, ifnis odd.

1
Let uy, v1 (resp. us, v2) be a pair of vertices of a graph G (resp. G2). Then the bridge

7(Chy ) =

graph G1 ¢ Go of Gy and G5 through e; and e, is the graph obtained by joining edges e;

between u; and uy and ey between v; and vo. See Figure 3 for an illustration.

Corollary 3.3. For the bridge graph G = G1 0 Gy through e; = (u1,uz) and e3 = (vy,vs),
the following result holds.

(G, x) =n (G, 2)7 (G, x) + 7(G1 — ur, 2)7(Ga — ug, ) + 7(G1 — vy, 2)w(Ga — va, x)

(G —u — v, )G —up —vp, ) +2 Y (=) n(G - V(C), ).
CE%e, (G)
(10)
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Figure 3: The bridge graph G; ¢ Gs.

Proof. Using Theorem 3.1, we obtain that

m(Ga)=m(G—en,2) +7(G—w —uz2)+2 Y (-)VOIr(G-V(C),2)

Cet., (G)

(G —e; —ey, ) +7(G—er —vy —vo,x) + 7(G —up —ug — e2,)
(G —up —ug — vy — v, ) + 2 Z (-D)VOIn(G - V(C), )
Ce%ey (G)
(G, )7 (Ge, x) + 7(G1 — v1,2)7(Ga — vo, ) + m(Gy — uy, x)7(Ga — ug, x)

+ (G —ug — vy, 2)w(Gy — Uy — V9, x) + 2 Z (—1)‘V(C)‘7T(G - V(C),x).
Cebe, (G)

+

O

3.2 The permanental polynomial of a general polygonal chain

Inspired by the idea given in [19], we now deduce the permanental polynomial of a general
polygonal chain by a recursive procedure. To derive our main results, we give some
definitions and notations.

A general polygonal chain is a polygonal system satisfying (a) each of the two end
polygons has exactly one adjacent polygon and any other polygon has two adjacent poly-
gons; (b) the intersection of any two adjacent polygons is a path whose internal vertices
are of degree two; (c) no three polygons have a vertex in common.

For simple, a general polygonal chain with n polygons (each polygon has at least six
vertices) is denoted by G,. For the i-th polygon in G,, i € {1,2,3,--- ,n}, two root
vertices u; and v; are prescribed, which are joined by a path P, of internal vertices of
degree two. In the 7 + 1-th polygon, the edge with u; as an endvertex is marked by e; ;.
The path in the i-th polygon joining u} (the neighbor of w;_;) and v} (the neighbor of
v;—1) is denoted by P,,, and the path connecting u} (resp. v}) and w; (resp. v;) is denoted
by P;, (resp. P,). See Figure 4. In addition, we denote by €y (y)(G) the set of cycles of
G containing the vertices of the subgraph H and %.(G) the set of cycles in G including
the edge e.

Theorem 3.4. For a general polygonal chain G,i1, let a(G,) be the column vector
(W(Gmx)mr(Gn—umx)Jr(Gn—vn,:L‘),ﬂ(Gn—V(Pln),x),ZCE%(PI )(Gn)(_l)IV(C)\ﬂ(Gn_



Figure 4: Polygonal chains G,,;1 and G;.

V(C),z))T. Then the permanental polynomial of G,y satisfies the recurrence

a(GnJrl) = An+1 : a(Gn)v (11)

where A, s a 5 X 5 matriz whose i-th row vector is li for 1 <i <5. Explicitly,

l’}b = (Tr(P"n7 x)7ﬂ(R'n—1$x))ﬂ(PTn—1r‘r)’ W(P"n_Q’ 'I)ﬂ—(Pln—l_QT‘r) + 2(_1)7%_”"717

(
(
(
B =(n(Ps,,2)m(Py,-1,2),7(Ps,—1,0)7 (P, 1, @), 7(Py,, 2)7(Pr,—2, ), 7(Ps, 1, 2)7(Pp, -2, )
(
(
(

P, o, 2)7(P,_,—2,2),0), and
I3 =(0,0,0, (=1t (=1)yntlin(P, o 2)).
Consequently,

Oé(Gn) = An . An,1 e A1 . (J/,(G())7 (12)
where a(Gy) = (22 + 1, z,2,1,0)T.

Proof. We can see that the general polygonal chain G, is the bridge graph of G,, and
the path P, Then by Corollary 3.3,

1t

T(Gny1, @) = (G, )7 (P, ., ) + 7(Gr — Uy, )7 (P,
+ (G — On, )T (P -1, 2) + (G — Vp, ,2)7(P, 2, )T (P, 2, )
+2 0 > ()G = V(C), ). (13)

C€%Ce,, 1 (Gns1)

n+1—1s 'L)
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As the internal vertices of P, ., are of degree two, a cycle containing e,,; in Gy

must pass through the path P, . . So it follows that

S ()VOR(Gy - V(O),2)

C€%e,, iy (Gny1)
= (_1)”““"7(6:% - VPI,L ’ T)
+(=lmth(P ) Y (=) OIR(G, = V(O), ). (14)

CeBy(p,, )(Gn)

From (13) and (14), we have

T(Gry1, @) =n(Gp, x)7 (P, ) + 7(CGr — U, )7 (P -1, @) + 71(Gr — v, 2)W(Py 21, @)
+1(Go = Vi, 0) [ (P, -2, )T (P, -, ) + 2(= 1)1
(=1 thn(P ) Y ()G, - V(0), ).
OB )(Gn)
Thus, 7(Gpy1, ) =1L - a(Gy).
Similarly, we also have T(Gpy1 — unt1,2) = 2 - a(Gr), m(Gri1 — Vny1,7) =13 - a(Gy)

and 7(Gpy1 = Ungr — Vng1, @) = by - (G).

Since
(_1)‘V(C)‘7T(Gn+1 - V(C)’ fI?)
CE%V(P,"“ ) (Grt1)
= (1) (G~ V(R 2)
+ (=)t (B, ) Y (=) DIn(G, - V(O), @),

Cey(p,,)(Gn)

we get that ZCe%’V(P, H)(GnH)(*1)“/(0)‘”((}"*1 —-V(C),2) =1 ap.
By now

a(GnJrl) = An+1 . a(Gn)

is established.

For a general polygonal chain, the starting step Gy is an edge (uo, vo). Given this, we
obtain that o(Gp) = (22 + 1,z,2,1,0)T. So equation (12) follows. O

Remark 3.5. It needs to point out that m(Py,z) =1 and n(P-1,x) = 0.

As a special case of a general polygonal chain, a polygonal chain is a connected series
of polygons arranged in a linear form satisfying the intersection of two adjacent polygons
is an edge and no three polygons have a vertex in common. For a polygonal chain with

at least six vertices on each polygon (denoted by G,), we have the following corollary.
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Corollary 3.6. For a polygonal chain G, let a(G',) be the column vector (7 (G, x), (G},
— Un, l‘),ﬂ'(G;L — Un, x)77T(G;L — Un — Un, I)“ ZCE%@ wn) (G )(71)|V(C)‘W(G;L - V(C)7L))T
Then

a(Gpr) = Ay - (@), (15)

where Al, is the matriz obtained from A,, with l,—y =2 and ©(P,,_,—2,x) = 1.

Furthermore,
a(G,) = A, Ay AL a(Gh) (16)

with a(Gp) = (2 + 1,z,2,1,0)T.

Figure 5: (a) a hexagonal chain Fj, (b) a linear chain Ls, (¢) a zigzag chain Z5 and (d) a

helix chain T5.

A hexagonal system is a finite connected plane graph without cut vertices in which each
interior region is surrounded by a regular hexagon of side length one. A catacondensed
hexagonal system corresponds to those hexagonal system with no internal vertices, and
a pericondensed hexagonal system has at least one internal vertex. A hexagonal chain
is a catacondensed hexagonal system satisfying each hexagon has at most two adjacent
hexagons and only each of two end hexagons has one adjacent hexagon (refer to Figure
5(a)). For more about hexagonal systems, see [12] and related references.

As an important special case, a hexagonal chain is a polygonal chain with all polygons
being hexagons. Before presenting the permanental polynomial of a hexagonal chain, we
introduce three types of hexagons. A hexagon h; in a hexagonal chain is of type-I if
the minimum length of the path joining w;—; and u; in h; is two, and of type-IT (resp.

type-1II) if the minimum length of the corresponding path is three (resp. one). As shown
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in Figure 5(a), the hexagons hi, hy and hs are of type-I, hs is of type-IIT and hy is of
type-II. According to the matrix A/, in Corollary 3.6, we define three matrices I'y, T’y and

I'3 as follows
2322 +1 2342 234220 2243 2

4 22+ 1 22 z 0
I = 2+ z? 22 +1 z 0
x? T T 1 0
0 0 0 1 1
24322+ 1 2420 2420 2243 2
4z z? 22 +1 T 0
I'y = 3+ 2r 22 +1 0 0 0
22 +1 T 0 0 0
0 0 0 1 1

and
24322 +1 22420 22420 2243 2
23+ 2z 0 22 +1 0 0
Iy = 24+ 2241 22 x 0
22+ 1 0 z 0 0
0 0 0 1 1

Corollary 3.7. Let F,, be a hexagonal chain with hexagons hy,ha, -+, h,. Then

a(F,) = W(hy) - W(hp-1) -+ W(hy) - a(Fp),
where
'y, if hy is of type-1,
W(hi) = { Ta, if h; is of type-II, (17)
s, if h; is of type-111,
and a(Fp) = (22 + 1,2,2,1,0)T.

Following Corollary 3.7, for the hexagonal chain F; in Figure 5(a), we have that
a(Fs) =TTy -T3-T%. (22 + 1,2,2,1,0)T. By a simple computation with MAPLE, it
gives that
7(Fs,z) =2 4 26070 + 2872 + 17702'° + 67572 + 1670822 4 2717320 + 2885525+

193912° + 77202" 4 15922 + 121.

Now we focus on some special hexagonal chains. If all the hexagons in a hexagonal
chain are of type-I, then we call such a hexagonal chain a linear chain (see Figure 5(b)).
Corollary 3.8. Let L, be a linear chain with n hexagons. Then

a(Ly,) =TT - a(Ly)
with a(Lg) = (2 + 1,7, 2,1,0)T.
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Table 1: The permanental polynomials of linear chain L, for n =1,2,3,4,5.

Li,z)= 2%+ 62" +922+4

Ly,x) = 2%+ 1128 + 412° + 652* + 4322 + 9

L3, z) = a1 + 1622 4 98210 + 2962® + 4732° + 3922 + 1482 + 16

Ly,z) = o'+ 2120 + 1802 4 822212 + 2192210 + 35102% + 33212° + 17312 +
4152 + 25

7(Ls, ) = 2?24+262204-287218 41768716 +672524 +16498212+264292104-2729228 +

1739925 + 6230z + 100922 + 36

We compute the permanental polynomials of L, for n = 1,2,3,4,5 as exhibited in
Table 1. The permanental polynomials in Tables 1-4 are all determined with MAPLE
using the built-in MatrixVector-Multiply function.

If the hexagons in a hexagonal chain appear with type-I1 and type-I1I alternately, then

it is said to be a zigzag chain. An illustration is given in Figure 5(c).

Corollary 3.9. For the zigzag chain Z, with hexagons hy, ho, - , hy,

(Ty-T3) 2 -Ta-a(Zy), if by and h, are both of type-II,
(T3-Ty) 2 -T3-a(Zy), if hi and hy, are both of type-III,
( )
( )

ﬁ
H

a(Z,) = .
[3-T)2 - a(Zy), if hy is of type-II and h,, is of type-III,

Iy -T3)% - a(Z), if hy is of type-III and h,, is of type-II,
where a(Zy) = (2® + 1,x,2,1,0)T.

For the zigzag chains Z, with the starting hexagon h; of type-I1I, we show their
permanental polynomials for n = 1,2,3,4,5 in Table 2.

Table 2: The permanental polynomials of zigzag chain Z,, for n =1,2,3,4,5.

Zi,x) = a8+ 62!+ 922 +4

Zy,x) = o0+ 1128 + 4125 + 6524 + 4322 + 9

Zy,x) = x' + 162" + 98210 + 29728 + 47925 + 4072 + 1662 + 25

Zyx) = o'®+ 212 + 1802 + 824212 + 2214210 + 36052° + 35332° + 19902 +
57722 + 64

m(Zs,x) = 2?+262204287218 4177121 +67732'4 +16812212+275382104-296182°5+

2036428 + 8453z* + 188622 + 169

We call a hexagonal chain whose hexagons are all of type-II a heliz chain [10]. An

example is provided in Figure 5(d). The same analysis as above, we obtain that
Corollary 3.10. For the heliz chain T,

a(T,) =T3 - a(Ty),
where a(Ty) = (22 + 1,2,2,1,0)T.
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We list the permanental polynomials of 7}, for n = 1,2,3,4,5 in Table 3.
Table 3: The permanental polynomials of helix chain 7, for n =1,2,3,4,5.

Ty,z)= a%+6z"+92°+4

Ty,z) = 29+ 112 + 4125 + 652* + 4322 + 9

T3,x) = 2+ 16212 4 98210 + 29728 + 47925 + 4072 + 16622 + 25

Ty,x) = '8 4212 4 1802 + 82422 4 221321° + 35992® + 351825 + 19722* +
56812 4 64

(Ts, ) = 222+262204-287218+177121 467712 +167912124-274502104-2942728 +

201382 + 83182 + 185622 + 169

3.3 The permanental polynomial of a pericondensed system

Figure 6 illustrates a pericondensed system denoted by H,. As the labeling of vertices,
H, 1 is the bridge graph of H,, and H; through e} = (u?,u} ) and €2 = (vZ,v},;). Let
H be the graph obtained from H, by adding an edge € joining u2 and vZ. Now, we

devote ourselves to computing the permanental polynomial of H,, in a recursive technique.

Figure 6: The pericondensed systems Hy, Hy and H, 1.

Theorem 3.11. Let 3(H,) be the column vector (7(H,, x), n(H,—u?, z), 7(H,—v?, z), 7(H,—
=2, S e sy (~1) OVR(H; = V(C),2)". Then

/B(HnJrl) =B /B(Hn)7

where B is the 5 X 5 matriz with row vectors y1, ya, Y3, Yya and ys. More precisely,
y1 = (w1, wa, w2, w3, —2(7(Pr, x) 4+ 27(Ps, x) + x)),
= (w2, m(Co, ) (P, ), m(Ps, ), m(Ps ) (P, ), =27 (P2, o) — 21(Py, 2)m (P, @),
= (wa, m( Py, x), m(Co, )7 (Pa, x), m(Ps, 2)m0( Py, ), —=27( Py, x) — 27(Py, x)w (P2, x)),
= (w3, 7(Ps, 2)w( Py, z), w(P5, x)m( Py ) 3(Py, x), —2xm%( Py, x)) and
( ( (P77 )+27T(P33 I)+$)7 7( (P27 )+7T(P27 ) (P4,I)), 7(W(P27 I)+7T(P2,CL')7T(P4,I)),
—am2(Py, ), 27 (Py, ) — m( Py, 7)),
where wy = 210 + 1128 + 4120 + 6521 + 4322 + 9, wy = 2% + 927 + 262° + 2923 + 11z and
ws = % + 720 4 142* + 822
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Thus

B(H,) = B""- B(Hy) (18)
with B(Hy) = (w1, wa, wa, w3, —7(Pr,z) — 27 (P3,z) — 2)T.
Proof. The result of Corollary 3.3 derives
T(Hyy1,2) =n(Hy, x)n(Hy, x) + 7(H, — v, 2)n(H, — ul, x)
+m(H, — 02, 2)n(Hy — v}, x) + 7(H, —u> — 02, 2)7(H; —ul — v}, 2)
+2 Y (=)VOla(Hyyy = V(C),2), (19)

Ceb - (Hn+1)
n

A cycle C using e}, in H,; must contain €2, C' — ¢} (C’ is a cycle belonging to

.:(mx)) and the path induced by the bold edges as shown in Figure 7. So it implies

Figure 7: The cases of a part of a cycle containing e, in Hy,1 .

> ()Va(Hyp - V(C), )

CE‘fQ“(HnH)
n

= [r(Pra)+2r(Ps,z) +al— Y (=) Ola(H; - V(C), )], (20)
CE€C,s (Hy)

A series of computation leads to
7(Hy,x) = wi, 7(Hy — u}, ) = 7(H; — v}, 2) = wy and 7(H, —ul — v}, 2) =ws.  (21)

Based on these results, we get that m(H,11,z) =y - S(H,).
The same analysis as above, m(Hyq1 — u, |, 2) = yo - S(H,), 7(Hps1 — 02, 2) =
ys - B(H,), and w(Hpq1 — uﬁﬂ — viﬂ,l‘) =yy - f(H,) are got.
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Now we consider the cycle containing ey, ; in Hy, ;. The following formula is derived.

> ()Y, - V(O), @)

Ceb,r  (Hi,,)
n+1
= —n(H, @) = 7(H,,x) — n(H}, 2) — vn(H,, @)
—w(Pyx) Y. (=) Ola(H; - V(C), 1), (22)
CE€%,x (H3)
where the graph H), is the one obtained from H, by deleting the path of length three

joining w2 and v2, and H} (resp. H?2) is the coalescence of H,, and P, with u2 (resp. v2)

as the coalesced vertex. Refer to Figure 8.

Figure 8: (a) H}, (b) H? and (c) H)_;.

By Theorem 3.1,

(H}, ) = 7(H,, v)7(Ps, 2) + 7(H, — u2,2)7(Py, 1),
(H2,2) = 7(H,, 2)7(P3, 2) + 7(H, — v2, 2)7(Py, 7). (23)

Using Corollary 3.3 to w(H}_,, ), we have

ﬂ—(Hvlerh‘T) :ﬂ—(anI)Tr(P% ) (Hn_u l‘) (PQ’ ) (P47 )
+ 7w(H,, — 02, 2)7(Po, 2)7(Py, ) + w(H, — u? — 02, 2)7? (P, v)2
o (Pyx) Y (—1)VOln(H; - V(C),2). (24)
ety ()
The substitution of (23) and (24) into (22) yields
> ()VOn(Hy, - V(C),x) =
Oty (Hip)
— [z +27(Py, 2) + 7( Py, 2)]7(Hy, ) — [1(Py, x) + w(Py, 2)7(Py, x)]7(H, — u?, 2)
— [1(Py, x) 4+ w(Py, 2) 72 (Py, 2)|m(Hy, — 02, 2) — an?(Py, 2)7(H, — u? — 02, x)
+ 20 (Py,z) —m(Py2)] Y (=) Oln(H; - V(C), ).
CE€b, (H)

According to this, Yoe . (2 (= DVOlr(H:  —V(C),x) = y5-B(H,) is obtained.
1

By the discussions dbOVG B(H,41) = B - B(H,) follows. On the other hand, by (21)
and a direct calculation, it gives that B(H;) = (w1, ws, wo, w3, —7(Pr, x) — 27 (Ps, x) —x)T.
Thus equation (18) is established. O

In Table 4 we list some 7(H,,x) explicitly by the method provided in Theorem 3.11.
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Table 4: The permanental polynomials of H,, for n =1,2,3,4.

m(Hy,z) = x'°+112% 4 412° + 652" + 4322 + 9

m(Hy,z) = 220+ 2428 + 240216 + 13142 4 4350212 + 9066210 4 119932® + 98822° +
4791z 4 117822 4 81

n(Hs,x) = 2% + 3722 4 608226 + 5878z + 3733822 + 1648262 + 521531218 +
1202331216 + 203219221 + 251217022 + 2244727210 + 14146032° +
60037825 + 156878z* + 206772 + 729

m(Hy,x) = 2945003 4114503 4 1595423 4 151566232+ 104267223+ 538451102 +
21354630226 + 6599256622 + 16031320422 + 30746417422 +
465761312218 + 555380333z'6 + 517220574z + 371141426212 +
200779952210 +79079947" + 2140068026 + 35858102 + 29894822 + 6561
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