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Abstract

For a simple graph G, the incidence energy I E(G) is defined as the sum of all
singular values of its incidence matrix. In this paper, we determine the unique
graph with minimal incidence energy among all connected unicyclic graphs and
bicyclic graphs of order n, respectively. We also determine the unique graph
with maximal incidence energy in the two graph classes, respectively.

1 Introduction

Given a simple graph G with vertex set V(G) = {vy, va,...,v,} and edge set E(G) =
{e1,€2,...,€en}, the incidence matrix X(G) = (z;;) of G is an n x m (vertex- edge)
matrix with z;; = 1 if v; is incident to e;, and z;; = 0 otherwise; the adjacency matrix
A(G) = (aij) of G is an n x n (vertex-vertex) symmetric matrix with a;; = 1 if v;
and v; are adjacent, and a;; = 0 otherwise. Denote the degree of vertex v; by d(v;),
the signless Laplacian matrix Q(G) of G is defined as Q(G) = D(G) + A(G), where
D(G) = diag(d(vy),d(va), . ..,d(v,)) is the diagonal matrix of the degrees of G.

Let 01,09,...,0, be the singular values of X(G), i. e., the square roots of the
eigenvalues of X(G) XT(G), where XT(G) is the transpose of X(G). Denote by
@ (G), 2(G), ..., q,(G) the eigenvalues of Q(G). Then the incidence energy of the
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graph G is defined as [14]
IE(G) =) 0. (1)
=1

Since the equality X (G)X7(G) = D(G) + A(G) = Q(G) always holds for a simple

graph G, the incidence energy of a graph G is also defined as [6]

TB(G) = > V/alC) @

Let pi1, fia, - - ., ptn, be the eigenvalues of the laplacian matrix L(G) = D(G)— A(G).
The Laplacian-like energy of G proposed by Liu and Liu [17] is defined as LEL(G) =
Yo /i If G is a bipartite graph, then the spectra of L(G) and Q(G) coincide.
Thus IE(G) = LEL(G) for a bipartite graph G.

Let G be a connected graph with n vertices and m edges. Let S(G) be the
subdivision graph of G, that is, S(G) is obtained from G by inserting a new vertex in

each edge. Clearly, S(G) is a bipartite graph with n + m vertices and 2m edges. Let

n LHTmJ
Qa(z) = Zp]-(G) "I and Py () = Z ag; (S(G)) xtm=%
=0 =0

be the @-polynomial of G and characteristic polynomial of S(G), respectively. It was
proved in [19] that

Ps(e)(x) = 2"" Qa(a?) - (3)

From Eq.(3) we know that as;(S(G)) = p;(G) for 0 < j < n, ay(G) = 0 for

n<j< |22 and £4/¢1(G), £/¢2(G), . .., £1/¢a(G) and 0™ are the eigenvalues

of S(G). Thus the incidence energy of G is also equal to [14]
1
IB(G) = § E(S(C) )

where E(G) denotes the energy of G is defined as the sum of the absolute values of
all the eigenvalues of G. Details on E(G) can be found in [5,8,9,15].

Let by (S(G)) = (—1)" as(S(G)). Then [2] by(S(G)) > 0 for all i =1,..., | 2tm|.
Further, by(S(G)) = 1 and by(S(G)) equals the number of edges of S(G). If G is
an acyclic graph, then by (G) = m(G,i), where m(G,4) denotes the number of i
independent edges in G.
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It is known [4,9] that for the bipartite graph S(G), E(S(G)) can be also expressed

as the Coulson integral formula

9 [t q [(n+m)/2] _
E(S(G)) = = /0 |1+ > bau(S(G)) 2 | da . (5)
i=1

Thus for m > n, we have [6]

1 [t 1

l+Z(—l)ipi(G) 22| dz (6)

If for two bipartite graphs G; and G, the inequalities by;(G1) < bg;(Ge) hold for all
i =1,2,...,|n/2], then we say that G; is smaller than G5, and write G; < G5 or
Go = G1. Moreover, if by;(G1) < bgi(G3) holds for some i, we write G; < Go or
Gy > Gy. From Eq.(5) and Eq.(6) we know that for two bipartite graphs S(G;) and
5(Ga),

S(G1) = S(Gy) = IE(Gy) < IE(G)
S(G1) < S(Gy) = IE(Gy) < IE(Gy) .

A spanning subgraph of G whose components are trees or unicyclic graphs is
called a TU-subgraph of G. Suppose that a TU-subgraph H of G contains ¢(H)
unicyclic graphs and s trees T1, Ty, ..., Ts. Then the weight W (H) of H is defined by
W(H) = 4" T3, (1+|E(T;)|). Clearly, the isolated vertices in H do not contribute
to W(H). It is known that [3]

(—1)'pi(G) =D _ W(H;)

where the summation runs over all TU-subgraphs H; of G with ¢ edges. The Sachs
theorem [2,9] states that for ¢ > 1,
a(S(G)) = Y (=12
FeLy;
where Ly; denotes the set of Sachs graphs of S(G) with 2¢ vertices, that is, the graphs
in which every component is either a K5 or a cycle, p(F) is the number of components
of F and ¢(F) is the number of cycles contained in F'. Thus we have

boi(S(G)) = > W (H;) = (=1)" Y (=1 2eF)

FeLy;
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where H; is the TU-subgraph of G with ¢ edges and Lo; is the set of the Sachs graph
of S(G) with 2i vertices.

Lemma 1. Let G be a simple graph, T be a tree witht edges, andu € V(G),v € V(T).
Let Gy be the graph obtained from G and T by identifying the vertices w of G and v
of T, Gy be the graph obtained from G and the star Siy1 by identifying the vertex u

of G and the unique central vertex of S;11. Then
IE(G,) > IE(G»)
with equality if and only if T = S;11 and v is its central verter.

Proof. We label the edges of G and Gs such that the edges in G have the same
labels in the two graphs and E(T) = E(Si1). Set E(G) = {ei41, €112, .., en} and
E(T) = {e1,e9,...,et} = E(Si41). Let H; be an any TU-subgraph of Gj, then
we can find a unique TU-subgraph H] of Go such that E(H;) = E(H]). Clearly,
c(H;) = c(H]). Let e; and e; be any two edges of E(H;) (or E(H)). If ¢; and e; are
adjacent in H;, then they must be adjacent in H}, and the inverse assertion is not
true. It thus follows that
Claim 1: the edge set of each component of H, must be the union of the edge set of
some components of H;.

Here we denote by U the unicyclic graph, by T the tree. Let U, Us, ..., U;, T},

Ty, ..., T, be the nontrivial components of H], then by Claim 1 we can suppose that

11 12 1e 21 22 24 t1 t2 ti
U17U27"'7UL7T 7T 7"'7T luT 7T 7"'7T 27"'7T 7T 7'*'7T t7

T117T127~ .- 7T1j17 T217T227- .- 7T2j27 LR TthzZ:- .- 7szw

are the components of H; such that E(U.) = E(U;) L] E(TH(1 < s <t),E(T}) =
=1

Jk
U E(Twy) (1 < k < ), where U;, U] contain the same edge set in G. Thus we have
y=1

z x Ji
W(H) =4 [J[a+ B <4 1] <H(1 + |E(Tz’z|)> = W(H;)
i=1 i=1 \I=1
with equality if and only if E(U]) = E(U;) (1 <i<t),and j; = jo =+ = j, = L.
Thus by;(S(G1)) > b9i(S(Gs)) for 0 < i < n, with equalities if and only if Gy = Gb.
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That is, S(G1) »= S(Gq) with equality if and only if T = Siy; and v is its central

vertex. O

By Lemma 1 it is easy to prove that the star S, is the unique tree on n vertices
with minimum incidence energy. Note that [4,8] P, is the unique tree on n vertices
with maximum energy and the subdivision of a tree is still a tree. Thus, for any tree

T on n vertices, we have [6,7,14,18]

1E(S,) < IB(T) < IE(P,)

with left (right, respectively) equality if and only if G = S,, (T' = P, respectively).
If G, is a subgraph of G5, then the TU-subgraph H of G is also that of G5. Thus
S(G1) = S(G2). Thus, for any simple connected graph G with n vertices, we have [14]

1E(S,) < IE(G) < IE(K,)

with left (right, respectively) equality if and only if G = S, (G = K,,, respectively).

In order to obtain our main results we need the following lemmas.

Lemma 2. [16] Let uv be an edge of a bipartite graph G, then

bai(G) = byi(G — wv) + by o (G —u—v) +2 Y (1) 2by (G~ C)

CreC(uv)

where C(uv) is the set of cycles containing wv. In particular, if uv is a pendant edge

of G with the pendent vertex v, then
sz(G) = bzl(G - U) + b2i72 (G —Uu— ’U) .
By means of Lemma 2 it is easy to prove:

Lemma 3. [10] Let X,,; be the graph obtained from the bipartite graph X and the

path P, = v1vs ... v, by identifying the vertex u of X and v; of P,. Then

Xn,l > Xn,3 t Xn,S t e t Xn,4 t Xn,2 .
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2 The incidence energy of a unicyclic graph

Let G be a unicyclic graph on n vertices, S(G) the subdivision graph of G. It is easy to
prove that S(G) contains a perfect matching. Let P! be the unicyclic graph obtained
by connecting a vertex of C; with a pendent vertex of P,_;. Hou et al. [11] proved
that P has the largest energy among all unicyclic bipartite n-vertex graphs except
possibly the cycle C,,. Huo et al. [13] and Andriantiana [1] showed independently
that the energy of P? is greater than that of C,, for even number n > 16. Since S(G)
is a bipartite graph and S(P2) = P$  combining the above results and Eq.(4), we
get:

Theorem 1. Let G be a unicyclic graph with n vertices, n > 8. Then IE(G) <
IE(P3) with equality if and only if G = P3.

Let Ug(ly,1s, . .., 1;) be the graph obtained from C; by attaching k pendent paths
of respectively lengths Iy, 0o, ..., I at a vertex of (. Let U be the graph obtained

from Cy by adding n — s pendent vertices adjacent to a vertex of Cy. Clearly, U} =

r—:;
Us_,(1,...,1) and Ul(n — 1) = P.. Let Ti(I1,1s,...,1;) be the star-like tree with k
n—1
——
pendent paths of respectively lengths Iy, ls, ..., lx. Clearly, T,—1(1,...,1) = S, .

Lemma 4. Let G be a unicyclic graph on n vertices with girth g > 4. Then IE(G) >
TE(U2) with equality if and only if G = U .

Proof. Tt suffices to prove that bay(S(G)) > by (S(U2)) for any positive integer k, and
the equalities always hold if and only if G = U2. We use induction on n to prove it.
If n = g, then G = Cy, and by Lemma 2 it follows that byy(Coz) =2+ (—1)9+1 -2 >
0 = bey(S(U2)). Suppose now 1 <k < g — 1. Then by Lemma 2, we have

bgk(CQQ) = Tll(ng, k) + m(ng,g, k— 1),

n—4 n—3

bo(S(UY) = m(Tn,2(473727...,2Jf)+m(Tn,2(3,2,...,2),k—1)—2(2’:1).

—

In [4] it was shown that m(P,, k) > m(T, k) for any tree T on n vertices, and

P,. Thus by, (S(Cy)) > bar(S(UY)) for all

these equalities hold if and only if T

1 < k < g—1. Hence the result is true for n = g. Suppose now n > g + 1. Then
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G 2 C, and G contains many pendent vertices. By Lemma 1 we can assume that
all vertices of G except those in C, are pendent vertices, each of which is adjacent to
some vertex of Cy. Let uv be a pendent edge with pendent vertex u, and u’ be the
new vertex of S(G) inserted in wv. From the fact that S(G) — v — ' is a forest and

Lemma 2, we have
bzk(S(G)) = bzk(S(G) - UU/) + bzk,Q(S(G) — U — U/, k— 1)

= bu(S(G) —vu') + m(S(G) —v —u k- 1)
= by(S(G=uw)UP)+m(S(G)—v—u k—1)

bar(S(Uy)) bar (S (U,

n—1

JUP) +m(P U (n—5)PUPrk—1).
By the induction hypothesis, bor(S(G — u) U Py) > bay,(S(U2_}) U ). Therefore,

bar(S(G)) — bk (S(Uy,))
> m(S(G)—v—u,k—1)—m(P,U(n—5)PUPLk—1).

Let M be a perfect matching of S(G), and ey, ex € M, where e;(e2) is incident with
v(u'). Then M — e; — ey is a maximal matching of S(G) — v — /. It saturates all
vertices of S(G) — {V(Ca)} — ¢/ — u. Since g >4, PLU (n —5)P, U P; is a spanning
subgraph of S(G) —v—u'. So m(S(G) —v—u',k—1) > m(PU(n—5)P,UP;, k—1),
i. e, bor(S(G)) > bar(S(UL)). These equalities hold if and only if G —u = U, and
S(G)—v—u 2P U(n-5PUP,i e, GXUL. O

Lemma 5. Let G be a unicyclic graph on n vertices with girth 3. Then IE(G) >
IE(U2) with equality if and only if G = U2 .

Proof. Similarly, we can assume that all vertices of G except these in Cj are all
pendent vertices. We prove it by induction on n. The case n = 3 or 4 is obvious since

in these cases G = U2. Suppose, now n > 5. Using the Sachs theorem we obtain
bae(S(G)) = m(S(G), k) + 2m(S(G) — Cg, k — 3)
and

bar(S(US)) = m(U2 k) + 2 (Z B 2)
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Note that S(G) — V(Cs) = (n — 3)P,. Then we have
bai(S(G)) = bai (S(U;))) = m(S(G), k) — m(Uy1, k) -
Suppose u, v, u’ are the same vertices as the proof of Lemma 4. Then
m(S(G), k) =m(S(G —u) Uuwd, k) + m(S(G) —v—u',k—1)

and

m(U2, k) = m(S(U2_)) U P, k) +m(PsU (n—3)Pa,k — 1) .

Combining the induction hypothesis and the fact the matching number of S(G)—v—u/
isn—2 and PsU(n—3)P; is its subgraph of S(G)—v—1/, it follows that m(S(G), k) >
m(S(U2), k) for any positive integer k. If byp(S(G)) = bo(S(U3)) for any positive
integer k, then PsU(n—3)P, = S(G)—v—, which implies that G has n —3 pendent

vertices adjacent to v of Cy, i. e., G = U3. O

Theorem 2. (i) Let G be a unicyclic graph with n vertices, 6 < n < 27. Then
IE(G) > IE(U%) with equality if and only if G = U?.

(ii) Let G be a unicyclic graph with n > 28 wvertices. Then [E(G) > IE(U2) with
equality if and only if G = U3 .

Proof. By Lemmas 4 and 5 we only need to compare the energies of S(U?) and S(U2).
By simple computation it follows that the characteristic polynomials of S(U2) and

S(U2) are
Pswa(z) = (22— 1)" %28 — (n+3)2" + 3na® — 4]
Pspay(z) = 2*(2® —2)(2® — 1)" 2% — (n+ 3)2* + (dn — 2)2* — 2n] .

Let @y, w9, 73 (71 > 29 > x3) be the three positive roots of f(x) = 25 — (n +

)2t + 3na? — 4, and y1,v9,y3 (Y1 > yo > y3) be the three positive roots of g(z) =
28 — (n+ 3)2* + (4n — 2)2% — 2n. Then we get

1 3

§E(S(Un)) = n—3+z1+20+ 13

\/§+n75+y1+y2+yg.

1 4
SE(SW)
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By using Maple we can easily obtain the result for 6 < n < 200. Assume that n > 200.

By direct calculation we have that for n > 200,

f(0) = —4<0,f(0.085) = —4.000156225 + 0.02162279938n > 0
F(.73) = —4.06359790 + 0.02124959n > 0, f(v/3) = —4 < 0
f(Wn) = —4<0
Ff(Wn—1+02) = 3.3424n +3.34592v/n — 1 — 0.64n* — 3.3872nvn — 1

+ 0.4n*vn—1-4.708736
(0.4n — 3.872)nvn — 1 — 0.64n>
> (0.3vn—1-0.64)n%>0.

These inequalities imply that z; < v/n — 140.2, 29 < V3 and z3 < 0.085 for n > 200.

Similarly, we have that ¢(0.76) = —1.963365351 — 0.02322176n < 0,¢(0.8) =
—2.246656 + 0.1504n > 0,¢(1.845) = —2.12645629 + 0.0287138n > 0,¢(1.9)
0.729381 — 0.5921n < 0,g9(v/n — 1) < 0,9(y/n) > 0. So we have y; > v/n — 1,4,
1.845,y3 > 0.76. Thus it follows that

V

1
§E(S(Uﬁ)) = V2+n-5+y+pty
> V24 n—5+2605+vn—1

> n—3+vV3+0085+02+vn—1

> SE(S(U3)

as desired. 0

3 The incidence energies of bicyclic graphs

Let P56 be the graph obtained from two copies of Cg joined by a path P, 14, and
P33 be the graph obtained from two copies of Cj joined by a path P, 4. Clearly,
S(P33) ~ P;ﬁl. Let %, denote the class of all bipartite bicyclic graphs but not
the graph Ry, which is obtained from joining two cycles C, and Cy(a,b < 10 and
a =b=2(mod 4)) by an edge. Li et al. [16] proved that P%¢ is the unique graph on
n vertices with maximal energy in %,. Huo et al. [12] proved that E(PS$%) > E(R,}).
Thus we get:
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Theorem 3. Let G be a bicyclic graph with n vertices, where n > 6. Then IE(G) <
IE(P33) with equality if and only if G = P33,

Let 6(a,b,c) be the graph obtained by connecting isolated vertices u and v by
three paths of respectively lengths a,b, c. Let 6% (a,b,c) be the graph obtained from

0(a,b,c) by adding n — (a + b+ ¢) + 1 pendent vertices adjacent to v.

Lemma 6. Let G be a bicyclic graph on n vertices, which has a subgraph isomorphic

to O(a,b,c). Then S(G) = S(0%(a,b,c)) with equality if and only if G = 67 (a, b, c).

Proof. The proof is by induction on n. The case n = a+ b+ ¢ — 1 is obvious since in
this case G = 6%(a,b,¢). Thus, assume n > a + b+ ¢. By Lemma 1 we can suppose
that all vertices of G except the vertices in 8(a, b, ¢) are all pendent vertices. Let wr
be a pendent edge, where w be a vertex of 6(a,b,c). Let w’ be the vertex of S(G)

adjacent to w and r. Using Lemma 2 we get

bzk(S(G)) = bgk(S(G) — ’LUUJ/) + bgk_z(S(G) —w — U}’)
= by(S(G —r)Uw'r) + b _2(S(G) —w —w')

and

bai(S(07(a,b,c))) = ba(S(05_1(a,b,¢)) U P))
+ m(T3(2a—1,2b—-1,2c—1)U(n—a—-b—c)PUP,k—1)

Clearly, G — r satisfies the inductive hypothesis, and so

bor(S(G)) = bar(S(05(a,b,¢))) > ba—2(S(G) —w — w')
- m(T3(2a—1,20—-1,2c—1)U(n—a—-b—c)P,UP,k—1).

If w is the vertex of degree 3 in 6(a, b, c), then T3(2a — 1,2b — 1,2c — 1)U (n — a —
b— ¢)P, U Py is a spanning subgraph of S(G) — w — w’, and by,—2(S(G) —w —w') >
m(T3(2a — 1,20 —1,2c — 1) U(n —a —b—c)P, U P,k — 1). Equalities always hold
if and only if T5(2a — 1,26 — 1,2c = 1)U(n—a—-b—c)P, U P = S(G) —w — v/,
that is, G = 6%(a,b,c). Hence S(G) = S(6%(a,b,c)) with equality if and only if
G = 6:(a,b,c).
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Otherwise, without loss of generality we suppose w is an inner vertex of P,,; in
0(a, b, c). Let Coprac(x,y) be the graph obtained by connecting isolated vertices u and
v by two paths of lengths 2b, 2¢, respectively, and by identifying a pendent vertex of
the path P,;; and u, and a pendent vertex of the path Py, and v, respectively. Let
G be a graph with unique cycle Cy, and m*(G, k) denote the number of k-matching

in G, each of which contains at most [ — 1 edges of Cy. Then

bor—2(S(G) —w—w') > m*(S(G)—w—w' k—1)

\%

m* (Copy2e(z,y) U(n—a—b—c)PyU Pk —1)

where z,y > 1,2 =y = 1 (mod 2) and = + y = 2a — 2. Note that for all positive s,

m*(02b+26(17 y) S) = m*(U12b+2c(y)7 5) + m(T3(y7 20— 17 2c — 1) U szlv s = 1)

= nl*(025+2¢ @] Py U Pz, S) + 7”/(P2b+2671 ] Py—l @] Pz./ S — 1)

+

m(T3(y,2b—1,2¢ — 1)U P,_1,5s — 1)
and

m(T53(2a — 1,2b— 1,2¢ — 1), s)

(
= m(T3(y+ 1,20 — 1,2¢c— 1)U Py, s) + m(T3(y,2b — 1,2¢c — 1) U P,_1,s — 1)
= m(T3(1,2b — 1,2c — 1)U P, U Py, s) + m(Papyoe1 U Py_y U Py, s — 1)

(

(
(
(
+ m(T3(y,20 —1,2c— 1)U Py, s — 1) .

Further, m*(Copyae, t) > m(Papyoc, t) > m(T3(1,20—1,2¢—1),t) for 2 <t <b+c—1,
m*(Copyae, 0+ ¢) = m(T3(1,20 — 1,2¢ — 1),b+ ¢) = 0 and m*(Capyae, 1) = 2b+ 2¢ >
m(T5(1,2b—1,2¢ —1),1) = 2b+ 2¢ — 1. So we have

bzk,Q(S(G) —w — w’)

Y

m*(Coproc(z,y) U(n—a—b—c)PyU P, k—1)

\Y

m(T3(2a—1,2b—1,2c—1)U(n—a—-b—c)PoU P,k —1) .

The last inequality is strict for k& = 2. Hence the result follows.

O

Lemma 7. Let G be a bicyclic graph on n vertices with girth g > 4 and containing

0-subgraph. Then IE(G) > 1E(0%(2,2,2)) with equality if and only if G = 6%(2,2,2).
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Proof. Let G be a bicyclic graph with n vertices, and 6(a, b, ¢) be its induced subgraph.
By Lemma 6, it suffices to prove to S(6%(a, b, c)) = S(6%(2,2,2)), where n > a+b+c—1
and ¢(6(a,b,¢)) > 4. By induction on n to prove it. We first suppose that n =
a+b+c—11 e, G=06(a,b,c). Then S(0(a,b,c)) = 0(2a,2b,2c). We will consider
the following three cases.

Case 1: c+a=c+b=1(mod2).

Subcase 1: ¢ = 1. Then a,b are two even number of greater than 3. Using Lemma

2 we get

boi (6(2a, 2b, 2))

bor (U 2(2a — 1)) + m(Ts(2a — 2,26 — 1,1), k — 1)

— 2m(P,k—a—0b)+2m(Py_1,k—a—1)

> bo(UP2(2a — 1)) + m(T3(2a — 2,26 — 1,1), k — 1)
and
n—>s n—4
b (S(67(2,2,2))) = bgk(US74(3,2, e 2)) +m(Th-2(3,3,2,...,2),k— 1)
- 4m(P3U(n—5)P2k—4)
So we have

b2k’(9(2a7 2b7 2)) - bZk(S(9;(27 2) 2)))

> by (U220 — 1)) + m(Ts(2a — 2,26 — 1,1), k — 1)
n—> n—4
— —
— (U 43,2 72) + m(T,(3,3,2,. . 2) .k — 1)]

n—

——
= (U220 = 1)) = ba(Up_4(3,2,..., 2))

+ | m(T32a—2,26—1,1),k — 1) — m(T,_5(3,3,2,....2), k — 1)

We look at the last two parts separately. The first part is

n—>5

bor (U220 — 1)) — b (US_4(3,2,...,2))
= [ba(UP™(2a — 4) U P3) + by (U (20 — 5) U Py)]
= [bak(S(UL) U Ps) +m(Pr U (n —4)Pa, k — 1)]

Y

bok—2(U2(2a — 5) U P) — m(Pr U (n — 4) Py, k — 1) (from Lemma4)
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> m(Pop—3U Py, k—1)—m(PrU(n—4)Ps, k —1) (since b+ 1 = 1(mod2))

ZO’

the second inequality is strict for & = 2. The second part is

n—4

——
m(Ty(2a — 2,26 — 1,1),k — 1) — m(Tp_2(3,3,2, ... 2), k — 1)
n—4
—~
> m(T3(2a+2b—28,5,1),k — 1) —m(T,-2(3,3,2,...,2),k — 1) (by Lemma3)

n—4

= m(T3(2n —8,5,1),k — 1) — m(T,,-2(3,3,2,...,2),k — 1) (since a +b=n).

—
Claim 2: Forn > 6, T3(2n — 8,5,1),s) > T,-2(3,3,2,...,2).

Proof. The proof is by induction on n. Suppose that n = 6, we can compute that

Prusy(z) = ' —102° + 352" — 512° + 282° — 4=

Praaon(z) = z'' —102° + 3327 — 462° 4 262° — 4z .

Comparing their coefficients the claim follows. Suppose that n > 7 and the result is

true for less than n. By Lemma 2 it follows that
m(T3(2n — 8,5,1),s) = m(T3(2n — 10,5,1) U P, s) + m(T3(2n — 11,5,1) U P;,s — 1)

and
n—4 n—5

—
m(T,-2(3,3,2,...,2),s) = m(T,-3(3,3,2,...,2) U Py, s)

+ m@2PU(n—-5PRUP,s—1).

Note that 2P U (n — 5)P, U P, is a proper subgraph of T3(2n — 11,5,1) U P; and by
the induction hypothesis the inequality

n—>5

——
m(T3(2n — 10,5,1) U Py, s) > m(T,-3(3,3,2,...,2) U Py, s)

holds. So the Claim follows. |
n—4
—
From Claim 2, T5(2a — 2,2b—1,1) = T,,_2(3,3,2,...,2),k — 1) for n > 6. There-

fore, for ¢ = 1, we can get that 6(2a,2b,2)) = S(0:(2,2,2)), i. e, I[E(f(a,b,1)) >
I1E(6:(2,2,2)).
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Subcase 2: ¢ > 2. Then

boi(0(2a, 2b, 2¢)) bor (U2 (2¢ — 1)) + m(T3(2a — 1,20 — 1,2¢ — 2), k — 1)

+ 2bgk—20—2c(Pab—1) + 2b2k—20—2¢(Paa—1)
>

b (U2 (2¢ — 1)) + m(T3(2a — 1,20 — 1,2¢ — 2),k — 1) .
Similarly, we have that

bar(0(2a, 2b, 2¢)) — bar(S(6;(2,2,2)))
> [bar(UF*(2c — 1)) — bk (U _4(3,2, .. 2))]

——
+ [m(T3(2a —1,2b—1,2¢ - 2),k — 1) = m(T,,—2(3,3,2,...,2),k — 1)] .

By a similar argument as above, we can prove that for n > 6 U2*2(2¢ — 1)) >

n—>5 n—4

— —
US ,(3,2,...,2) and T3(2a—1,2b—1,2¢—2) = T,,2(3,3,2,...,2) fora=lor b= 1.
Hence 6(2a,2b,2¢)) = S(0:(2,2,2)) for n > 6 and @ = 1 or b = 1. Suppose now
a,b > 2, and by Lemma 3 it follows that for n > 6

—
Ty(2a—1,26—1,2c—2) = Ty(2a — 3,2b— 1,2c — 2,2) = ... = T _5(3,3,2, ... 2) .

So 6(2a, 2b,2¢)) > S(0:(2,2,2)) for a,b > 2 and completes the proof of this subcase.
Case 2: c+a=0,c+b=1(mod2). Then b+a=1,c+b=1(mod2). This case is
reduced to above case.

Case 3: c+a =0,c+b=0(mod?2), then a = b = ¢(mod 2). Assume that ¢ > b > a.

Using Lemma 2 we obtain

b?k(s(g(av b: C)) = b2k(9(2a1 va 20)
= by (U2 (2c — 1)) + m(T3(2¢ — 2,2a — 1,20 — 1),k — 1)
— 2m(Pyp-1,k —a—c¢) —2m(Pau_1,k —b—¢)

and

Doy, (0:4»54»(:71(&7 b,c—2)

= by (U2%(2c — 5,2,2) + m(T5(2¢ — 6,20 — 1,20 — 1,2,2), k — 1)
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— 2m(Pyp-_1U2Pyk—a—c+2) —2m(Py_1U2P,k—b—c+2).

Clearly, —2m(Pay_1,k —a—¢) —2m(Pag_1,k —b—c) > —2m(Py_1 U2P, k —a—c+
2) — 2m(Pya_1 U2Py, k —b—c+2). And by Lemma 3, it follows that by, (U2*"%(2¢ —
1)) > by (U242 (2¢ — 5,2,2) and boy_o(T3(2¢ — 2,2a — 1,20 — 1)) > bop_o(T5(2¢ —
6,2a — 1,2b — 1,2,2)). Each of the two inequalities is strict for some k. Hence
S(0(a,b,c)) = S(0;, pye_r(a,b,c—2)). Similarly, we can prove that S(0},,,._,(a,b,c—
2)) = S(0;,prc1(a,b,c —4)). Thus we have that S(6(a,b,c)) = S(0},,._1(1,3,3))
for odd numbers a, b, ¢, and S(6(a, b, c)) = S(0% 41._1(2,2,2)) for even numbers a, b, c.
So we only need to prove that S(0},,,.1(1,3,3)) > S(0%,,.._1(2,2,2)). By direct
computation we can prove S(0(1,3,3)) = S(65(2,2,2), the remain proof is reduce to
following proof for the graph with at least one pendent vertex. So the result is true
forn =a+ b+ c— 1. We suppose that n > a+b+c.
If a,b,c > 2, then by Lemma 2 it follows that

bor (S (0 (a,b,¢))) = bop(S(0;_1(a,b,c)) U Py)

+ m(T3(2a—1,20—-1,2c—1)U(n—a—-b—c)P,UP,k—1)
and

b2k(S(92(27272))) b2k(S(9:—1(27272)) U PZ)

+

m(T5(3,3,3) U (n —6)R,UP,k—1).

From the induction hypothesis and the fact that 75(3,3,3) U (n —6)P, U P is the
spanning subgraph of T53(2a — 1,20 — 1,2¢c — 1) U (n —a — b — ¢)P, U Py, it follows
that bok(S(0%_,(a,b,¢)) U Py) > boy(S(0:_1(2,2,2)) U Py) and boy—o(T5(2a — 1,2b —
1,2c—1)Un—a—>b—c)PaUP) > by_2(T3(3,3,3) U (n — 6)P, U P;). Hence
bor (S(60%(a,b,c))) > bar(S(6%(2,2,2))). The second equality for k = 2 holds if and
only if a =2,b=2,¢=2, that is, G = 6%(2,2,2).

If a =1, then b, ¢ > 3. By Lemma 2 we have

ba(S(07(1,6,¢))) = bak(S(6;,_1(1,6,¢)) U Py)

+

m(T3(2b—1,2c—1,1)U(n—b—c—1)P,UP,k—1)

Y

o (S(0;_1(1,b,¢)) U P)
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+ m(T3(5,5,)U(n —7T)PUP,k—1).

The last inequality holds since T3(5,5,1) U (n — 7)P; U P; is a subgraph of T3(20 —
1,2¢c—1,1)U(n—b—c—1)P, U P;. By the induction hypothesis, it suffices to prove
that m(T5(5,5,1) U(n—T)P,U P, k—1) > m(T5(3,3,3) U (n—6)P,U Py, k—1), that
is, T5(5,5,1) = T5(3,3,3) U P,. By direct computation it follows that

Prys5,5,1)(2) 2'? — 112" + 442® — 782° + 592" — 1527

Pryi330p(7) 212 — 10210 + 362 — 5925 + 442* — 1222 .
Comparing the coefficients we can obtain T3(5,5,1) = T3(3,3,3)UP,, i. e., T3(5,5, 1)U
(TL — 7)P2 @] P1 - T&(?)/ 37 3) @] (n — 6)P2 @] P], So S(e;((l, b, C)) - 5(9;(2, 27 2)) |
Lemma 8. Let a > 3 be an odd number. Then S(U?)) = S(U2).

Proof. The proof is by induction on n. If n = a+2, then U*? = C,,,. Using Lemma

2 we get
bZk(S(U;:+Z)) = WL(P20,+4, k) + m(Pg(H,Q, k — 1) + 2Ak
where
1 ifk=a+2
Ay =
0 otherwise
and

bzk(S(US)) = m(T3(2a — 17 27 2)7 k) + m(Pgu_Q (@] 2‘P27 k— 1) + 2m(2P2 k— a)

where
1 ifk=aork=a+2

m(2Py,k—a)=4 2 ifk=a+1
0 otherwise.
Note that m(Pagya, k) > m(T3(2a — 1,2,2), k). Then
bar(S(UR*?)) = bar(S(UR)) = m(Poasa, k —1)

+ 2Ak - TTL(PZQ,Z @] 2P27I€ — 1) — 2m(2P2,k — CL)
Ifk<a—1ork=a-+2, then m(Pagy2,k — 1) > m(T3(2a — 2,2,2),k — 1), and
241, = 2m (2P, k — a). And 0 by (S(U2)) — boi(S(U2)) > 0.

If k = a, then

m(P2a+2, k— ].) + 2Ak - (’NZ(PQQ_Q @] QPQ, k— 1) + Q’NZ(QPQ, k— CL))
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= WL(P2a+27 k— 1) - [TNI(PQQ,Z @] QP)Q7 k— 1) + 2]

= (GRG0

2a3 — 3a® + Ta — 18
= %>0(,f0’ra23).

If k=a+1, then

m(P2a+2, k— 1) + 2Ak - (m(Pga,Q @] 2P2, k— 1) + 2m(2P2, k— (I))

= m(P2a+2,k - ].) - [m(Pza_Q U QPQ, k— ].) + 4]

= (")) ) ) v

4a — 10
= a2 >0 (for a>3).

So the result is true for n = a + 2.

Suppose now n > a + 2. Then by Lemma 2 we have

bar(S(UST2))) = b (S(UST) U Po) +m(Paars U (n —a—3)Py U Pk — 1)
and

bor(S(UR))) = b (S(Uy_)) U Py) +m(Pog1 U (n—a—1)PRUPLk—1).

Note that Py,43U(n—a—3)P,UP; is a proper subgraph of Py, 1U(n—a—1)P,UP;.
Then m(Pai3U(n—a—3)P,UP L k—1) > m(Peu_1U(n—a—1)P,U Py, k—1), which
is strict for k = 2. By the induction hypothesis, it follows that S(U™2) = S(U2). O

Lemma 9. Let G be a bicyclic graph with n vertices containing 0(1,2, a)-subgraph,
where a is an even number of greater than 2. Then IE(G) > IE(0:(1,2,2)).

Proof. By Lemma 6, we only need to prove that IE(6%(1,2,a)) > IE(0:(1,2,2)) for
even number a > 2. Using Lemma 2 we have

bai(S(0,(1,2,a +2)))

n—a—4 n—a—3

—— —
= bo(U2H6,(3,2,....2) + m(Ty 0 1(2a+3,2,...,2, 1),k — 1)
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+ 2m(PaysU(n—a—4)Pyk—3) —2m(PLU(n—a—4)Pyk —a—4)
and

bai(S(6,,(1,2, )
n—a—2 n—a—1
= bp(U232,(3,2. .. 2) + m(Toear(2a — 1,2, 2,1),k — 1)

+ 2m(Py_1U(n—a—2)Py,k—3)—2m(PLU(n—a—2)Py,k—a—2).

Clearly, m(Pyay3 U (n — a — 4)Pa,k — 3) > m(Pag—1 U (n —a — 2)Py,k — 3) and
mPiUn—a—4)Py,k—a—4) <m(PLU(n—a—2)P,k—a—2). From Lemma 2

n—a—3 n—a—1
— —
we have m(Ty—a—1(2a +3,2,...,2, 1),k — 1) > m(Ty_o11(2a — 1,2,...,2,1),k — 1).
So we can get that

bor(S(05(1,2,a + 2))) — bo(S(65(1, 2, )))

n—a—4 n—a—2

> bV (3,5 0) — b (U2, 1(3.5.0))

= [bar(S(UHUP) + m(PaassU (n—a—4)PyU Pk — 1))

— [bo(S(UFH U P) +m(Pray U(n—a—2)PyU Pk —1)] (from Lemma 2)
> m(PoursU(n—a—4)PyUPLk—1)—m(PuyU(m—a—2)PUP, k—1)

(from Lemma 8)

> 0 (it is strict for k = 2).

It follows that S(05(1,2,a +2)) = S(0%(1,2,a)), and hence IE(G) > IE(6:(1,2,2)).
0

Lemma 10. Let G be a bicyclic graph with n vertices containing 6(1, 2, a)-subgraph,
where a is an odd number of greater than 3, then IE(G) > IE(05:(1,2,3)).

Proof. By Lemma 6, we only need to prove that IE(6%(1,2,a)) > IE(0:(1,2,3))
holds for odd number a > 3. Note that by the Sachs theorem, by(Sk(1,2,a)) =
bo(S:(1,2,3)) = 1 and bo,(S(04(1,2,a)) = 0 = b9, (S(04(1,2,3)). Now, we assume
that 1 <k <n. By Lemma 2 we have

b2k(5(97i(17 27 a))

n—a—2 n—a—2

—
= bu(US . 1(2a—1,2,....2)) + m(Tp_a:1(2a — 2,3,2,...,2,1),k — 1)
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- 2m(PsU(n—a—-2)Pk—a—-1)+2m(PLU(n—a—2)Pyk—a—2)

and
n—>5 n—>s

. —— ——
bor(S(07(1,2,3)) bor(US_4(5,2,...,2)) + m(T,_2(4,3,2,...,2,1),k — 1)

Qm(P;U(n—5)Pz,k—4)+2m(P1U(n—5)P27k—5) .

By Lemmas 3 and 5 it is easy to prove that

n—a—2 n—>5

bor(Uf_or (20 = 1,2,...,2)) > by (Ug_y(5,2, ..., 2))

and
n—a—2 n—>5

—
(T (20— 2,35 2,1),k — 1) > m(T5(4,3,%, .2, 1),k — 1) .
Let

A=-2mPsU(n—a—-2)Py,k—a—1)+2m(PLU(n—a—2)Pk —a—2),

B = —2m(P3U(n—5)P2,k—4)+2m(P1U(n—5)P2,k—5) .
Then we have

bor(S(0;(1,2,a)) — bax(S(6;,(1,2,3)) > A— B
o N ey R e M
(67 G -G

The proof is thus complete. |

Let B(a,b) be the bicyclic graph obtained from two vertex-disjoint cycles C, and
C}, by identifying vertices u of C, and v of Cj, and B} (a,b) be the graph obtained
from B(a,b) by adding n —a — b+ 1 pendent vertices adjacent to the vertex of degree

4 in B(a,b).

Lemma 11. Let G be a bicyclic graph on n vertices containing exactly two cycles,
say C, and Cy. If a > b > 4, then S(G) = S(B:(4,4)) with equality if and only if
G = B(4,4).
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Proof. Let wy € V(C,),wy € V(Cy), if C, and C, are connected by a tree T with
pendent vertices w; and wy in G. Let G’ be the graph obtained from G — {V(T) \
{wy,w2}} by identifying w; and wy (the new vertex is denoted by w), and adding
|[V(T)| — 2 pendent vertices adjacent to w. By a similar proof of Lemma 1, we can
prove that S(G) = S(G’). So, assume that the two cycles C, and C}, of G have a
common vertex w, and By Lemma 1 we also suppose that all vertices not in cycles

are pendent vertices.

Claim 3: S(G) = S(B}(a,b)) for a > b > 4.

Proof. The proof is by induction on n. If n = a+ b — 1, then the result is true since
G = B(a,b) = Bi(a,b). Suppose now n > a +b— 1. Then G has a pendent edge,
denoted by ur, where r be a pendent vertex of G. Let u' be the vertex of S(G)

adjacent to u and r. From Lemma 3, we have

bzk(S(G)) = bgk(S(G) — UU/) + bgk_z(S(G) — U — U’)
bor(S(G — 1) Uu'r) + bog—2(S(G) —u —u')

and

bar(S(Byy(a,0))) = bar(S(B;_1(a,b)) U P)
+ WZ(PQa_lLJPgb_lU(n—(L—b)PQUPhk—].) .

By the induction hypothesis, b (S(G — 1) Uw'r) > by (S(Bi_1(a,b)) U P,). Then

ba(S(G)) = bar(S(Byy(a,0))) > bo—2(S(G) —u — )
— m(Py1UPy 1Un—a—bPUPL,k—1).

If uw = w, then Py, U Payp—1 U(n—a—0b)P,U P is a subgraph of S(G) —u — v’ and
S(G) —u—1'is a forest. And then boy_o(S(G) —u—u') =m(S(G) —u—u'k—1) >
m(Paq—1 U Pyp—1U(n—a—b)PU Py, k—1). If the equalities hold for all k if and only
if S(G) —u—tu = Py1UPy_1U(n—a—0b)P,U P, that is, G = Bx(a,b). Hence
the result is true for u = w. Suppose now u # w. Without loss of generality, we
suppose u € V(C,), and wa, wb € Cy, in S(G) —u—u'. Then bo,_o(S(G) —u—u') >
m*(S(G) —u—u',k—1) >m((S(G) —u—u' —wa—wb, k —1) > m(Pay_1 U Py,_1 U
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(n—a—0b)P,UP,k—1). If k=2, then b5(S(G) —u—u') = |E((S(G) —u—u')| >
|E(P2a,1 U P21,71 U (’IL —a — b)PQ @] P1)| = ’"Z(PQG,1 U P2b71 @] (TL —a— b)P2 U 1:)17 1)

Hence the result is also true for u # w. The proof of Claim 3 is complete. O

Claim 4: S(Bj(a,b)) = S(Bi(4,4)) for @ > b > 4, with equality if and only if
a="b=4.

Proof. We will consider the following two cases.
Case 1: 2a = 2 (mod4) or 2b = 2 (mod 4). Without loss of generality, we suppose a
is odd. For any positive integer k, from Lemma 2, we have
n—a—b+1
ba(S(By(a,h) = ba(UZ, pnl2a = 1,57))
+ m(Py1UPy 2U(n—a—b+1)Pyk—1)
+

2m(Py—1U(n—a—b+1)Pyk—a)

and
n—T7

——
bor(S(Br(4,4)) = bop(US_4(7,2,...,2)) + m(P U Ps U (n—T7)Pp, k — 1)
Using Lemma 2 again, we have
n—a—b+1
b (U2, yin(20—1,5.0))

n—a—b+1 n—a—>b+1
— ——
bok (U2 yi0(2a = 8,2,...,2) U Py) + boy o(UP ,_4,2(2a —9,2,...,2) U Pp)

n—a—b+1 n—a—b+1

—— 5 —
b2k(S(U7}Zfa7b+2(a’ - 47 17 ey 1)) ) P7) + bzk*2(U7ZL}ia7b+2(2a - 97 2’ ey 2) u PG)

and
n—T

—
bor(US_4(7,2,...,2)) = bap(S(UL_) UP) +m(PrUPsU(n—T)Pak—1) .

n

Note that the inequality m(Pyp—1 U P2 U (n —a —b+ 1)Py,k — 1) > m(P; U

Ps U (n — T7)Pa,k — 1) holds for any k and by the induction hypothesis, we have
n—a—b+1

—
bor(S(UL _y_pin(@a—4,1,..., 1)) U Pr) > bo(S(U;t_3) U Pr). Hence, we can get that

bar (S(B;(a, b)) — bay(S(B;(4,4))
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n—a—b+1 n—7
— —
> o (U2, 020 —1,2,...,2)) — by (US_4(7,2,...,2))
n—a—b+1
——
> mNU2 026 —9,2,...,2) UPs, k) —m(PrUPsU(n—T)Pyk—1)>0.

The last inequality is strict for ¥ = 2. Thus we have S(B}(a,b)) »= S(B:(4,4)) for
a>b>4and ais odd or b is odd.
Case 2: 2a = 2b = 0(mod4), i. e., a,b are even. From Lemma 3, it follows that

n—a—b+3
—
b%(S(B:L(a -2, b)) = bZk(UT%lia—b+4(2a —52,..., 2))

+

7”/(P2b71 @] Pga,()' @] (’I’L —a—2>b + 3)P27 k— 1)

2m(Py—1U(n—a—b+3)Po,k—a+2).

By a similar to the proof of Claim 2, we can prove by (S(B}:(a,b)) > bo(S(Bj(a —
2,b)), and S(Bj(a,b) = S(B;(a—2,b). Thus we have S(B}(a,b)) = S(Bi(a—2,b)) >
o= S(Bx(4,4)) for a > b > 4 and a, b are even. O

Combining Claims 3 and 4, the result follows. O

Lemma 12. Let G be a bicyclic graph on n vertices containing exactly two cycles C,

and Cs. If a > 4, then S(G) = S(B:(3,4)) with equality if and only if G = B(3,4).

Proof. By a similar proof of Lemma 11, we can prove that S(G) = S(B%(3,a)) with
equality if and only if G = B} (3,a). By Lemma 2 we have

n—a—2

bgk(S(B;(&a)) = bgk(UQH (5,2,...72)+m(P4UP2a_1U(TZ*CL*Q)PQ,]C*].)

n—a—1

+ 2m(P2a,1U(nfa72)P27k73)

and

n—6

bor(S(B:(3,4)) = bon(US 4(5,2,...,2))

+ m(PLUP,U(n—06)Pyk—1)+2m(P;U(n—6)Pyk—3).
So, we have

bar(S(By,(3, a)) — bar(S(B;(3,4))
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n—a—2 n—6
— —
> bo(U, 1(5,2,...,2) — by (US_5(5,2,....,2))
n—a—2
—
= [bgk(UZga72(2, ey 2) @] P5) + m(Pga,l @] P4 @] (TL —a— Q)PQ, k— 1)}
n—6

— [T (B D) U P+ m(PrU Py U (n— 6) Py, k — 1)]

= [bar(S(Us_s) U P5) = bar(S(Uy,_5) U P5)]

+ [m(Pc1UPLU(n—a—2)Pyk—1) —m(P,UPyU (n—6)Ps, k — 1)
> m(Py 1 UPLU(n—a—2)Py,k—1)—m(PrUPLU(n—6)P,k—1)>0.
The last inequality is strict for £ = 2. Hence, the result follows. O
Lemma 13. Let n > 5. Then S(B(3,3)) > S(6:(1,2,2))

Proof. For 1 < k < n, Using Lemma 2 we have
bor(S(B:(3,3)) = bu(US 4(3,2,...,2)

—
+ bop2(US_5(2,...,2,1)) +2m(Ps U (n — 5)Pa, k — 3)

and
n—4 n—3

boe(S(05(1,2,2))) = bo(US 4(3,%, . .2) +m(Tpr (3,2, .2, 1),k — 1)

+ Qm(P;U(n—4)P2,k—3)+2m(P1U(n—4)P2,k—4)

Note that
n—4
b2k—2(US—3(2a LR 27 1))
n—3 n—3
= m(T,1(3,2,.. .2, 1), k= 1) +m(Tpr(2,..,2,1,1),k — 2)
n—3
+ 2m(PLU(n—4)Pyk—4) > m(T,-1(3,2,...,2,1),k—1)
and

2m(PsU (n —5)Py,k —3) =2m(PsU (n —4) Py, k — 3) +2m(P U (n — 4) Py, k — 4) .
Then, for 1 < k < n, we have
baw(S(B;(3,3))) > baw(S(67,(1,2,2))) ie, S(B,(3,3)) = 5(6,,(1,2,2)) .

O
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Lemma 14. Letn > 7. Then S(Bj(4,4)) = S(0:(2,2,2)).

Proof. By induction on n. Let n = 7. The Q-polynomial of B:(4,4) and 60%(2,2,2)
are

Qpraa(r) = 27 — 162° 4+ 1002° — 3122* 4 5082° — 4002* + 1122

and

Qox(202) () = 2" — 162° + 962° — 278z + 4132° — 3002® + 84z .

Comparing their coefficients the result follows for n = 7. So let n > 8 and the result

holds for smaller values of n. By Lemma 2 we have
boi(S(B(4,4))) = b (S(Bi_1(4,4)) U Py) + m(2P; U (n — 8)P, U P,k — 1)
and
bai(S(05(2,2,2)) = bay(S(6;,_1(2,2,2)) UPy) + m(T5(3,3,3) U(n—6)PU P, k—1) .

By the induction hypothesis, ba (S(Bi_1(4,4)UPy) > bor(S(0_1(2,2,2)UP;). There-

fore,

bar(S(B(4,4))) — bar(S(67(2,2,2))

Y

m(2P7U(7L*8)P2UP1,I€*1)*m(T3(3373)U(7’L*6)P2UP17]€*1)
= [7n,(P7UP4UP3U(TL—8)P2UP17IC—1)
+ m(P7UP3U(n—7)P2UP1,k—2)]

— [m(P7UP«;U(n76)P2UP1k’f1)+m(2P«;U(nf5)P2UP17k72)} ZO .
The above inequality is strict for k = 3, the proof completed. |

Similarly, we can prove that

Lemma 15. S(B:(4,3)) > S(0%(1,2,2)) for n > 6; S(0:(4,3)) > S(0:(1,2,2)) for

n > 5.

Theorem 4. Let G be a bicyclic graph on n vertices. (a) if 6 < n < 30, then
IE(G) > IE(0:(2,2,2) with equality if and only if G = 0%(2,2,2)); (b) if n > 31,
then IE(G) > IE(0:(1,2,2)) with equality if and only if G = 6%(1,2,2).
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Proof. By Lemmas 11, 12, 13, 14, and 15, we only need to compare the incidence
energies of 6%(1,2,2) and 6%(2,2,2).
It is easy to obtain that the Q-polynomial of 6 (1,2,2) and 6%(2,2,2) are

Qus122)(@) = (@ = 2)(z = 1" '(&® — (n + )a? + dna - 8)
and
Qo (222)(x) = m(x — 2)%(z — 1)" % (2® — (n+4)2® + (5n — 2)x — 3n) .
So, the polynomial of S(67(1,2,2)) and S(6;(2,2,2)) are
Psoz0,22n (@) = 2(2® = 2)(a® = 1)"*(2° — (n + 4)2" + 4na’ - 8)
and
Py 202 (z) = 2° (2% = 2)2(2® = 1)"%(2® — (n + 4)2* + (5n — 2)z* — 3n)

respectively. Let 1,29, 23 (21 > 2 > x3) are the three positive roots of h(z) =
28 — (n+4)a* + 4nz® — 8, and vy, y2,y3 (Y1 > y2 > y3) are the three positive roots
of r(z) = 2% — (n +4)2* + (5n — 2)2? — 3n. Then

1E(0%(1,2,2)) = %E(S(@;(L 2,2))) = n—4+V2+a + 19+ 13

1
1E(0,(2,2,2)) = 5B(5(0,(2,2,2))) = n—6+ 2V2 4y + Yot ys

Clearly, 11 = v/a1(0;(2,2,2)) > VA +1 = /n— L. By direct calculation it is easy
to prove the result for 6 < n < 45. Suppose that n > 46, we have that 7(0.834) =
—2.989795891 — 0.006018149n < 0, r(2.065) = —3.72388436 + 0.13751015n > 0,
r(2.2) = 9.997504 — 2.2256n < 0, h(0) = —8 < 0, h(0.21) = —8.007693474 +
0.17445519n > 0, h(2) = —8 < 0, and

h(vn —140.1) —0.91n> +0.2vn — 1n? —1.584v/n — 1In
— 12.611899 + 5.5614n 4 2.16406 v/n — 1
> —091n%2+02vVn—1n2—1584vn—1n

> 04n%2—1584vVn—1n>0.
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Thus it follows that for n > 46, y; > v/n —1,y2 > 2.065,y35 > 0.834 and z; <
vn—140.1,2 < 2,23 < 0.21. Thus we have
IE(0:(2,2,2)) = n—6+2V2+y+y2+ys>n—6+2V2+2899+n — 1
> (n—4)+V2+vVn—1+0.1+021+2
> IE(6(1,2,2))
which completes the proof. O

Remark: It is easy to prove that E(PS) < E(Pyy,,) for n > 8, and E(S(U?)) <
E(S(0*(1,2,2)) for n > 31. By Theorem 1, 2, 3 and 4 it follows that for a connected

graph with n vertices and m edges (31 <n <m < n -+ 1), then
IE(U?) < IE(G) < IE(P>®)

with left (right, respectively) equality if and only if G = U2 (G = P33, respectively).
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