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Abstract

Let A1, A2..., A, be the eigenvalues of an n-vertex graph G. The energy of G is
defined as En(G) = |A1]|+ [X2| +- - -+ |An|. The trees with largest, second, third and
fourth-largest energy are known for any given number of vertices. For sufficiently
large n, we extend this list until the first appearance of a tree with four leaves,
which is the tree with (3n — 84)t" (resp. (3n — 87)'™") largest energy for odd n (resp.
for even n).

1 Introduction

Let G be a simple and undirected n-vertex graph with adjacency matrix A(G). Let
A, A2, ..., A be the n roots of the polynomial P(A) = det(A] — A(G)). The energy of G

is defined as ,
En(G) = |\l
i=1

Apart from purely graph theoretical interest, the study of En is considerably motivated by
applications in organic chemistry: for example, within the framework of Hiickel molecular
orbital approximation, the calculation of the theoretically computed total m-electron en-
ergy of a hydrocarbon molecule can be reduced to that of the energy of the corresponding
molecular graph [6]. Moreover, the energy of graphs has certain relations to some well
known topological indices such as the Merrifield-Simmons index, defined as the number

of independent vertex subsets, and the Hosoya index which is the number of independent
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edge subsets: it often happens that in a given class of graphs there is an element which has
the maximum energy, the maximum Hosoya index and the minimum Merrifield-Simmons
index and/or an element with the minimum energy, the minimum Hosoya index and the
maximum Merrifield-Simmons index; for instance, this is the case for the class of trees

and some smaller classes as in [1, 8].

The characterisation of extremal graphs with respect to the energy for different types
of graphs such as trees [3, 11, 13, 17], unicyclic [2, 10, 12], bicyclic [9, 16], tricyclic [15],
tetracyclic graphs [14] and many others has been of interest to both graph theorists and
chemists. A wider range of results can be found in the survey [5]. Let us denote by P,
the n-vertex path and by T'(i, j,n —i — j — 1) the n-vertex tripod which has two branches
of length ¢ and j (see Figure 1), respectively. We can rearrange i, j and n — i — j — 1 if

needed and still have the same tripod. The four n-vertex trees with maximum energy, for

. J times

i timesv—lif i—j — 1 times

Figure 1: Tripod T'(i,j,n —i—j — 1)
n > 15, are P,,T(2,2,n—"5),T(2,4,n—"7) and T'(2,6,n —9) ordered by decreasing energy
[3, 11, 13]. In this paper our main result is an extension of this list, for large enough n,
until the first appearance of a tree with four leaves, which is the tree with (3n — 84)t2
(resp. (3n — 87)'™") largest energy for odd n (resp. even n). To achieve this we extend an
approach used in [7, 18, 20]: the technique consists of considering a graph obtained by
attaching a subgraph G to the #*" vertex in a path, and then observing how the energy
depends on the choice of the position i. Details for this are provided in Section 2, they

are based on the formula [6]

Bn(r) = 2 [ Slogu(ta) o)

for any tree T', where

w(T,z) =Y m(G k)™, 2)

k>0
and m(G, k) denotes the number of matchings of order & in G. Equation (1) is a particular
case of the so-called Coulson integral formula for the energy of a graph, which has been

used in most results on the energy of graphs. It follows from (1) that whenever we have
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two trees 17 and Ty which satisfy the inequality
N(Tlv I) > :U'(T27 I)

for all real numbers « > 0, we can deduce that En(7}) > En(75). Therefore the study of
En can be reduced to that of pu(.,x) in appropriate situations. In Section 3 we show for
all n > 10 that H(2,2,2,2,n), obtained by merging each end of P,_g to the third vertex
in a 5-vertex path, is the tree with maximum energy among all trees of order n and at
least four leaves. Finally, Section 4 is devoted to ordering of all trees with energy greater

than that of H(2,2,2,2,n).

2 “Sliding along a path” with respect to u(.,z)

Let G be a connected graph with at least two vertices, and let v be a vertex of G. Let n
and k be integers such that n — 1 > k > 0. We denote by P(n,k, G, v) the graph which
results from identifying v with the vertex vy, 1 of a path vy, --- v, as in Figure 2. For a

vertex v in a graph G we denote by Ng(v) the set of vertices of G adjacent to v.

G

v

U1 V2 Uk Uk+1 Uk+2 Un—1 Up

Figure 2: P(n,k,G,v)

In this section we aim to understand how p(P(n, k, G,v),z) behaves as a function of

k. The following lemma is an immediate consequence of the definition of u(., z):

Lemma 1 ([6]). Let G and G’ be two disjoint graphs and let x > 0 be a real number.

Then we have

WGUG z) = pu(G,z)u(G, z); (3)
if ve V(G), then we have
N‘(G>I) :u(G—U,Z)+CL‘2 Z N(G_ {’Uﬂl}},l‘). (4)
weNg(v)

The following ordering of the P(n, k,G,v)’s is well-known, see [7] and [18].
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Lemma 2. Let x be a positive real number and n > 7 an integer, then the following
inequalities hold:

w(P(n,0,G,v),z) > p(P(n,2,G,v),z) >+ > pu(P(n,2|(n—1)/4],G,v),z)

> pw(P(n,2[(n+1)/4] —1,G,v),z) > --- > u(P(n,3,G,v),z) > u(P(n,1,G,v),x).

Note that 2|m/4]| and 2|(m + 2)/4| — 1 are the two largest integers less or equal to
m/2 for all positive integers m.

As k varies, G appears to be “sliding” along the path to which it is attached. This is
the reason why lemmas of such a type are also called “Sliding along a path” [19].

The following remark is an immediate consequence of Lemma 2, it is particularly useful
in practice to construct trees with larger energy than a given one (see [4] for instance).
Remark 1. The graph transformation in Figure 8 reduces the number of leaves and

increases the energy, for all integers n > k > 1. In general, the energy of a tree increases

HelEYe)

V1 Vg-1 Uk Ug+1 Un

k-1 Vk Ukl Un

Figure 3:

if we replace a branch which is not a path by a path of the same order.

By considering one of the branches of a tripod as a sliding subgraph, the following

theorem follows:

Theorem 1 ([3]). For all positive integers i and n such that n > 3t + 7 we have
En(T(i,2[i/2],n — i — 2[i/2] — 1)) > En(T(i,2[i/2] + 2,n — i — 2[i/2] —3)) > ...
>En(T(,2|(n—t—1)/4],n—i—2[(n—i—1)/4] — 1))
>En(T(,2|(n—i+1)/4] —1l,n—i—=2[(n—i+1)/4])) >

> En(T(,2]i/2) + 3,n — i — 2[i/2) — 4)) > En(T(,2]i/2) + 1,n — i — 2[i/2) — 2)).

3 Trees with at least four leaves and maximum
energy

Throughout this section dy1, dia, do1, dog are always positive integers. For all integers n

such that di; + di2 + do1 + das < n — 1, we denote by H(dy1,dy2,ds1, daz,n) the n-vertex
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- dqq times dgl times

- 'dy2 times d22 times

H(d11,d12,da1, da2, 1)
Figure 4:
quadripod as described in Figure 4. It is convenient to set
T(O,j, k) = Pj+k+1>
T(-1,j,k) = P;U P,
and
N(T(727j7 k)7 I) = N(Pi7 I)M(Pkflv JJ) + M(ijh x)/“(ka I)

for all positive integers j and k to have the well known relation
WG, g,k +2),2) = p(T(0, 5.k + 1), 2) + 2*w(T (i, 5, k), ) (5)
valid for ¢ > —2 and j,k > 1. Note that for n > dy; + dia + da1 + dos + 1 we have

w(H(dy1,dia, doy, dog,n), x)
= w(Payy, ) p(Payy, ) (T (do, doo, n — diy — d1z — dog — dog — 2), )
+ 22 1(Payy 1, ©)(Payy, ) (T (doy, dag, o — diy — dyy — day — dyy — 2), )
+ $2N(Pdn=$)ﬂ(Pd1271; ) (T (da1, daz, 0 — diy — dyg — dyy — daz — 2),7)

+ 22 pu( Py, )Py, 2)p(T (o, dag, o — dyy — dyy — doy — dop — 3), )
which shows that (using (5))

p(H (dyy, dia, day, dog, o+ 2), @)
= pu(H(dy1,dra, doy, doo,n + 1), 2) + 22 u(H(dyy, dig, dor, dog, n), ©)  (6)

and

/J/(H(dn, d12., d21 5 d22 + 2., n—+ 2)7 .'L')

= p(H(dy1, dr2, do1, dog + 1,n + 1), 2) + 2*p(H (dv1, di, dot, daa, ), ). (7)
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Lemma 3. The n-vertex tree with at least four leaves and mazimum energy must be an
element of

{H(1,1,1,1,n), H(1,1,2,d2,n), H(2, d1,2, doz,n)|d2a > d12 > 1}.
Proof. Remark 1 reduces the set of candidates to be the set of quadripods. Using the
Lemma of “Sliding along a path” we know that if max{dsy, d12} > 3 and min{dsy, d12} # 2,

then for all positive z we have
W(H (di1, dio, dor, dag), ) < p(H(2,di2 + din — 2, day, dao), ).
Similarly, if max{ds1, da2} > 3 and min{da, ds2} # 2, then we have

,U(H(dlh dya, day, d22),I) < M(H(dn, di2,2,dy — dy — 2)7 l’)

Now we also have to use (4) in order to get the following relations:

w(H(1,1,1,1,n),2) = w(T(1,1,n — 4), 2) + 2*u(T(1,1,n — 6), z)
< w(T(1,2,n —5),2) + 2*u(T(1,2,n — 7),) for all n > 7

=u(H(1,2,1,1,n), ), (8)

<u(H(1,1,1,2,n —1),2) + 22u(T(1,2,n — 6),2) for all n > 8
o

(H(1,2,1,2,n),z), 9)

u(H(lv 17 27 27 TL), I) = M(H(lv 17 17 27 n— 1) $) + $2,M(T(1 17 n— 5)1’)

< p(H(1,1,1,2,n — 1),2) + 2°pu(T(1,2,n — 6),2) for all n > 6
=u

(H(1,2,1,2,n),z) (10)

w(H(1,2,1,2,n),2) = w(H(1,1,1,2,n — 1), z) + 2*u(T(1,2,n — 6), x)
< p(H(1,2,1,2,n = 1),2) + 2*pu(T(1,2,n — 6),2) for all n > 9
=u(H(1,2,2,2,n), ), (11)

w(H(1,2,2,2,n),2) = w(H(1,2,1,2,n — 1), ) + 2>u(T(1,2,n — 6), z)
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<w(H(1,2,2,2,n —1),2) +22u(T(2,2,n — 7),z) for all n > 10
=u(H(2,2,2,2,n),z), (12)
w(H(2,2,2,n —7,n),z)
=u(H(1,2,2,n—7,n—1),2) +2*u(T(2,2,n — 7),z)
= 2?1 (P, 2)pt( Pz, ) + (1 + 2% u(T(2,2,n — 7), )
< 2% u( Py, 2)(T(2,2,n — 10),2) + (1 + 2*)u(T(2,2,n — 7), ) for n > 10

— W(H(2,2,2,2,1),2) (13)
and for 3 < dyy < n — 9 (and hence n > 12)

w(H(2,2,2,dga,n), )

= (u(Pr,x) + 2)u(T (2, dag, n — 5 — daa), 2)

+ 22 u( Py, 2) Py, ) (T (2, dag, n — 8 — da), )

< (u(Pr,z) + 2?)(T(2,2,n — 7),2) + 2 u(Pr, ) p(Po, 2)(T(2,2,n — 10, )

=u(H(2,2,2,2,n),). (14)

More inequalities are obtained by induction in the next two lemmas.
Lemma 4. For all integers n > 10, n — 5 > dos > 1 and for all real numbers x > 0 we
have
w(H(1,1,2,dog,n),z) < p(H(2,2,2,2,n),x)
and

w(H(1,2,2,doo, ), x) < p(H(2,2,2,2,n), ). (15)

Proof. Induction with respect to dss: The initial cases corresponding to das € {1, 2} were
already obtained in (9), (10), (11) and (12), and the induction step follows from the
relations in (6) and (7). O
Lemma 5. Letn > 10, dys > dia andn—5 > dig+da. We have pn(H(2,d12, 2, do2, n),x) <
w(H(2,2,2,2,n),x) except if (di2, d2e) is in {(2,2),(2,n — 8)}.

Proof. For any given value of dyy we reason by induction with respect to di. The initial
cases corresponding to dis € {1, 2} can be deduced from (13), (14), (15) using the relation

w(H(2,1,2,2,n),z) = n(H(2,2,2,1,n), z). Note that using Lemma 2 and (13) we have

w(H(2,3,2,n—8,n),z) < u(H(2,2,2,n—7,n),z) < n(H(2,2,2,2,n),x),
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and in H(2, dya,2,dag,n), ) if dis > 4, then dss < n — 8. The induction step follows from

the recurrence relations for p(H (di1, di2, do1, dag, n), ). O

We are left to compare En(H(2,2,2,2,n)) and En(H(2,2,2,n — 8,n)). As we will
observe in the rest of this section the sign of p(H(2,2,2,2,n),z) — u(H(2,2,2,n —
8,n),x) depends on x. Therefore, we have to estimate each of En(H(2,2,2,2,n)) and
En(H(2,2,2,n — 8,n)) in order to be able to compare them. For this we need explicit
expressions for ©(H(2,2,2,2,n),z) and p(H(2,2,2,n—8,n),x). The characteristic poly-

nomial P(t) =t? —t — 2? of the recurrence relation

w(H(2,2,2,2,n+2),2) = u(H(2,2,2,2,n +1),2) + 22u(H(2,2,2,2,n), z)

has two roots

14+ v1+ 422 -1 d . 1— 1+ 422 22
= = an 9 = =

t —
! 2 21 2 21

where x = z/(1 — 2%); to have z ranging in (0, +0c0) we take 0 < z < 1. This implies that

N(H(272,2,2,9+k),z):A(z)( G )k+B(z)( . )k (16)

22 —1 22 —1
for some A(z) and B(z) which satisfy

(2t =22+ 134+ 322+ 1)
ERNE

A(z)+ B(z) = n(H(2,2,2,2,9),2) =

=u(H(2,2,2,2,10), )

(P =22+ 12212+ 210 — 228 + 26 — 224 4+ 22 + 1)
(22— 1)1

Solving the system of equations we get

2 =22+ 1)2 (2 + 2% - 1)?
EESEESY

(24— 22— 1)2(z* = 22 +1)?
(22-1)%(2+1)

A(z) = and B(z)=—

Hence, (16) becomes

/I(H(Q/ 27 27 27 7L)7 {IJ)
_ (' =22+1) (4 2 2 2 ! 4 2 2 -1 \"

= 7(2(2z+_1)2(1t12)2)n (z’14(z4 + 22— 1) (=1)"2 4 (2 = 22— 1)2) . (18)
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In a similar way one can also obtain
-2 4+1

@+ D(1-22)n [(—1)722n=12(210 4 58 — 2,

w(H(2,2,2,n—8,n),z) =

+220 =227+ 1) + 210 - 228 4225 — 220 4+ 22+ 1]

It is convenient to use the following abbreviations

Q1(2) = (z* = 2+ D)2+ 22 = 1)
Qa(2) = 212 + 210 — 228 4220 — 221 4 22
=224 (25— 232 + (2% - 2)?

Ri(2) = (2" =22+ 1)(z* = 22 = 1)?

Ro(2) =210 =228 4226 — 2.4 4 22 41
Note that
Ri(2) = Ry(2) = —2°(Qu1(2) — Q2(2))

=2 -5 -2-1) <Z - \/52_ 1> (Z + \/5;_ 1> . (19)

Equation (1) can be rewritten in terms of z as

™

Lz 9
En(T)=— | ;(1 + %) log (T, x).

For even n we have

w(H(2,2,2,2,n),x) 221400 (2) + Ry(2)

w(H(2,2,2,n —8,n),x)  220=14Qy(2) + Ry(2)

Z?n714(Q1(z) — Q2(2)) + Ri(2) — Ra(2)
AT) T Rale)

=1+

(Ra(2) = RBa(2))(1 — 2>"72%)
2’2"714Q2(Z) + RQ(Z)

(ZZ _ 1)(Z2 - 1) (Z _ %) (Z + @) (1 _ 22"720)26
= 20 1Q,(2) + Ral2) '

=1+

2 [TT dz w(H(2,2,2,2,n),7)
I(n)=2= —(1+2%)1 o0 D
) n./o Ao G 5 2 = 8,m),9)




> —0.003

and for n > 12 let

Ii(n)
1
2 dz w(H(2,2,2,2,n), )
L ’
T / = Ao G 22 8.0
V51
2
i ) 1 Zz(lJr o) 1+(2271) (27\/5271) (er\/ng)(z 2= 1)(1 = 2212-20)6
A 22 w8 221271Qy(2) + Ry(2)
V5-1
2
> 0.009
to have

En(H(2,2,2,2,n)) — En(H(2,2,2,n —8,n)) =I1_(n)+ I.(n) >0 (20)

whenever n is even and at least 12.

For odd n we have

w(H(2,2,2,2,n),x) Ri(2) — 22714Q(2)

w(H(2,2,2,n —8,n),x)  Ra(z) — 220 14Q4y(2)
(22=1)25(2—2-1) (2 < @) (z + @) (1+ 2220

=1
+ Ry(2) — 227 14Qy(2)
Let
J_(n)
\/52—1
9 dz w(H(2,2,2,2,n),x)
_2 . Py 3 Ly Ly Ly ’
T / 22( +Z)ﬂ(H(222‘n787n)7I)
0
V51
o F &y (2 =1)(z"=2-1) ( @) <z + @) (14 2211720)6
>z / —(1+2%)log [ 1+
] = Ra(z) = 21710u(2)
0
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and
1
2 dz w(H(2,2,2,2,n),x)
J _ 2 4z L 2 12,2,2,m),
+(n) ™ / 22( te )/L(H(Q,Q,Q,’IL*&TL),[L')
VE—1
2
9 ! d , (2-1)(2-2-1) (z—‘/2’1> (z-i—‘/i’l) 20
> — —(1 1 1
_W/ z2( +2%)log | 1+ X8
V5-1
2
> 0.021.

Again this leads to

En(H(2,2,2,2,n)) — En(H(2,2,2,n —8,n)) = J_(n) + Jy(n) > 0 for odd n > 11.

The conclusion for this section is summarized in the following theorem (the case of n =9

can be checked easily):

Theorem 2. Among all trees with at least four leaves and order n at least 9, H(2,2,2,2,n)

is the unique tree with maximum energy.

4 Comparison of En(H(2,2,2,2,n)) with the energy of
tripods
It will be convenient to use the following abbreviation:
Ganr(i) = a' + (=1)"a"",

It is easy to see that for all non-negative integers n, r and a € (0, 1), the function g, , is
positive and decreasing for i € [0,n/2).
For the tripod T'(7,7, k) of order n, we can assume 1 < i < j<k=n—i—j—1

without loss of generality. We know that

(T, 4, k), 2) = w(Pigjer, ©)p(Pror, ) + xQ(M(IDi+j+1>I)M(Pk—27 )

+ (P, ) p(Pys ) p( Py, 7))

In a similar way as to get (18) we also obtain

22 22 \" 1 -1 \"
P, x)= 21
H(Pn,7) 22+1(z271) +z2+1(2271) (21)
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which leads to (remember that i +j +k=n—1)
:U*(Pivl‘)u(Pij)p‘(Pk—lwx)
- 1 (
T (224 1)3(1 — 22)n2
+(71)i+k’—122(i+k’+1) + (71)i+jz2(i+j+2) T (71)]‘22(]‘4—1) + (71)iZ2(i+1))

71)n—2z2(n+1) + (71)’671,22]6 + (71)j+k—122(j+k+1)

M(Pi+_7'+1737)M(Pk71=1‘)
1 _ L B
=y (CDTE L ()T (),

W(Pije1, ) Po—2, )
1 n 2n i+j ,2(n—k 2(k—
N (224 1)%(1 — 22)n-2 ((_1) e e O Vi S CO Vet 1>)

and

(Pipjgr, o) p(Pr—y, ) + CUZM(PH]‘H-, @) pu(Pr—2, )

1 n n i+j n—k : :
_ m ((71) 22( +2) 41— (71) +JZ2( k+1) + (71)k22(k+1)) i

Consequently we have

.. . . 1 n . 2(n+2 2 2
+(71)lgz2m,+3,n(i + 2) + (71)ng2,n+3,n(j + 2) - (71)l+2922,n+3m(i + .] + 2)) . (22)
Using the expressions in (18) and (22) we get

w(T(@i,j,n—1—1i—j),)

DG.jm,z) = W(H(2,2,2,2,n),2)
(=122 D(2 4+ 22) + 14+ 222 4+ (= 1)’ g2 i3 (i + 2)
- (T4 22)2(24 — 22+ 1)2 (27 M(24 4+ 22 = 1)2(—=1)n22 4 (24 — 22 — 1)?)
(_l)jgz2,n+3,n(j +2) - (—1)Hj9z2,n+3,n(i +j+2)
(T4 22)2(24 = 22+ 1)2 (27 M(2 4+ 22 = 1)2(=1)n2? 4 (2% — 22 = 1)?)
and

D(i,j,00,2) == lim D(i,j,n,z)

n—o00
B 1+ 222 + (_1)i22i+4 + (_1)j22j+4 _ (_1)i+jz2i+2j+4
- (1+22)2(Z4—22+1)2(Z4—22—1)2

(23)

Note that under the assumptions on 4, j, k,n if 7 tends to infinity, then necessarily

i,j,k,n —i,m— j,n —k also tend to infinity, hence we have

lim D(i, j )= 14222
i DT E) = (14 22)2(2% — 224 1)2(2* — 22— 1)2
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_ 1+ 22
L+ PR - - 1)

which implies (remember the relation z = 2/(1 — 22))

lim En(T(i,j,n —i—j—1)) —En(H(2,2,2,2,n))

1—00

= 11m — og
iscom | a2 w(H(2,2,2,2,n),x)
0

(24)

2 [dz (14 22)1 1+ 222
=== 23 1o
- 22 g(1+22)2(z47z2+1)2(z472271)2
0
< —0.014. (25)

This shows that there are only finitely many values of ¢ for which the energy of T'(, j,n

i —j — 1) is greater than that of H(2,2,2,2,n). Next we determine such values of .

Lemma 6. For n large enough, if En(T(i,j,n —i—j —1)) > En(H(2,2,2,2,n)), then
iel=1{1,234506810,12 14, 16,18}.

Proof. We use the notation in (23).
a) For even ¢ = 2k and even j = 2(k + [) we obtain:

10252 1 22 4 20+ _ 242544
(14 22)2(24 = 22+ 1)2(24 = 22 - 1)?
14952 1 0,24 ditd
(14 22)2(24 — 224 1)2(2* — 22— 1)2
< ee(20,20, z) for all i > 20,

D(,[/‘]7 OO? z) = 66(7//]7 z) =

<ee(i,i,z) =

where

2 ('d
*/ j;(l +2%) log ee(20, 20, z) < —0.001.
0

™

This shows that for n large enough, k£ > 10 and { > 0 we have En(T'(2k,2(k+1),n —
4k — 20— 1)) < En(H(2,2,2,2,n)).

b) For even i = 2k and odd j = 2k + 1 we obtain:

1 922 4 22+ _ L2544 4 204244
(T4 22)2(2% — 22 +1)2(24 — 22— 1)2
14222 4 22t
(1+ 22)2(z" — 22 + 1)2(z" — 22 — 1)2

D(lja 00, Z) = GO(i,j, Z) =

< eo(i,00,z) =
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< eo(14,00, z) for all i > 14,

and

2 (td
*/ é(l + 2%) log eo(14, 00, z) < —0.001.
s 0 z

This means that (for n large enough) the energy of a tripod T'(2k,2(k +1) + 1,n —
4k — 21 — 2) can only be greater than that of H(2,2,2,2,n) if k <6.

¢) For odd i = 2k + 1 and even j = 2(k + [ + 1) we obtain:

14 222 — 24 | L2544 4 242544
(14 22)2(24 — 22+ 1)2(24 — 22— 1)?
10952 p20H4 4 L2006 4 dit6
N G ol PRy T = ey s
1+ 222 4 24it6
1+ 222(24 — 22 + 1)2(e4 — 22— 1)2
< oe(7,z) foralli > 7

D(i,j,OO,Z) =

< oefi, z) =

and

2 (tdz 9

= [ — 1+ 2z%)logoe(7,2) < —0.002.

T Jo z
Hence (for n large enough) for all integers [ > 0 a tripod T'(2k + 1,2(k+1+1),n —
4k — 21 — 2) that can possibly have greater energy than that of H(2,2,2,2,n) must
satisfy k € {0,1,2}.

d) For odd i and odd j we obtain:
140922 — L2 _ 254 _ 2i42j44
(14 22)2(24 — 22+ 1)%(2% — 22 — 1)?
1+222
(14 22)2(2* — 22+ 1)2(24 — 22 — 1)?

D(’i,j,OO,,Z) = 00(7;7j, Z) =

< 00(00, 00, 2) =
where as we have seen in (25)

2 [*d
*/ 51+ %) log oo(o0, 00, 2) < ~0.014.
)y %

O

For any given value of ¢, Theorem 1 allows us to obtain the complete list of all tripods

of order n and with shortest branch of length ¢, ordered by their energies. In the following
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we determine the place of H(2,2,2,2,n) in each list corresponding to a value in I. For

i =1 we have

2 (td
*/ Z (14 2% log D(1,2, 00, 2) > 0.004
T 0 VA

and

d
,/ (14 22)log D(1,4,00,2) < —0.034,
wJo 22
thus En(7'(1,2,n — 4)) > En(H(2,2,2,2,n)) > En(T(1,4,n — 6)) > --- > En(T(1,1,n —
3)), if n is large enough. Since

2 (td
*/ 5(1 +2%)log D(2,3, 00, 2) > 0.030
0

™

we deduce that for i = 2 and n large enough we have

En(T(2,2,n—5)) >--->En(7T(2,3,n—6)) > En(H(2,2,2,2,n)).

By similar arguments, for large enough n we also have:
En(7T'(3,4,n —8)) > En(H(2,2,2,2,n)) > En(T(3,6,n — 10)) > --- > En(T'(3,3,n — 7)),
T(4,4,n—9))>--->En(T(4,5,n—10)) > En(H(2,2,2,2,n)),

(2,2,2,2,n)) > En(T'(5,6,n — 12)) > --- > En(T'(5,5,n — 11)),
En(T(6,6,n —13)) > --- > En(T(6,7,n — 14)) > En(H(2,2,2,2,n)),
En(T'(8,8,n —17)) > --- > En(T(8,11,n — 20)) > En(H(2,2,2,2,n)) > En(7(8,9,n —
8));

(r
En(

En(H
(

[

En(T(10,10,n—21)) > --- > En(7(10,21,n—32)) > En(H(2,2,2,2,n)) > En(T(10,19,n—
30)) > -~ > En(T(10,11,n — 22)),
En(T(12,12,n—25)) > -+ > En(T(12,85,n—98)) > En(H(2,2,2,2,n)) > En(T(12,83, n—
96)) > --- > En(T'(12,13,n — 26)),
En(T(14,14,n—29)) > - -- > En(T(14, 30, n—45)) > En(H(2,2,2,2,n)) > En(T(14, 32, n—
47)) > -+ > En(T(14, 15,n — 30)),
En(7T'(16,16,n—33)) > --- > En(T'(16,22,n—49)) > En(H(2,2,2,2,n)) > En(T(16, 24, n—
A1) > -+ > En(T(16,17,n — 34)),
En(7(18,18,n—37)) > En(H(2,2,2,2,n)) > En(T(18,20,n—39)) > --- > En(T(18,19,n—
38)).

We can count the tripods whose energy are greater than En(H (2,2, 2,2,n)) and obtain

the following theorem:
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Theorem 3. For large enough n the quadripod H(2,2,2,2,n) is the (3n — 84)% (resp.
(3n — 87)%) tree with largest energy for odd n (resp. for even n).
Proof. Use the fact that there are |(n—i—1)/2] —i+ 1 tripods of order n for which the

length of the shortest branch is 7. Including the path we have

6 . .
n—2i—1 n—1 3n — 85 if n is odd
—61 E —— | =6 —82 =

3n — 88 if n is even

trees with greater energy than H(2,2,2,2,n), for large enough n. |
For a tree T, let diam(7") denote the diameter of T, defined as the length of a longest

path in T'. The following theorem is a simple consequence of the results obtained so far:

Theorem 4. For all i in I' = {1,2,3,4,6,8,10,12,14, 16,18} and n large enough, the

n-vertex tree with diameter n—i—1 and mazimum energy is T'(i,2[i/2],n—2[i/2] —i—1).

Proof. Let i be an element of I' and T; be a tree of diameter n — ¢ — 1 which is maximal
with respect to the energy. We know that diam(P,) =n—1>n—i—1foralln >i+1,
hence T; # P,. As we have seen above for large enough n (in particular we assume
n > 3i+ 1), there exists a tripod T'(¢, jo,n — jo — i — 1) which has diameter n — ¢ — 1 such
that En(T(4, jo,n — jo —i — 1)) > En(H(2,2,2,2,n)). Using Theorem 2 this implies that
T; is a tripod. More precisely T; = T'(i, j,n —j —i — 1) for some j > 4, in order to satisfy
diam(T;) = n — i — 1. From Theorem 1, if j # 2[i/2], then we have

En(T(i,j,n—j—i—1)) < En(T(3,2[i/2],n — 2[i/2] —i—1)).

Therefore, we conclude that T; = T'(i,2[¢/2],n — 2[i/2] —i —1). O

5 Main result

For simplicity we write G > G’ instead of En(G) > En(G’). By ordering all the tripods
with larger energy than that of H(2,2,2,2,n) we obtain the head of the list of trees
ordered by decreasing energy, until the first appearance of a non-tripod. Each “...” in
the list refers to the chain obtained for a fixed shortest branch by using Theorem 1. For

any inequality that cannot be obtained from Theorem 1, see the values in the appendix:

Theorem 5. The head of the list of all trees ordered by decreasing energy is given as

follows for large enough n:
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8,12,n — 21)
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10,12, 7 — 23)
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10,18, 7 — 29)
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8,23,n — 32)
8,21,n — 30)
10,32,n — 43)
10,36, 1 — 47)
10, 46,1 — 57)
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10,72,n — 83)
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8,19, n — 28)
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14,22,n — 37)
12,42, n — 55)
12,48,n — 61)
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14,14, n — 29)
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8,17,n — 26)
12,20,n — 33)
14,16,n — 31)
12,22, n — 35)
8, 15,1 — 24)
12,24, — 37)
14,18, n — 33)
10,47, n — 58)
12,28, — 41)
12,30,n — 3)
12,32,n —4
10,29,n — 4
12,40,n — 53
12,46,n — 59
12,50,n — 63
12,66,n — 79
16,20,n — 37
8,11,n — 20)
18,18,n — 37)
14,28, — 43)
10,21, — 32)
3,4,n —8)
14,30, 7 — 45)
16,22, 1 — 39)
H(2,2,2,2 n).
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Computer check shows that Theorem 5 holds for all odd n starting from 21777 to

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVVVVVY
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30001 and for all even n starting from 30866 to 40000. Our final conjecture is based on

this observation.

Conjecture 1. Theorem 5 holds for all odd n > 21777 and for all even n > 30866.
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Appendix

Let us denote by d(i, j) the limit
lim En(T(i,j,n—i—j—1)) — En(H(2,2,2,2,n))
n—o0

for all integers ¢ < j. Then we have the following values rounded to six decimal places:

2(2,2)  ~0.065993 | 2(2,7) A 0.040329 | 9(4,4) =~ 0.037612
2(2,5) A~ 0.037493 | 9(4,6) A~ 0.031345 | 9(2,3) =~ 0.030513
2(4,8) A~ 0.028282 | 9(4,18) ~ 0.023946 | 9(6,6) =~ 0.023909
2(4,20) ~0.023683 | 9(4,15) ~ 0.020244 | 9(6,8) = 0.020135
9(4,13) ~0.019647 | 9(4,11) = 0.018763 | 9(6,10) =~ 0.017948
2(4,9)  ~0.017378 | 9(6,12) = 0.016566 | d(8,8) = 0.015891
2(6,14) ~0.015637 | 9(4,7) A~ 0.015026 | 9(6,16) ~ 0.014983
2(6,18) A 0.014504 | 9(6,26) ~ 0.013472 | 9(8,10) ~ 0.013381
9(6,28) ~0.013329 | 2(6,39) ~ 0.011775 | 2(8,12) ~ 0.011767
2(6,37) =~ 0.011718 | 9(6,23) ~ 0.010881 | 2(8,14) ~ 0.010667
2(10,10) ~ 0.010636 | 9(6,21) ~ 0.010629 | 9(4,5) ~ 0.010537
2(6,19) ~0.010306 | 9(8,16) ~ 0.009883 | 2(8,18) ~ 0.009304
(8,20) ~ 0.008864 | 2(10,12) ~ 0.008849 | 9(8,22) ~ 0.008523
2(8,30) =~ 0.007708 | 9(10,14) ~ 0.007616 | 2(8,32) ~ 0.007584
2(8,56) =~ 0.006934 | 9(12,12) ~ 0.006928 | d(8,58) ~ 0.006911
2(8,86) ~ 0.006732 | 2(10,16) ~ 0.006729 | d(8,88) = 0.006725
2(8,49) ~ 0.006104 | 2(10,18) A 0.006069 | d(8,47) ~ 0.006066
2(8,33) ~0.005602 | 9(12,14) ~ 0.005592 | 2(10,20)~ 0.005564
2(8,31) A 0.005486 | 9(8,29) ~ 0.005347 | 9(8,27) ~ 0.005181
9(10,22) ~ 0.005169 | 2(8,25) ~ 0.004979 | 9(10,24)~ 0.004855
2(8,23) ~0.00473 | 9(12,16) ~ 0.004622 | 9(10,26)~ 0.0046

2(1,2)  ~0.004585 | 9(8,21) A 0.004418 | 9(10,28)~ 0.004391
2(10,30) ~ 0.004217 | 9(14,14) ~ 0.004172 | 9(10,32)~ 0.004071
9(8,19) ~ 0.004018 | 2(10,34) ~ 0.003947 | d(12, 18)~ 0.003895
2(10,36) ~ 0.003841 | 9(10,44) ~ 0.00354 | d(8,17) ~ 0.003497
2(10,46) ~ 0.003486 | 9(10,52) ~ 0.003358 | 2(12,20)~ 0.003336
9(10,54) ~ 0.003324 | 2(10,70) ~ 0.003141 | 9(14,16)~ 0.003135
2(10,72) ~ 0.003126 | 9(10,182)~ 0.002896 | 2(12,22)~ 0.002896
9(10, 184)~ 0.002895 | 2(10,175)~ 0.0028 | d(8,15) ~ 0.002799
0(10,173)~ 0.002799 | 2(10,69) ~ 0.002548 | 9(12,24)~ 0.002544
9(10,67) ~ 0.002531 | 9(10,53) ~ 0.002355 | 2(14, 18)~ 0.002354
2(10,51) ~ 0.002318 | 9(10,49) ~ 0.002277 | 2(12,26)~ 0.002258
2(10,47) ~ 0.002231 | 9(10,41) ~ 0.002055 | 2(16, 16)~ 0.002043
0(12,28) ~ 0.002022 | 2(10,39) ~ 0.001979 | 9(10,37)~ 0.001892
9(8,13) ~0.001834 | 9(12,30) ~ 0.001825 | 2(10,35)~ 0.001792
9(14,20) ~ 0.001749 | 2(10,33) ~ 0.001674 | d(12,32)~ 0.001659
9(10,31) = 0.001536 | 2(12,34) ~ 0.001518 | 9(12,36)~ 0.001397
2(10,29) ~ 0.001373 | 9(12,38) ~ 0.001292 | d(14,22)~ 0.001271
9(16,18) ~ 0.001216 | 2(12,40) ~ 0.001201 | 9(10,27)~ 0.001176
2(12,42) ~0.001122 | 9(12,44) ~ 0.001052 | 9(12,46)~ 0.00099
9(10,25) = 0.000938 | 2(12,48) ~ 0.000934 | d(14,24)~ 0.000887



0)~ 0.000885
6)~ 0.000629
0)~ 0.000573
) ~ 0.000443
8)~ 0.00035
8)~ 0.000314
1)~ 0.000281

~ 0.000206
0)~ 0.000097
2

)
,6
,2
11
1
,2
,2
4)
,3
,22)~ 0.000063
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2(12,64) ~ 0.000651
9(12,70) ~ 0.000589
9(12,72) ~ 0.000571
2(12,94) ~ 0.000442
2(12,132)~ 0.000348
0(12, 164)~ 0.000312
2(12, 226)~ 0.000281
2(12,217)~ 0.000206
2(12,109)~ 0.000096
0(12,97) ~ 0.000058

2(10,23) ~ 0.000646
9(14,26) ~ 0.000573
9(12,92) ~ 0.00045

2(12,130)~ 0.000351
2(12,162)~ 0.000314
9(12, 224)~ 0.000282
2(12, 219)~ 0.000207
2(12,111)~ 0.000101
2(12,99) ~ 0.000065
9(12,85) A 0.000005.



