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Abstract

In this paper we establish all extremal graphs with respect to augmented ec-
centric connectivity index among all (simple connected) graphs, among trees and
among trees with perfect matching. For graphs that turn out to be extremal explicit
formulas for the value of augmented eccentric connectivity index are derived.

1 Introduction

Several topological indices based on graph theoretical notion of eccentricity have been
recently proposed and/or used in QSAR and QSPR studies. Namely, eccentric connec-
tivity index ( [16]), eccentric distance sum ( [9]), adjacent eccentric distance sum ( [15])
and augmented and super augmented eccentric connectivity index ( [3], [2], [7] and [8]).
These indices have been shown to be very useful (predicting pharmaceutical properties),
therefore their mathematical properties have been studied too. The most extensive study
has been conducted for eccentric connectivity index, for which extremal graphs and trees
have been established ( [6], [18], [11]). Furthermore, the eccentric connectivity index of
some special kinds of graphs was studied such as unicyclic graphs and different kinds of

hexagonal systems ( [1], [4]). For a detailed survey on these and other results concerning
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eccentric connectivity index we refer the reader to [10]. Recently, mathematical proper-
ties of eccentric distance sum started to be investigated too. There are some results on
eccentric distance sum of trees and unicyclic graphs ( [17]) and of general graphs ( [12]).
As for the augmented eccentric connectivity index, there are some results with explicit
formulas for several classes of graphs, in particular for some open and closed unbranched
polymers and nanostructures ( [5]). Otherwise, augmented eccentric connectivity index
was not very much studied.

In this paper we present the results concerning extremal graphs and values of aug-
mented eccentric connectivity index on class of simple connected graphs, on trees and on
trees with perfect matching. The main results are the results for trees from which follow
the results on general graphs. It turns out that path P, is minimal tree with respect to
augmented eccentric connectivity index, as was perhaps to be expected since paths are
minimal trees with respect to other eccentricity based indices too. But, interestingly, it
turns out that star S, is not maximal tree (except for some small n) as was the case with
other indices. Rather, maximal trees turn out to be special kind of trees of diameter 4.

The paper is organized as follows. In the second section "Preliminaries’ some basic
notions and also the notation are introduced. Also, explicit formulas for the value of
augmented eccentric connectivity index for some specific graphs (such as paths, stars,
ete.) which will later be proved as extremal are derived. Third section is named "Extremal
trees’. In it we establish all minimal and maximal trees with respect to augmented
eccentric connectivity index. In fourth section we establish extremal trees among trees
with perfect matching. In fifth section we use the results for trees to establish the extremal
graphs in class of general simple connected graphs. And finally, in the last section we

summarize the results and provide directions for future work.

2 Preliminaries

In this paper we consider only simple connected graphs. We will use the following notation:
G for graph, V(G) or just V for its set of vertices, E(G) or just E for its set of edges.
With n we will denote number of vertices in graph G. For two vertices u,v € V' we define
distance d(u,v) of u and v as the length of shortest path connecting v and v. Given the
notion of distance we can define several other notions based on distance. First, for a vertex
u €V we define eccentricity £(u) as the maximum of d(u,v) over all v € V. Furthermore,

we define diameter D of graph G as the maximum of d(u,v) over all pairs of vertices
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u,v € V. A path P in G connecting vertices u and v is called diametric if d(u,v) = D.
Therefore, diametric path P must be the shortest path between u and v. The set of all
vertices with minimum eccentricity in G is called center of G and such vertices are called
central. For a vertex u € V a degree deg(u) is defined as number of vertices from V'
adjacent to u. Now, we can define augmented eccentric connectivity index of a graph G

as

gac(G) _ Z ]\/[(u)

2
where M (u) is product of degrees of all neighbors of u and e(u) is eccentricity of w.
Sometimes, for brevity sake, this index will be called ’augmented ECT’".

Let us now define some special kinds of graphs. First, K, will denote a complete graph
on n vertices. Special class of graphs which will be of interest are trees. A tree is a graph
with no cycles. It is easily seen that tree has only one central vertex if D is even, and
two central vertices if D is odd. We say that a vertex in tree 7' is a leaf if its degree is 1,
otherwise we say that a vertex is non-leaf. Also, we say that a vertex in a tree is branching
if its degree is greater than or equal to 3. We say that a tree T" is spanning tree of graph
G it V(T) = V(G) and E(T) C E(G). Now, P, will denote a path on n vertices and S,
will denote a star on n vertices. We will also specially consider trees of diameter 4. Let
us therefore introduce some interesting classes of graphs with diameter 4. We say that a
tree T is degree balanced if its diameter is 4 and all neighbors of (the only) central vertex
differ in degree by at most one. With T'B, ; we will denote degree balanced tree on n
vertices with degree of central vertex being k. Note that there is only one such tree up
to isomorphism. Now, from definition follows that neighbors of central vertex in degree

balanced tree T" can have only two degrees, say p — 1 and p. Note that p is determined by

=[5

But, on the other hand k is not determined by p. We have

k and holds

n—1 n—1
n <I{'<,L

P p-17
Having this in mind, we define (almost) perfect degree balance in a tree. Namely, we
say that a degree balance is perfect if all neighbors of central vertex have the degree p, we
say that balance is mazimum if maximum possible number of neighbors of central vertex

have the degree p. Note that degree balanced tree is in (almost) perfect balance if and
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An example of tree with degree balance, maximum degree balance and perfect degree

only if

balance is shown in Figure 1.

S L SV

Figure 1: Trees: T'Byy5 with degree balance, T'Biy 5 with maximum degree balance and
T By with perfect degree balance.

Now, we will establish exact values of augmented ECI for some of these graphs, which
will later be proved as extremal for some class of graphs. Let us denote H,, =y, % By

direct calculation we obtain the following proposition.

Proposition 1 For paths P, on n > 5 wertices, stars S, on n > 4 wvertices, degree

balanced trees TB, [251] On 7 > 8 wvertices, degree balanced graphs TB,z onn > 6
o 3

vertices where n is even, complete bipartite graphs K,,, with m,n > 2 and complete

graphs K, onn > 2 vertices holds:

8(Hn—l - H”T*Z) - ( !

P 1) forn even,

n—2

+
1 €(P) = { 12 4

8(Hp—1 — Huzs) — (35 + 775)  form odd,
2. €2°(S,) =1+ 2

3k k2 3k — 2
S+5+5 forn=3k+1,

Co

@B, fany) =4 3T E ¥ 1 forn =3k,

2.3 24 By 3k L forpn=3k—1,

n

4. €(TByn) =227+ {5 (n* +3n —6),

Nl

S (Koyn) = % (m"t )
6. (K =n-(n—1"".
Some of these formulas (for path and complete graph) were already derived in [5].

To conclude, we still need the notion of matching. A matching in a graph G is collection

of edges M from G such that no vertex from G is incident to two edges from M. The size
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of matching is number of edges it contains. We say that matching M is perfect if every
vertex from G is incident to one edge from M. Obviously, only graphs with even number

of vertices can have perfect matching.
3 Extremal trees

In this section we want to establish trees with minimum and maximum value of augmented
eccentric connectivity index. First, we will do the minimum. For that purpose we need
the following theorem which gives the transformation of tree which increases diameter,

but decreases the value of augmented ECI.

Theorem 2 Let T' # P, be a tree on n vertices and let P = vgvy ...vp be a diametric
path in T" chosen so that the first branching vertex is furthest possible from vy. Let v; be
the first branching vertex on P. If D > 2 and i = 1 and deg(vi11) > 2 then let v = v;qq,
else let u = v;. Let wq, ..., wy be k neighbors of u outside of P (1 < k < deg(u) —2). For
tree T" obtained from T by deleting edges uwy, ... uwy and adding edges vowy, . .., Vowy
holds

€(T) > €(T") .

Proof. Note that this transformation does not decrease eccentricity of any vertex. On
the other hand, the only vertex whose degree increases is vy. Let us denote m; = deg(v;)
and m,, = deg(w;). Cases when D < 3 are easily verified, therefore we distinguish three
remaining cases when D > 3. Tree transformations from these cases are illustrated with
Figure 2.

Case 1: D >3 and u = vy .

Note that in this case my = 2 and m,,, = 1 for every iTherefore7 the only vertex for

which M (v) increases from T to T" is v; . We have

£€°(T) — £2(T") > M(vi)  M'(vi)  M(vs)  M'(vy) i (M(wi) _ M'(“’i))

e(vy) ' (vy) £(vg) ' (vq) — e(w;) ' (w;)

—D-1 D—-1 D -2 D -2 D D
=2k omg-k  k-(mi—k—1)
“p1'p2" D -0

Case 2: D >3 and u=v,.
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The only vertices for which M (v) possibly increases are vy and v;. We will neutralize
increase in M (vg) by decrease in M (v;), and also neutralize increase in M (v;) by decrease
in M(vs), M(wy),..., M(wg). Let my, = myy, - ... My, and ca = M(vs)/(my, - my). Note

that ¢y > 2 because of mg > 2 (which follows from D > 3). We have

k

M (vg) B M'(vg)  M(vy)  M'(v9) S MMy T Ty G TG

Alz

£(vo) &'(vg) (v2) e(vy) — D D D—2 D -2

mq (an - 1) my - C ('rnw B 1)
= — > 0.
b " b2 ="

Now, let ¢5 = M(v3)/ms. Note that all neighbors of w; except u = v, are of degree 1 and

therefore M (w;) = m, for every i. We have

CM(w)  M'(v) | M(v) M’ () | <=~ (Mw)  M'(w,)
BT ) T ) e *Z}( S )

S M 7(m27k)(k+1) m2~037(m27k)-03+2k: my  k+1
~D-1 D-1 e(v3) e(v3) D-1 D-1

i=1

_ k(mszfl) k'Cg k‘(mgfk‘*l)
N D-1 +S(1)3)+ D-1 =0

Therefore,
€T = €°(T) = Ay + Ay > 0.
Case3: D>3andu=v; (i >3).
The only vertices for which M (v) possibly increases are vy and v;. We will neutralize

increase in M (vg) by decrease in M (v;), and also neutralize increase in M (v;) by decrease

in M(v;—1). Let my, =My, - ... My, and let ¢; = M(v;)/ (mi—1 - my,). We have
A= M (vp) 7 M'(vo)  M(v;) B M (v;) - 2 2-my . M1 My G M1 G
YT () (o) | e(y)  €w) T D D (v;) (v;)
2 w T 1 i—1 "G w T 1
— _ (m )+m16 (m )Z[mi—1:2]20~

D e(vy)

Also, from 7 > 3 we know that vy # v;, so we have
]L[(Ul) ]\/[,(Ul) ]\/[(U,j,l) A{’(’U,‘yfl)
e(vr) e'(vy) e(viz1) e (vi_1)

> —
~—D-1 D -1 E(Ui_l) E(Ui_l)

2k 2k
= 1) <D—1
D—1+e(vH) > [g(vim1) < >0

Ay =
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Therefore, we conclude

€9°(T) — €%5(T") > Ay + Ay > 0 .

uﬁﬂ@@@ = ) OQO

20000~ (o]0
QOO = ;Qo
R ety

Figure 2: Tree transformations from Cases 1, 2 and 3 of Theorem 2.

Corollary 3 Let T' # P, be a tree on n vertices. Then
gac(T) > gaC(Pn) .

Proof. Note that transformation of tree from Theorem 2 increases diameter of the tree.
Therefore, applying that transformation consecutively on 7" we obtain in the end path P,

which by that theorem has smaller value of £ then T |

Now that we found a tree with minimum value of augmented ECI, we want to find a
tree with maximum value of augmented ECIL. One could expect a star .S,, to have maximum
value of augmented ECI, as that was the case of other eccentricity based indices. But,

comparing the value of Sig and 1T'By45 we obtain

15 227
€°(Sie) = 1+ 15 — = =L = 113.5,
2 2
35 5 3 412
“(TBigs) = = +5-2+10- 5 = —= = 137.33
§*(TBisys) 2+0 3+ 1 3 )

which clearly indicates that S, is not maximal tree with respect to value of augmented
ECI. Now, we want to establish which trees are maximal. For that purpose, we need the

following theorem.
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Theorem 4 Let T be a tree on n vertices with diameter D > 5 and let P = vyvy ... vp
be a diametric path such that M(vq)/ deg(vy) < M(vp_s)/deg(vp_1). Let wy,... v be
all pendent vertices of v1. For a tree T' obtained from T by deleting edges vyws, . . ., viwy,
and adding vertices vp_qwy, . .., vp_1wy holds

§(T) <& (T") .
Proof. Note that by this transformation eccentricities of vertices do not increase. The
only vertex for which M (v) decreases is vo. We will neutralize this decrease by increase
for vp_y. For the simplicity sake, let m; = deg(v;) for v; € P. Taking into account that
g(v) > €'(v) for every v € T we have
M(vy)  M'(vy)  M(vp—z) M'(vp-2)

£(vg) ' (vq) e(vp_2) e'(vp_a)

§(T) = &(T")

- (mq = 1) - M(ve)/ma N (mp-1—mp-1—mi+1)- M(vp_1)/mp_1

- e’ (v2) e'(vp_2)
_ (m1 — 1) . ]\/[(vg)/ml - (m1 — 1) . ]V[(vp,l)/mD,l
&' (vg) e (vp-2)

Since €'(vq9) > €'(vp_2) by construction and since
M (va)/m1 < M(vp_1)/mp-1

by assumption of the theorem, we conclude £*¢(T") — £°“(T”) < 0. Since also obviously
M(vp)  M'(v)
g(vo)  €'(vo)

we obtain £*(T") — £%(T") < 0. ]

<0

Note that in every tree 7" there must exist a diametric path which satisfies conditions
of Theorem 4, for either the condition holds for diametric path P or for the same path
with vertices labeled in reverse order. Applying this transformation repeatedly on a tree
with diameter greater than 5, we will finally obtain a tree of diameter 4 with greater value

of augmented ECI.

Therefore, a tree with maximum value of augmented ECI lies among trees with D < 4.

Let us now consider such trees.

Lemma 5 Let T' # S, be a tree on n vertices with diameter D < 4 such that central

vertices have at most two non-leaf neighbors. Then £(T) < £%(S,) .
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Proof. This lemma is corollary of Theorem 2, since every tree T satisfying conditions of
this lemma can be obtained from S, by applying once (if D = 3) or twice (if D = 4) the

transformation of tree from that theorem. ]

As a consequence of this lemma, we can conclude that the ”problem” are trees with
diameter 4 and at least three non-leaf neighbors of central vertex. Let us now consider
such trees. Before we proceed, let us note that tree transformations from some of the

following Lemmas are illustrated in Figure 3.

v, u v, v, u v,
v, u v, v, u v,
W~
= ®
— Vi
w, v, u v, vy

Figure 3: Tree transformations from Lemmas 6, 7 and 8 respectively.

Lemma 6 Let T be a tree on n wvertices with diameter D = 4 such that central vertex
u has at least three non-leaf neighbors. Let vy, ... v, be all neighbors of u labeled so that
deg(vy) < ... < deg(vy). If deg(vy,) — deg(vy) > 2 then for a tree T obtained from T by

deleting a pendent vertex of v and adding pendent vertez to vy holds
§(T) < &(T") .

Proof. Note that eccentricities of vertices remain the same after this transformation.
The only vertex whose degree decreases is vy, therefore M (v) decreases possibly for v and
pending vertices of vg. Let us denote m; = degv; and ¢ = M(u)/ (my - my) . Note that

¢ > 2 because central vertex has at least three non-leaf neighbors. Considering vertex u
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and pending vertices of v; and v, we obtain

e Dec. . :
+ (my — 2) (% - mk; 1) + (% -~ ml4+ 1)
! 1
:5(0*1)(m1*mk+1)Si(cfl)(72+l)<0.

Note that Lemma 6 holds even for trees with only two non-pendant neighbors of central
vertex. But then we do not necessarily have strict inequality (constant ¢ from proof can be
1). Lemma 6 can be applied repeatedly until we obtain degree balanced tree. Therefore,
we conclude that among trees on n vertices with D = 4 and central vertex u with given
degree deg(u) = k degree balanced tree T'B,, ), has maximum value of {*. Now, we can
obtain the increase in £*¢ by changing the degree of central vertex. For that purpose we

need following lemma.

Lemma 7 Let T be a tree on n wvertices with diameter D = 4 such that central vertex
u has at least three non-leaf neighbors. Let vq,...v;, be all neighbors of w labeled so that
deg(vy) < ... < deg(vg). If deg(vg) — deg(v1) < 1 and deg(vy) > 4 than for a tree T’
obtained from T' by deleting two pendant vertices of vy, and adding pendant path of length
2 to u holds

€ (T) < €(T")

Proof. Let us denote k = deg(u), m; = deg(v;) and ¢ = M(u)/my,. Considering

u, vy, ... ,v, and pendant vertices of v, we obtain
comy  2-c-(my—2) ko k+1
T)— €T = - k(- ———
§m) - e = = D k(5o

2 k+1 2
+(mk—3)<%—mk4 >+(2.%’“_(%+1>>

c 2 7
:—a(mk—él)—gk—&-mk—gg[026]

29 2 1
§?—2mk—§k§[mk24,k23}§—g<0

which concludes the proof. |
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By combining Lemmas 6 and 7, we can conclude that our search for trees with extremal

£9¢ is restricted to S, or degree balanced trees 1T'B,, ;, with

n—1
—|—|<3.

Now we will consider separately cases when p = 2 and p = 3. First we will consider case

when p = 3. For that purpose we need the following lemma.

Lemma 8 Let T be a tree on n vertices with diameter D = 4 such that central verter u

has at least three non-leaf neighbors. If T'=TB,,  where p = ("T’l-‘ = 3 then

fac(T) S gac (TBTL,l—/"Til.l)
with equality if and only if k = {%1 :

Proof. From p = 3 follows that all neighbors of u are of degree 3 and possibly 2. Suppose
p# ["—;l] . That means there are at least three neighbors of u of degree 2. Let us denote
all neighbors of u with vy, ..., v so that m; < mg < ... < my where m; denotes deg(v;).
Let w; be a pendant vertex of v;. Now, let T" be a tree obtained from 7 by deleting
edges uvy, viw, and adding edges vov1, v3w;. We will show that £*¢ has increased by this
transformation. For that purpose let ¢ = M (u)/8. Considering vertices u, vy, ..., v, and

pendant vertices of vy, vy and v we obtain

(5 v (-5 (5 o 2-2)

2 1 11 .

=Zk—-c——<[e>2"79
3 2 6
2 1 2 . 11 1

< k-2t <3_ =~ <0,

-3 6 — 3 6 3

Repeating this transformation, we obtain 7B, [251] which proves the lemma. |
| 73

Now, we want to address trees T'B,, j, with p = {"’;1] =2.

Lemma 9 Let T be a tree on n vertices with diameter D = 4 such that central vertex u

has at least three non-leaf neighbors. If T' = T B, ;, where p = (%W = 2. Then

€(T) < €°(S,) or €(T) < €% (TBmPTﬂ)
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Proof. Note that it has to be n > 7 for a tree 7" to be able to satisfy conditions of lemma.
From p = (”T’l-‘ = 2 follows that neighbors of central vertex have degree 1 or 2. Let u be
a central vertex in 7" and let ¢ neighbors of u have degree 2. First note that 2 <t < "T’l
Also, note that

n=1+2t+(k—t)=1+t+k,

k=n—-t-1.
Now we have
2t k 2 (n—t—17% t
“(TBpp) = — 2 L A S? S E
§(TBug) 5 thogttg + 3 +5 f(t)
Let us analyze obtained function f(t). We have
2 T2
"ty =2""mm2+t+- -
(@) n2+ 3 + 6 3"

This is obviously increasing function in k&, therefore from

f’(2):22_1-1n2+§-2+£f§n<0forn27.

-1 n— 2 -1 7 2
f’(n2 )=2 21’1-1112+§-n2 +6f§n>0forn27,

we conclude that maximum of f(t) = £2¢(T B, is obtained for ¢ = 2 or ¢ = [2%51] . If
¢ = 2 then by Lemma 5 we conclude that £2°(T) < £°(S,,). If t = |25 | and n is odd

then by Lemma 5 we conclude that £&*¢(T) < £*(T M, 3). If t = | 251 | and n is even, then

n—1

before we can apply Lemma 5, we have to prove that tree 7" with ¢ = LTJ has smaller
&% than tree 7" obtained from it by deleting last pending vertex of central vertex and
adding one pending vertex to one neighbor of central vertex. We have
28 (t+1)2 ¢ 32070 42 -1 3
ac(py _ gae(pry — [ 2 Y _ v 9.2
6()5()<2+3+2 2+3+2+4

2 1 2 1
=t—2 2 <2<
3 4 3°- 3

which completes the proof. m

Therefore, a tree with extremal value of augmented ECI must be either S,, or T'B,, [n51]-
4 3
To decide which is it, we need following lemma.
Lemma 10 Holds
gaC(TBn,[%W ) > 5“0(57,) .

if and only if n > 16.
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Proof. Let T'= TBn"[n%] and let k = {"T’q be the degree of central vertex in 7. From
the value of k follows that neighbors of central vertex have degrees 3 or 3 and 2. Let k»
be number of neighbors of central vertex with degree 2 and let k3 be number of neighbors
of central vertex with degree 3. Obviously ks < 2 and ko + k3 = k. We have

Now, given the exact formula from Proposition 1, we can analyze when the difference
£%(T) —£%¢(.S,,) is positive distinguishing three cases with respect to the value of ko. Thus

we obtain the claimed. m
Now, we can summarize our results in the following theorem.

Theorem 11 Let T be a tree on n vertices. Then
£%(S,,) ifn <15,
(1) <
gae (TBHWT,Iﬂ ifn>16,
with equality holding id and only if T = S, forn < 15 and T = £*(TB,, ]—";11) for
4 3
n > 16.

4 Extremal trees with perfect matching

In this section we assume n to be even since only trees with even n can have perfect
matching. Also, tree with a perfect matching can obviously have at most one pendant
vertex on every vertex in it. Furthermore, if P = vgvy...vp is diametric path in a tree
with a perfect matching then vy and vp_; must be of degree 2 since they already have
one pendent vertex and can’t have more.

Path P, on n vertices obviously has perfect matching, therefore the problem of finding
a tree with perfect matching and minimum £%¢ is trivial - it is P,. But star 5,, and degree
balanced tree TB,””—"TA ] do not have a perfect matching. Therefore finding a tree with
perfect matching and maximum £ is a nontrivial one. In order to find such tree, we
will introduce transformation of a tree which preserves existence of perfect matching and
increases £°¢. But before that, note that for every integer m > 2 the following inequalities

hold

; 1)
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Also, for every integer m > 4 holds
m<2m (3)
Now, we can state the following theorem.
Theorem 12 Let T be a tree on n vertices with a perfect matching and D > 5. Let P =
Vo1 - .. vp be a diametric path in T and let wy, . . ., wy, be all vertices from V\ {vs} adjacent
to vy and of degree 2. Let T' be a tree obtained from T by deleting edges vows, . . . , vowy, and
adding edges vswy, ..., vswy. Then T' is a tree on n vertices which has perfect matching
and
€(T) < £(T")

Proof. First note that £ > 1 since at least vy is included among wy, ..., wy. Let m;
denote a degree of v; € P. Note that ms — 2 < k < msy — 1 since all neighbors of vy are of
degree 2 except possibly v3 (which is not counted in k by construction) and one pendant
vertex. Now, eccentricities of all vertices do not increase by this transformation. The
only vertices whose M (v) possibly decreases are vg, v3 and a pendent vertex of vy (if such
exists). We distinguish three cases.

Case 1. vy has one pendent vertex and vs has one pendent vertex.

Let us denote with us and uz pendant vertices of vo and vz respectively. In this case
k = mo — 2. We have
_ M(va)  M'(vo) | M(vs)  M'(v3)

BT T ) (e o)

ome=2. msa ms 4+ mo — 2 msy - oma=3 . my 2. Qma=3 . gma=2. my

&'(v2) g'(v2) &'(v3) - &'(vs)

Since €'(vg) > £'(v3) and my > 2, in order to prove that A; > 0 it is sufficient to prove

that
my- (27272 — 1) —my +2<2m73 . 2. (2 Lom2=2 _ mz) .
If ms = 3, then this inequality becomes 2272 — my + 1 > 0 which is actually inequality
(2) for my > 2 and therefore holds. If mgz > 4, then since ms — 2 > 0, it is sufficient to
prove
mg - (2777 = 1) < 2M7F 2. (227277 — )
which follows from (3) for ms > 4 and (2) for my > 2. Also, from &'(us) > €'(u3) follows

that
 M(up) M'(up) | M(uz) M'(u3) L 2 mg  mg+mg—2

 e(ug) ' (ug) e(us) e (uz) ~ e'(uz) - &' (ug) + ' (u3) ' (u3)

<0.
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Now
fac(T) — fac(T,) < Al + Az <0.
Case 2. vy has one pendent vertex and vz has no pendant vertices.
Let us denote with us pendant vertex of vy. In this case k = my — 2. We have
- M(vy)  M'(vg)  M(vy) M(vg)  M(uz) M (ug)

&(v2) £'(v2) &(vs) £'(v3) e(uz) &' (uz)

§(T) - (1)

mg - (2272 — 1) ma =2 2ma=2 (202272 — ) mp — 2

&' (vq) ' (vq) e'(vs) ' (ug)

Since €' (ug) > £'(v2) > £'(v3) and my > 2, it is sufficient to prove that

IA

mg- (2277 = 1) <2972 (2.2 — )

But this follows from inequality (1) for ms > 2 and (2) for my > 2.

Case 3. vy has no pendent vertices.

Note that in this case edge vovz must be included in a perfect matching, therefore v
cannot have pendent vertices. In this case k = my — 1. Note that &’'(w;) = €'(v9). We have

M)  M'(wy) | M(vs) M) i (M(wi) M’(w,;)>

N =TS ) " ) ) ) elw)  <(w)

i=1

mg- (27— 1) —my+ 1 2™2 . my - (2-2M27 — )

- &'(vs) £'(v3)
(ma —1) (1 —my)
T oW

Since &'(vq) > &’(v3) and my > 2 it is sufficient to prove that
ms - (2’”2’1 - 1) —my+ 1+ (my—1)(1—my) <2m72.2. (2 Lgma—l mg) ,

which is equivalent to

ms - (27712—1 o m2) S 2m3—1 (2 . 27712—1 _ mZ)

and follows from (1) for mg > 2. ]

Now, as a corollary to this theorem we obtain the only extremal tree with respect to

augmented ECI among trees with perfect matching.
Corollary 13 Let T # T Bn% be a tree on n vertices with perfect matching. Then

gflC(T) < gaC(TBn,%) .
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Proof. We apply the transformation from Theorem 12 on 7" Note that each transforma-
tion decreases diameter by 1 until finally we obtain the tree of diameter 4. The only tree

of diameter 4 which has perfect matching is T'Bj, 2. u
5 Extremal graphs

Let us now establish extremal graphs among all simple connected graphs. Those results
will follow easily from results for threes. First, the following proposition obviously holds,

since contribution of every vertex to £ in complete graph K, is maximum possible.

Proposition 14 For a graph G # K,, on n vertices holds
§°(G) <& (K -

Therefore, we have established only maximal graphs with respect to the value of

augmented ECI. In the following proposition we establish minimal graphs.
Proposition 15 For a graph G # P, on n vertices holds
§(G) > () -

Proof. Let T be spanning tree of G. From definition of spanning tree follows that 7’
is obtained from G by deleting some edges. Note that deleting edges does not decrease
eccentricities of vertices. If G is already a tree, then the result follows from Corollary 3.
If G is not a tree, then we have to delete at least one edge. Note that by deleting edges
degrees of vertices (and therefore values M (v)) do not increase. Since we deleted at least

one edge, that means that the degree of at least one vertex decreased and we have
§G) > (1) = ¢(P)

which concludes the proof. |

6 Conclusion

In this paper we studied augmented eccentric connectivity index on graphs and trees. We

established that minimal trees with respect to augmented ECI are paths P, (Corollary 3),

while maximal trees are either stars S, for n < 15 either degree balanced trees T'B, [2:1]
? 3

for n > 16 (Theorem 11). Using similar techniques we proved that in the class of trees
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with perfect matching minimal trees are again paths P,, while maximal trees are TBng
(Corollary 13). In the class of general simple connected graphs on n vertices, maximal
graphs with respect to augmented ECI are complete graphs K,, (Proposition 14), while
minimal graphs are paths P, (Proposition 15). The explicit formulas for the values of
augmented ECI of all these graphs which turned out to be extremal are derived and
presented in Proposition 1.

There are many open questions for further study. In this paper we only initiated
studying extremal trees with given parameter (trees with perfect matching). One could
try to establish extremal trees with given diameter, radius, number of pendant vertices,
maximum degree (chemical trees), etc. Also, one could try to establish extremal unicyclic
graphs with respect to augmented ECI. Deriving exact formulas for the value of augmented
ECI on some special kinds of graphs would also be interesting, just as studying of how
augmented ECI behaves with respect to graph operations.

Finally, there is also super augmented ECI, which is similar to augmented ECI, and

is defined with

M (u)
SR
uevV € (U)
It would be interesting to derive all those results for that index too. As for the results

from this paper, we mostly relied on order of £(v) between pairs of vertices. Since the

same order holds for £2(v) then the results for £%¢(G) should be perfectly analogous.
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