MATCH MATCH Commun. Math. Comput. Chem. 68 (2012) 257-272

Communications in Mathematical
and in Computer Chemistry ISSN 0340 - 6253

Trees, Unicyclic, and Bicyclic Graphs
Extremal with Respect to

Multiplicative Sum Zagreb Index*
Kexiang Xu ¢, Kinkar Ch. Das’

“College of Science, Nanjing University of Aeronautics & Astronautics,
Nanjing, Jiangsu 210016, P. R. China

’Department of Mathematics, Sungyunkwan University,
Suwon 440-746, Republic of Korea

(Received November 18, 2011)

Abstract

For a (molecular) graph G with vertex set V(G) and edge set E(G), the first
Zagreb index of G is defined as M1(G) = 3 ,cy (g dg(v)? where dg(v) is the degree
of vertex v in G. The alternative expression for M1 (G) is 3_ e (e (da (u) +da(v)).
Very recently, Eliasi, Iranmanesh and Gutman [7] introduced a new graphical in-
variant [[1(G) = [l,ep@)(da(u) + dg(v)) as the multiplicative version of M;.
Here we call this new index the multiplicative sum Zagreb index. We characterize
the trees, unicylcic, and bicyclic graphs extremal (maximal and minimal) with re-
spect to the multiplicative sum Zagreb index. Moreover, we use a method different
but shorter than that in [7] for determining the minimal multiplicative sum Zagreb
index of trees.

1 Introduction

Throughout this paper we consider finite, undirected and simple graphs. Let G be a
graph with vertex set V(G) and edge set E(G). The degree of v € V(G), denoted by
dg(v), is the number of vertices in G adjacent to v. For a subset W of V(G), let G — W
be the subgraph of G obtained by deleting the vertices of W and the edges incident with
them. Similarly, for a subset £’ of E(G), we denote by G — E’ the subgraph of G obtained
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by deleting the edges of E'. If W = {v} and E’ = {xy}, the subgraphs G—W and G—E’
will be written as G — v and G — zy for short, respectively. For any two nonadjacent
vertices © and y of graph G, let G+ zy be the graph obtained from G by adding an edge

2y. Other undefined notations and terminology from graph theory can be found in [3].
A graphical invariant is a number related to a graph which is a structural invariant,

in other words, it is a fixed number under graph automorphisms. In chemical graph
theory, these invariants are also known as the topological indices. One of the oldest
graph invariants is the well-known Zagreb indices first introduced in [13] where Gutman
and Trinajsti¢ examined the dependence of total m-electron energy on molecular structure
and elaborated in [14]. For a (molecular) graph G, the first Zagreb index M;(G) and the
second Zagreb index Ms(G) are, respectively, defined as follows:

]\/[1 = ]\/fl(G) = Z d(;(D)Q, M2 = A{z(G) = Z dg(u)d(;(’l))
veV(G) weEB(G)
These two classical topological indices (M; and M,) reflect the extent of branching of

the molecular carbon-atom skeleton [1, 19]. The first Zagreb index M; was also termed
as “Gutman index” by some scholars (see [19]). The main properties of M; and M,
were summarized in [5, 6, 10, 15, 16]. In particular, Deng [6] gave a unified approach
to determine extremal values of Zagreb indices for trees, unicyclic graphs, and bicyclic
graphs, respectively. Other recent results on ordinary Zagreb indices can be found in
[15, 22] and the references cited therein.

Recently, Todeschini et al. [18, 20] have proposed the multiplicative variants of ordi-

nary Zagreb indices, which are defined as follows:

[ =1L = I do(v)?  TL=TILG) = 11 deu)da(v).

veV(Q) weE(G)
These two graph invariants are called “multiplicative Zagreb indices” by Gutman [9].
In the same paper, Gutman showed that among all trees of order n > 4, the trees extremal
with respect to these multiplicative Zagreb indices are the path P, (with maximal [,
and with minimal [],), and the star S, (with maximal ][], and with minimal J],). More
recently, Gutman and Ghorbani [11] obtained some properties of the Narumi-Katayama

index, whose definition is NK(G) = ][] dg(v) for a graph G. By using a unified
veV(Q)
approach, one of the present authors and Hua [24] determined the trees, unicylcic, and

bicyclic graphs extremal with respect to [], and [],. A molecular graph which models
the skeleton of a molecule ([21]) is a connected graph of maximum degree at most 4. The
bounds of a molecular topological descriptor are important information of a (molecular)
graph in the sense that they establish the approximate range of the descriptor in terms

of molecular structural parameters.
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Very recently, Eliasi, [ranmanesh and Gutman [7] introduced a new graphical invariant

as the multiplicative version of ordinary first Zagreb index M;, which is defined as:
II(G) = Hu'ueE(G) (da(u) + de(v)).

According to its definition, we call []}(G) the multiplicative sum Zagreb inder. As
pointed out in [7], the multiplicative sum Zagreb index []] is not equal to the first
multiplicative Zagreb index [[,. For example, we have [[}(P3) = 9 while [],(P5) = 4.

Let 7(n) and U(n) be the set of trees of order n, and the set of connected unicyclic
graphs of order n, respectively. Denote by B(n) the set of connected bicyclic graphs of
order n.

The paper is organized as follows. In Section 2, we introduce some graph transforma-
tions that increase or decrease the multiplicative sum Zagreb index of graphs. In Section
3, based on these graph transformations, we determine the extremal multiplicative sum
Zagreb indices of graphs from T (n), U(n), and B(n), respectively. Moreover, we com-
pletely characterize the extremal graphs from these three sets at which the maximal or

minimal value of the multiplicative sum Zagreb index is attained.

2 Some graph transformations

In this section we introduce some graph transformations, that increase or decrease the
multiplicative sum Zagreb index of graphs. These graph transformations play an impor-
tant role in determining the graphs from 7 (n), U(n), and B(n) that are extremal with
respect to the multiplicative sum Zagreb index.
Now we introduce a graph transformation that decreases the multiplicative sum Za-
greb index [;.
Transformation A. Suppose that G is a nontrivial connected graph and v is a
given vertex in GG. Let G be a graph obtained from G by attaching at v two paths
P : vuqug -+ -uy of length k and @ : vwyws---w; of length I. We further let Gy =

G — vwy + ugwy. The above referred graphs are illustrated in Fig. 1.

A
=
W"'wbuf'“ﬂk Ty T Wy
1 2

Fig. 1. Transformation A

Lemma 2.1. Let Gy and G be two graphs as shown in Fig. 1. Then [[;(G2) < [} (G1).
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Proof. Assume that dg(v) = z > 0 and the degrees of neighbors of v in G are dV, d®),
....d® respectively. For k,1 > 2, by the definition of multiplicative sum Zagreb index,

we have
[1(G1) —TT;(Go) > 9 x (z+4)24k+1—1 ﬁ (dD - 2+2) =3 x 452 (1 4-3)
> 49 4 4)? ljl48(x +3)]
> 922 + 242 > 0.

(d9D+2+1)
=1

i

When k=1l=1ork=1and =2, or k=2 and [ = 1, simple calculation shows the
validity of [[}(G2) < [T,(G1).

Thus we complete the proof of the lemma. O

Remark 2.1. [t is easily seen that any tree T of size t attached to a graph G can be
changed into a path Py by repeating Transformation A. During this process, the multi-

plicative sum Zagreb index []] decreases by Lemma 2.1.

Transformation B. Let uv be an edge of a connected graph G with dg(v) > 2.
Suppose that {v,wy,ws, -+ ,w,;} are all the neighbors of the vertex u and wy, wy, -+, wy
are pendent vertices. Let G' = G — {uwy, uwa, - - - ,uw;} + {vwy, vws, - -+ ,vw; }, see Fig.

2 for these graphs.

G

Fig. 2. Transformation B

Lemma 2.2. Let G and G' be two graphs in Fig. 2. Then [[}(G) < [[1(G).

Proof. Let Gy = G — {u,wy,wy, -+ ,w;}. Assume that dg,(v) = 2 > 0 and the degrees
of neighbors of v in Gy are dV, d®, ..., d®, respectively. Similar to the proof of Lemma

2.1, we have
[L(G)~TTHG) > (z+t+2) [T (dD +a+t+1) = (z+t+1)(t+2) [[(dD +x+1)
i=1 i=1
>@+t+2)" —(e+t+1)(t+2)! >0,

ending the proof. |

Remark 2.2. Repeating Transformation B, any tree T' of size t attached to a graph G
can be changed into a star Spy1. And the multiplicative sum Zagreb index [[} increases

by Lemma 2.2.
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Transformation C. Given a nontrivial connected graph G with two non-pendent
adjacent vertices u and v where u and v have no common neighbor in GG. Further, we
construct a new graph G’ which is obtained by identifying the vertices u and v to a new

vertex w and attaching a pendent vertex wy to the vertex w, see Fig. 3 for these graphs.

Wo
G !

Fig. 3. Transformation C

Lemma 2.3. Let G, G’ be graphs as shown in Fig. 3. Then [[}(G") > [[}(G).

Proof. Assume that the neighbors of u except v are uy, . . ., u, with degrees du e dl(f')7
respectively, and the neighbors of v except u are vy,...,v, with degrees ) ,...7d£y),

respectively. Set A = [[;(G") — [[;(G), then
Y .
A> (a;+y+2)n(d53 +x+y+1) H(d$?>+x+y+1)

i=1

7/
—(x+y+2)1‘[(d£j>+x+1)n d9 +y+1)

Y . T Y .
>]‘[(d")+x+y+1)H(d§7)+x+y+1) ]‘[(d fo+ D) Y +y+1)>0.
j=1 =i j=1
Therefore the result in thls lemma follows 1mmed1ately |

Transformation D. Assume that a pendent path P = vyvs---v;_qv; is attached
at v; in graph G and there are two neighbors w and w of vy different from v,. Let

G' = G — uvy + uvy, see Fig. 4.
Lo
V-1

, D
Vo . s
Ju v woNe 3;u Uy Vi Gt u(i
G el
Fig. 4. Transformation D

Lemma 2.4. Let G and G’ be two graphs as shown in Fig. 4. Then [[}(G') < [[;(G).
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Proof. Assume that dg(u) = > 1 and dg(w) =y > 1. When ¢ > 2, by the definition
of multiplicative sum Zagreb index, we have
LG —TL(GE) = (2 +3)(y+3)(3+2)42 x 3 — (z +2)(y + 2)4!
= 47218z + 3)(y + 3) — 16(z + 2)(y + 2)] > 0.
Similarly, if ¢ = 1, then
[T(G) ~IT(G) = (@ +3)(y +3) x 4 — (v +2)(y +2) x 4
> (@+3)(y+3)— (2 +2)(y+2) > 0.

This completes the proof of this lemma. |

Based on Transformations D and B, we can deduce the following transformation.
Transformation E. Let P = zvivs - - - vy be an internal path in G, i.e., dg(v;) = 2
for i = 1,2,--- .1, dg(x) > 2 and da(y) = 2. @ = G — {vav3, 0300, -+, vyvr, 0y} +

{v1v3, V104, -+ , V104, 01y} as shown in Fig. 5.

Vr v U2 v YN S
G

Fig. 5. Transformation E

From Lemmas 2.4 and 2.2 the lemma below follows immediately.

Lemma 2.5. Let G and G be two graphs shown in Fig. 5. Then [[}(G) < [[}(G").
Let AV d® .. d™ be m nonnegative integers. Now we define a function

m

fl@)=(z+m+1)* H(d(i) +ax+m)

i=1

where x > 0 is a variant.

Lemma 2.6. Let f(z) be a function defined as above. Then, for any two positive integers

s and t, we have f(s+1t)f(0) > f(s)f(t).

Proof. Note that f(z) > 0 for any variant « > 0. Therefore, to obtain the result, it
suffices to prove that Inf(s+1t) +Inf(0) > Inf(s) +inf(t).
Now we consider a new function g(x) = Inf(x)+inf(0)—Inf(z1)—inf(x —x1) where

0 < z7 < z is an invariant. Setting another new function h(z) = In(x +m+1)+ +

—r
z+m+1
m

1 ;
Zl T raTm, then we have
i=



-263-

m
/ _ 1 _ m+1 1
h ([E) T z+m+l (z+m+1)2 + Zl (dD+z+m)2
i—

m
— x 1
T (z+m+1)? + ; (d@+a+m)? > 0.

Therefore we claim that h(x) is strictly increasing when x > 0. Thus we have

g’(x):ln(:f-‘rm-i-l)—&-ﬁ-i-;m

~ (=1 m )+ 2 + 3 ]
= h(z) — h(x — 1) > 0.
Again g(z) is also strictly increasing when z > 0. Obviously we have g(x) > g(x1) = 0.
By choosing © = s+t and x; = s, it follows that g(s +¢) > g(s) = 0, ie., that
Inf(s+t)+inf(0)—inf(s)—Inf(t) > 0, which completes the proof of this theorem. [

Now we introduce a new graph transformation as follows:
Transformation F. Given a connected graph G with u,v € V(G), let uy, ua, ..., us

be pendent vertices adjacent to u and vy, va, . .., v; be pendent vertices adjacent to v. Set

Go =G — {uy,ug, ..., ug, v1,09,...,0}. In Gy, vertex u has m neighbors uf, ..., u2 and

v has also m neighbors 09, ..., 00 with dg,(u?) = dg,(v9) = d@ for i = 1,2,...,m.

Further, we let G = G — {uuy, uu,, ..., uug} 4 {vuy,vuy, ..., vuy and G° = G —

{vvr, 009, ... ;00 ) + {uvr, uvg, - - Juvs}, see Fig. 6 for these graphs.

Fig. 6. Transformation F

Lemma 2.7. Let G, G' and G" be graphs as shown in Fig. 6. Then [[;(G) < [[;(G') =
I1(G").
Proof. By definition, we have

[1(G) - I13(G) = TI(G") - TT(G) -

> (s+t+m+ 1) [[(dD + s+t +m) [[(dD +m)
i=1

= i=1
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—(s+4+m+ 15t ++m+ DD + s +m) [[(dD +t+m)

i= i=1

—

>0 by Lemma 2.6.

Therefore we complete the proof of this lemma. O
3 Main results

In this section we turn to determine the extremal multiplicative sum Zagreb indices of
graphs from 7(n), U(n), and B(n). Also the corresponding extremal graphs from these

three sets are completely characterized.

3.1 Graphs in 7(n) and U(n) extremal w.r.t. multiplicative sum
Zagreb index

By the definition of multiplicative sum Zagreb index, the following corollary can be easily

obtained.

Lemma 3.1. Let G be a graph with two nonadjacent vertices u,v € V(G) and e € E(G).
Then

(1) TG +uv) > TT1(G);
2) TL(G =) <IT(G).

Theorem 3.1. [7] Among all connected graphs of order n > 1, the path P, has the

minimal multiplicative sum Zagreb index.

Combining Lemma 3.1 (2) with Theorem 3.1, we can obtain the following theorem,

in which the minimal multiplicative sum Zagreb index of trees from 7 (n) is determined.

Theorem 3.2. Let T be a tree in T (n) with n > 4 different from P,. Then [[[(P,) <
[1L(T).

In fact, taking Remark 2.1 into account, and using Lemma 2.1 repeatedly, one can
easily obtain the above result.

A caterpillar is a tree if deleting all its pendent vertices will reduce it to a path. Note
that caterpillar is also called as Gutman tree (see 2, 8]). Now we consider the maximal

multiplicative sum Zagreb index of trees from 7 (n).

Theorem 3.3. Let T be a tree in T (n) with n > 4 different from S,. Then [[(T) <
[1:(50)-
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Proof. By Lemma 2.2 and Remark 2.2, we find that the tree from 7 (n) with maximal
multiplicative sum Zagreb index must be a caterpillar. Considering Transformations C
and E, from Lemmas 2.3 and 2.5, we conclude that any caterpillar can be changed into
star S,, with a larger multiplicative sum Zagreb index. Thus the result in this theorem
follows immediately. |

Combining Theorems 3.2 and 3.3, we list the following theorem, in which the graph
from T (n) extremal with respect to multiplicative sum Zagreb index []} is completely
characterized.

Theorem 3.4. Let G be a graph in T (n) different from S, and P,. Then we have
[1(P) < TL(G) < TTi(Sw)-

Denote by T°(n) the set of all trees of order n and with a unique vertex of maximum
degree 3. Let S? be a tree obtained by attaching a pendent edge to a pendent vertex
of S,_1. In [7], Eliasi, Iranmanesh and Gutman have proved that any tree from 7°(n)
has the second minimal multiplicative sum Zagreb index among all connected graphs of
order n. In the following theorem the graph from 7 (n) is characterized having second
minimal or second maximal multiplicative sum Zagreb index.

Theorem 3.5. Let G be a tree in T (n) different from S, P,, S° and any tree TO from
TO(n). Then we have TT;(T2) < T1,(€) < TT;(2).

Proof. For any tree T' € T (n) different from S, P,, Sg and any tree T,? from 7°(n),
T can be changed into a tree of order n and with a unique vertex of maximum degree 3
which has a smaller multiplicative sum Zagreb index from Remark 2.1 and Lemma 2.1.
Therefore the result in left side holds immediately.

Similarly, for the above tree T, it can be changed into a caterpillar with diameter 3
which has a larger multiplicative sum Zagreb index. Any caterpillar with diameter 3 is
just a double star, denoted by S, »,, with 1 < ny; < ng and ny + ne = n — 2, which is
obtained by attaching n; pendent vertices to one pendent vertex of P, and ny pendent
vertices to the other. Now we claim that [](Sy, »,) reaches its maximum value when
ny = 1 and ny = n — 3. Otherwise, ny; > 2. Using Transformation F, by Lemma 2.7, we
can get the graph S ,_3 with []}(S1,n-3) > [1(Snin). Note that Sy, 3 = SO defined

as above. By now we finish the proof of this theorem. |
A unicyclic graph G is said to be a sun graph ([17]) if the vertices belonging to the
cycle have degree at most three and the remaining vertices have degree at most two. The

graph in ¢(n) with minimal [T} is specified in the following theorem.
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Theorem 3.6. Let G be a graph in U(n) different from C, . Then [[;(Cy) < [11(G).

Proof. By Lemma 2.1, considering Remark 2.1, we find that any unicyclic graph G
can be changed into a sun graph with a smaller multiplicative sum Zagreb index []}.
We can apply repeatedly Lemma 2.4 to any sun graph as long as it is not the cycle
C,, decreasing its multiplicative sum Zagreb index []]. Thus the result in this theorem

follows immediately. |

A unicyclic graph is called as cycle-caterpillar if deleting all its pendent vertices will
reduce it to a cycle. If a cycle-caterpillar has girth k, then we say that this cycle-caterpillar
is on the cycle Cy. Let C* be a graph obtained by attaching n — k pendent edges to a
vertex of Cj. By the following theorem we determine the graph from ¢/(n) with maximal

multiplicative sum Zagreb index [}

Theorem 3.7. Let G be a unicyclic graph in U(n) different from C2. Then [[}(G) <
[1(C3).-

Proof. Considering Remark 2.2, by Lemma 2.2, we claim that the graph from U (n) with
maximal multiplicative sum Zagreb index must be a cycle—caterpillar.

Applying Transformations E and C, from Lemma 2.5 and 2.3, we conclude that any
cycle-caterpillar can be changed into a cycle-caterpillar on triangle C3 = vjvvzv; with
a larger multiplicative sum Zagreb index. Denote by C3(ny,na,ng) the cycle-caterpillar
of order n obtained by attaching n; pendent vertices to vertex v; for i = 1,2,3. Us-
ing Transformation F at most twice, by Lemma 2.7, we can obtain the graph C2 with
[5(C2) > T1,(Cs(n1, n2,n3)), ending the proof of this theorem. |

Combining Theorems 3.6 and 3.7, we list the following theorem, in which the graph
from U(n) extremal with respect to the multiplicative sum Zagreb index is completely

characterized.

Theorem 3.8. Let G be a graph in U(n) different from C3 and C,. Then we have
[1(Cn) < TI(G) < TTL(CR).-

3.2 Graphs in B(n) extremal w.r.t. multiplicative sum Zagreb
index

Now we start to deal with the graphs in B(n) extremal with respect to the multiplicative

sum Zagreb index. To do it, we first introduce necessary definitions.
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As in [23], for any graph G € B(n), there are at least two cycles in G. The structure
of cycles in G € B(n) can be divided into the following three cases:

(I) The two cycles C, and C, in G have only one common vertex v;

(IT) The two cycles C}, and Cy in G are linked by a path of length [ > 0;

(IIT) The two cycles Cj1y and Cjy,y, in G have a common path of length I > 0.

The graphs Cp 4, Cpiq and g, (where 1 < 1 < min{k,m}) corresponding to the
cases above shown in Fig. 7 are called main subgraphs of G € B(n) of type (I), (II) and
(III), respectively.

U1 U2
(Drs{e) }
wy W2
Cp,q plq lem

Fig. 7. The graphs Cy, 4, Cp4 and 0y

Let B! be a graph as shown in Fig. 8 obtained by attaching two adjacent edges in S,

among its three pendent vertices.

B/
Fig. 8 The graph B,

When n = 4, B(n) contains only graph, which is obtained by deleting an edge of
complete graph K. If n = 5, there are 5 graphs in B(n). It is easy to check that B,
has the maximal multiplicative sum Zagreb index [[; among these five graphs. In what
follows, we only consider the extremal graph from B(n) with n > 6. By the following

theorem we determine the extremal graph from B(n).

Theorem 3.9. Let G be a graph in B(n) with n > 6 different from Bl,. Then we have
[1:(G) <TI(B,).

Proof. Let Gy be a graph from B(n) with maximum multiplicative sum Zagreb index

[1; and By be its main subgraph. Then By is of one of types I, IT and IT]. By Remark



-268-

2.2, we find that Gy must be a graph obtained by attaching some pendent edges to some
vertices of the graph By. Owing to Transformations C and E, in view of Lemmas 2.3 and
2.5, any graph G from B(n) with main subgraph of type I7 can be changed into another
graph G’ with main subgraph of type I with a larger multiplicative sum Zagreb index.
Therefore we only need to consider the graphs from B(n) with main subgraph of type I
or I11. Next we will prove the following claim.

Claim 1. The length of any cycle in By is less than 5.

Proof of Claim 1. Otherwise, if By is of type I, applying Transformations C and E,
by Lemmas 2.3 and 2.5, we can easily obtain another graph Gj with two shorter cycles
than those in Gy and [;(Gy) > [1;(Go). It contradicts to the choice of G.

Now we consider the case when By is of type I11. Assume that By = 0, with
1 <1 <min{k,m} and k+m > 5. Then one of two integers k and m, say k, is not less
than 3. Considering the structure of Gg, we apply Transformation C or Transformation
E to By in Gy and obtain a new graph Gy in B(n) with a smaller multiplicative sum
Zagreb index by Lemma 2.3 or 2.5. This is also a contradiction to the choice of G, which
completes the proof of this claim.

By Claim 1, we found that the length of any cycle in By is 3 or 4. Furthermore, we
conclude that By = (33 when it is of type I, By = 05 if it is of type I11.

Let C33(n1,n2) be a graph obtained by attaching n; pendent vertices to one vertex
of degree 2 in (33 and n, pendent vertices to one vertex of degree 4 in it. Denote by
02.12(n1,n2) a graph obtained by attaching n; pendent vertices to one vertex of degree 2
in C3 3 and ny pendent vertices to one vertex of degree 3 in it. Noticing the symmetry of
C33 and 09 9, in view of Transformation F' and Lemma 2.7, we find that G, must be of
the form C5 5(ny, ny) with ny +ny = n—>5 or of the form 651 2(n1, ng) with ny +ny = n—4.

By definition, we have

[ (Cs5(ni,m2)) = 4(n1 + na + 6)(ny + 4)(n1 + 3)™ (na + 6)3(ny + 5)2

=4(n+ 1)(ny + 4)(ny + 3)" (ny + 6)3(ng + 5)"2,

[T (62,12(n1,m2)) = 4(ny +no +5)(ng + 5)(n1 + 3)™ (ne + 5)(ns + 6)(ng + 4)"

=4(n+1)(n1 +5)(n1 + 3)™ (ng + 5)(ng + 6)(ng + 4)™2.

Claim 2. []}(C33(n1,n2)) reaches its its maximum value when ny = 0,n5 =n — 5.

Proof of Claim 2. In order to prove this claim, we have to find the maximum value
of (ng+6)%(ng +5)"2(ny +4)(ny +3)™, where n; +ny = n—5. From the factors, one can
see easily that the maximum value occurs only when ny > ny, that is, ny < (n —5)/2.

Thus we have to find the maximum value of (n —n; +1)*(n—ny)" ™= (ny +4)(ny +3)™,
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ny < (n—>5)/2. For this let us consider a function

f@) =@+ +3)"n—a+1)3n—2)""5 0<z<(n-"5)/2.

Then

1 2(n—2x—2) 5 r+3
"(x) = f(z)| - - + +ln( )]
F@) = 1) (z+3)(x+4) m—z+1)(z+3) (n—z)(n—x+1) n—x
Since 0 <z < (n—5)/2, we have 2 +3 < n —x and n — 2z — 2 > 3. Using these results,
we have

2(n — 2z —2) 5
- + <0.

m—z+1)(x+3) m—z)(n—a+1)
Moreover,

0< v t3 <1 and hence ln(x+3) <0.

n—x n—x

Hence

fl@)<0.

Thus f(x) is a decreasing function on < (n — 5)/2 and hence f(z) < 4(n+ 1)3p"~°
with maximum value occurs only when x = 0, that is, ny = 0, no = n—>5. This completes
the proof of this claim.

Similarly we can prove that the maximum value of []](6212(n1,n2)) is attained at
ny = 0,ny = n — 4. By the above arguments, we claim that G is one of two graphs
C53(0,n —5) and 6512(n1,n2) = B,,. Moreover,

[ (C55(0,n —5)) = 16(n + 1)*n"",

[ (6212(0,n —4)) = 20(n + 1)*(n + 2)n"~*, thus,

[T;(62,12(0,n —4)) = TT;(C55(0,n — 5)) = 4(n + 1)?*n"3[5(n + 2)n — 4(n + 1)?]

=4(n+1)*n""(n*+2n —4) > 0.

Therefore we complete the proof of this theorem. |

Now we introduce three subsets of the set B(n) as follows:

Bi(n) ={Cpq:p+q—1=n}

Bo(n) ={Cpiq:p+q+1—1=n};

Bs(n) = {0kim : k+1+m—1=n}.

Let G; be any graph from B;(n) for i = 1,2,3. Then,

[T;(Gh) = 647

[[(Ga) =5 x 6 x 41 if I =1, [[}(Ga) =55 x 472 if | > 1;
[[(G3) =5 x 6 x 4"~ when [ = 1, [[}(G3) = 5° x 4% when [ > 1.
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Theorem 3.10. Let G be a graph in B(n) \ Ba(n) | Bs(n) with n > 6 and H be a graph
in Bo(n) U Bs(n) with | = 1. Then we have [[{(H) < [[1(G).

Proof. Using Lemmas 2.1 and 2.4, and noting Remark 2.1, we conclude that the graph
from B(n) with minimal multiplicative sum Zagreb index [[, must be a graph from the
set By(n) U Bz(n) U Bs(n).

From the above calculation of graph G; in B;(n) with ¢ = 1,2, 3, we have

[T:(G1) = ITi(G2) > 0 and [];(G1) — [1;(Gs) > 0.

Considering the difference of [}(G;) for i = 2,3 when [ is different, the result follows

immediately. |

Now we present the following theorem in which the graphs extremal with respect to

multiplicative sum Zagreb index from B(n) are completely determined.

Theorem 3.11. Assume that H is any graph from By(n)|JBs(n) with | = 1. Let G be
a graph in B(n) \ Ba(n) U Bs(n) different from Bl,. Then [[;(H) < [[}(G) < T1,(B).

Considering the graphs from 7 (n), U(n) and B(n) extremal with respect to the second
multiplicative Zagreb index (see [24]), it seems that there is some interesting relationship
between the second multiplicative Zagreb index (]],) and the multiplicative sum Zagreb

index ([;). This may be a research topic in the coming future.
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