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Abstract

The first Zagreb index of a graph G, with vertex set V(G) and edge set E(G), is defined
as Mi(G) = X eve d(u)? where d(u) denotes the degree of the vertex v. An alternative
expression for M1(G) is 3, p(q[d(u) + d(v)]. We consider a multiplicative version of M;
defined as II1(G) = [[,,ep(q)ld(u) + d(v)]. We prove that among all connected graphs with
a given number of vertices, the path has minimal II]. We also determine the trees with the

second-minimal II7.

1 Introduction

In this paper, we are concerned with finite graphs without loops, multiple, or directed
edges. Let G be such a graph. Throughout this paper, n stands for the number of vertices
of G.

Denote by wv the edge of G, connecting the vertices u and v. For any vertex u of
G, the degree of u is denoted by d(u). Numbers reflecting certain structural features of
organic molecules that are obtained from the molecular graph are usually called molecular

structure descriptors or, more commonly, topological indices. Topological indices play a
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significant role in chemistry, pharmacology, etc. (see [2,3,7-9,13,16,17]). Many of the
topological indices of current interest in mathematical chemistry are defined in terms of
vertex degrees of the molecular graph. For example, the first Zagreb index M;(G) and

the second Zagreb index M(G) are defined as [11,12]:

M(G) = > dw)?
ueV(G)

My(G) = > d(u)d(v) .
weE(G)

The Zagreb indices and their variants have been used to study molecular complex-
ity, chirality, ZE-isomerism, heterosystems, etc. We encourage the reader to consult
[1,6,15,18,20-22] for historical background, computational techniques, and mathematical
properties of Zagreb indices. A detailed bibliography on recent research of Zagreb indices
is found in [4,19].

The first Zagreb index can also be expressed as a sum over the edges of G [4,12]:

Mi(G)= ) [d(w) +d(v)] . (1)
weE(G)
Following an earlier idea of Narumi and Katayama [14], who put forward what nowadays
is referred to as the Narumi—Katayama index,
NE =NEK(@G)= [ d)
ueV(G)
one of the present authors [5] introduced the multiplicative version of the Zagreb indices.

In particular he put forward

m =G = ][ dw?

=L@ = [ dudo)

weE(G)
where, of course, II; = (NK)*. In [5,10], the graphs for which NK (and therefore also
I1;) assumes an extremal (minimal or maximal) value where characterized.
Bearing in mind the identity (1), we now consider a further multiplicative version of
the first Zagreb index, namely:

I =1;(G) = ] (dw)+dw)]. 2)

weB(G)
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It should be immediately noted that in the general case, the indices IT; (G) and II}(G)
assume different values. For instance, already for the 3-vertex graph Ps, their values are
4 and 9, respectively. It is easy to see that if the graph G is regular, then II; (G) = II}(G).

The right-hand side of Eq. (2) is meaningful only if the graph G possesses edges.
If E(G) = 0, then we may, conventionally, assume that either II;(G) = 0 or, better,
II5(G) = 1. In the case of connected graphs with more than one vertex, such a difficulty
cannot be encountered.

In this paper we prove that among all connected graphs with a given number of
vertices, the path has the minimal II} index. In addition, we characterize a class of trees

that among all trees with n > 7 vertices, have the second-minimal II}-value.

2 Some notations

A tree is a connected acyclic graph. The path of order n is denoted by P, , and the star
of order n is denoted by S, . A pendent vertex or leaf of a graph is a vertex of degree 1.

Suppose that n; > 1 and 2 < ¢t < n —n; — 1. Denote by T(n,n,t) the tree of
order n with the set of vertices {vy,vq, ..., v,}, obtained from the path vyvev3 ... v, by
appending the path vy, 41Vi4n,+2 - .. Uy to vertex v;.

For n > 7, we define the sets
T*(n,ny) = {T(n,ny,t) | 3<t<n—3} and T%(n)=|JT"(n,m) .
ni

For an illustrative example see Figure 1.
The comet P, ,,, of order n and with n; pendent vertices, is obtained by appending
a path with n —n; — 1 edges to a pendent vertex of the star S,,+1. By our notation,

T(n,1,n—2) = P,3, cf. Figure 2.
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b b

Fig. 1. The trees forming the class 7%(9) = {T(9,2,5) (left), T(9,3,3) (right)}.

Fig. 2. The broom P, 3= T(n,1,n—2).

3 Bounds for the II] index

Theorem 1 Among all connected graphs with a fized number of vertices, the path has

minimal 11} indez.

Proof: For a graph G with n > 3 vertices and m edges, denote by x; the number
of vertices with degree i for i = 1,2,..., n — 1. Let w;; be the number of edges of G

connecting vertices of degree ¢ and j, where 1 <i¢ < j <n —1. Then

n = x+To+-+ T

2m = a1+ 29+ -+ (n—1)xn
T = TipF+ T3t T
209 = X124+ 2To0 4+ Topo1

(n—1xp1 = Tinoa+Top1+ - +2T 1,1 -
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fi = mztaiat e
fo = Tog+ T4t FTon
fs = w3+ T3+ 3233+ X351
fn—l = Tin-1 + T2n—1 +-+ an—l,n—l
i. e.,
fi = & — T12
f2 = 2wy — T12 — 2I2,2
fs = 3w3
fnfl = (TL - 1)‘7;71—1
we have:
n—1
Z fi = 2m— 2!E1,2 - 2$2,2
i=1
n—1
1 3
Z —fi = n— 5 T2 —T22 -
— 1 2
i=1
This implies
n—1 2
T12 = 2n—2m+ Z (1 - 7) fi
i=1 ¢
2 2
. 2n—2m+z*: (2—;—3) »
n—1
2 3
Too = 3m—2n+z (;—5) f,'
i=1
2
= 27172771“1’2*: ;“1’;*3 ‘Ti,j

where Y indicates summation
*

(4)

goes over all (i,7) satisfying 1 < i < j < n — 1, except
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(i,7) = (1,2) and (7,7) = (2,2). On the other hand,

(G = > (dw) +dw)= > In(i+jmz,. (5)

weB(G) 1<i<j<n—1

By substituting Egs. (3) and (4) back into Eq. (5) we readily arrive at:

In(II{(G)) = 1o 3+z95In4+ Zln(i +J)xi

= (2n—=2m)In 3+ (3m —2n)In 4 (6)

Z{1n(z‘+j)+(27373)1113+(3+373>1n4} Tij -
1 ] 7 7

5

+

Let
2 2 2 2
fl,9)=In(i +j) + (2—7,—7,>1n3+ (f+f—3)ln4.
v v
Then it is easy to see that

1 1
fi,7) =In(i+j)+2(In 4 —1n 3) (f + f) +2In3-3In4. (7)
L)

Since —2 < 2In3—3In4 < 0, so if i +j > [¢*] + 1 = 8, then f(i,5) > 0. In Table
1, we calculated the values of f(i,7) for (i,7) wheni+j < 7,1 <i<j <n-—1and

(i,5) # (1,2) and (i, 5) # (2,2).

Table 1: Values of f(4, ) for all possible degree pairs
iog fG@g) iog fGJ)

1 3 019179 1 4 0.36699
1 5 052054 1 6 0.65551
2 3 012725 2 4 0.26162
2 5 038701 3 4 0.31988
3 3 0.21368

So we have f(i,7) > 0, for 1 <i < j <n—1, except for (7,7) = (1,2) and (i, j) = (2,2).
Therefore
In(IT3(G)) > (2n — 2m)In 3+ (3m —2n)In 4
with the equality if and only if all parameters x; ; are equal to zero, except x5 and o .
If the graph G is assumed to be connected, then this requirement implies that G it the

path P, or the cycle C, with n vertices. It is easy to see that In(II;(P,)) < In(II(C,))

which completes the proof. a
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Corollary 1 Let G be a connected graph with n > 3 vertices and m edges. Then
32n—2m 43m72n S HI(G) S (271, _ 2)m

with the left-hand side equality if and only G = P,, and the right-hand side equality if and
only if G = K, .

Theorem 2 [10] Among all connected graphs with a fized number of vertices, the star

has minimal Narumi—Katayama index.
Corollary 2 Let G be a connected graph with n > 3 vertices and m edges. Then
n—1<NK(G)<(n-1)".

The equality on the left-hand side holds if and only if G is the star and the equality on
the right-hand side holds if and only if G is the complete graph.

Corollary 3 [5] Among all connected graphs with a fized number of vertices, the star

has the minimal 11; index.
Corollary 4 Let G be a connected graph with n > 3 vertices and m edges. Then
(n—1)* <IL(G) < (n—1)*"

with the left-hand side equality if and only G = S,, and the right-hand side equality if and
only if G =2 K, .

4 Trees with second—minimal IIj index

We start with the following elementary result:

Lemma 5 (a) Let T be a graph in the class of T*(n), where n > 7. Then
IT(T) = 3% x 5% x 4" .

(b) Suppose that Uy, a tree of order n > 7 and V(U,) = {v1,v2,...,0,}, is obtained from
the path v1vavs ... v,—1 by appending the edge v,_sv,. Then for each T € T*(n), we have
I (U,) > I5(T).
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Proof: (a) The proof is straightforward.

(b) It suffices to observe that

I (U,) 4" x 32 x 52
I(T) 3% x 53 x 407

>1.

Theorem 3 Among all trees with n > 7 vertices, those belonging to the class T*(n) have

the second-minimal 115 index.

Proof: From Theorem 1, we know that P, has the minimal IT} index and II(P,) =
3% x 4", Suppose that T is a tree with the second-minimal I} index. Since ITj(P,3) =
3x5x 473 > 33 x 52 x 4"77 (see Lemma 5(a)), so T is neither a path nor P, 3. Suppose
that P = vjvg -+, vp_10; is a longest path of T. Then d(v;) = d(vy) = 1. We show that
d(vg—1) = d(v2) = 2. We have to distinguish between the following two cases:

Case 1. d(vg) > 4 or d(vg_1) > 4. Without loss of generality, we may assume that

d(vi—1) = d > 4. Since P is a longest path of T, all vertices adjacent to vg_1, other than

Vg_2, must be leaves. Let uy, ug, ..., uq_o be the neighbors of v;_; other than v and
vg. By deleting the edges vy _qu1, vg_1us,. .., Vk_1Ug_o from T and adding edges
/ Lo . .

URUL, Ugllg, ..., Upllg—2, We get a new tree 7", which is not a path, as shown in the Figure
3.

W W Uyp % Hya

Vi Yy Ve Wy W W W e By, &
T T

Fig. 3. Diagrams pertaining to the proof of Theorem 3, Case 1.

If d(vg_o) = 1, then T is the star. Then IT;(T) = IT%(S,) = n" 1. For n > 5, we have

I (S,) nn1

- 1
M(P,s) 3x5x4m3

which contradicts to the second—minimality of 7.



-225-

Now we can assume that d(v,_2) > 2. So we have

I(T) _ (d(ve—) +d)(d+1)"!

)~ o) T2 a2~

which contradicts to the choice of T'.

Case 2. d(vi—1) = 3 or d(vy) = 3. Without loss of generality, we may assume that
d(vg—1) = 3. Since the tree T is neither the path P, nor P, 3, there exists a vertex v; such
that d(v;) > 3 for some 7 € {3,4,...,k —2}. Since d(vx—1) = 3, let u be the neighbor of
Ug—1, other than vg_s and vg. Since w is a leaf, therefore d(u) = 1. By deleting the edge
uvp_y from T and adding a new edge uvy, we get a new tree 7" as shown in the Figure 4,

and 7" is not the path. Consequently,

I5(7) _ (d(vg—2) + 3)(1 + 3)? -1
OHT)  (d(vg—2) +2)(2+2)(1 +2) '

Hence, we get IT5(T) > IT*(T"), which is a contradiction. Therefore d(vy_y) = d(vs) = 2.

Fig. 4. Diagrams pertaining to the proof of Theorem 3, Case 2.

In what follows, we prove that 7" must be in 7%(n). By considering Lemma 5(a),
without loss of generality, we may assume that d = d(v,_s) > 3. We prove that 7' €
T(n,2,n—4) € T*(n). Since P is a longest path of T, each vertex adjacent to vy_o, other
than vy_3, must be a leaf or has only a neighbor other than vy_o. Let wuy,ug, ..., ug_o
be the neighbors of v;_s other than v,_3 and v_;. Now we consider the following three
subcases.

Subcase 3.1. For each 4, d(u;) = 1. If d = 3, then the neighbors of vy_o are vg_3, uy
and vg_1. Since by Lemma 5(b) T' ¢ U(n), so by deleting the edge v_ou; from T and
adding the edge v,u; we get a new tree T, which is not the path, see Figure 5. Therefore

I5(T)  (d(ve—3) +3)(1+3)(2+3)(1+2) o
(T (d(ve-s) +2)(1 +2)(2+2)(2 +2)

which is a contradiction.
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i

u,
H---‘—.—.é—‘ 8 o —B— B
L Y Va % Y Y Y % { "y i {

T ™

Fig. 5. Diagrams pertaining to the proof of Theorem 3, Subcase 3.1, d = 3.

If d > 4, then by deleting the edges vy,_ouy, Vg _ous, ..., v oug 3 from T and adding
the edges viuq, ujus, ..., ug_4uq_3 We get a new tree T (see Figure 6), which is not the
path and

(7)) (1+2)(d(vg—3) + d)(1 + d)**(d + 2)

I (T") (2 +2)(d(vp_3) +3)(2 + 2)44(1 +2)(1 +3)(3 +2)

(1+d)?(d+2)
>1
(242)(1+3)(3+2)
which is a contradiction.
i U Hys Uy,
i Y Vg Vg % s oy ViV Vi, Vi W
T -

Fig. 6. Diagrams pertaining to the proof of Theorem 3, Subcase 3.1, d > 4.

Subcase 3.2. There is ¢ € N such that d(uy) = -+ = d(u) = 1, d(ugyr) = -+ =
d(ug—o) =2 and £ # d—2. Since £ # d—2 and d > 3, it must be d > 4. Since P is a longest
path of T, there are leaves w1, . .., wq_o in T, such that for each i € {¢+1,...,d—2}, the
only neighbors of u; other than v_s is w;. By deleting the edges vg_suy, vg_oua, ..., Vk_ouys

. / L
from 7" and adding the edges vyuy, ujus, . . ., up_1u; we get a new tree 1", which is not the

path (see Figure 7) and
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(T (1+2)(d(ve—s) + D)2+ )" (1 +d) (2 +d)
M(T) ~ @+ 2)(d(vps) +d— 02 +d— 072 (2+d— 01+ 2)4 1
(1+d)* (14 d)*
ST R

1L[ u, Y, v, o v,
[ Uit1 Ug—2
wy
b - QW4 _9

Fig. 7. Diagrams pertaining to the proof of Theorem 3, Subcase 3.2.

Subcase 3.3. d(uy) = -+ = d(ug_s) = 2. If d > 4, then since P is a longest path
of T, there are leaves wy, ..., wq_o in T, such that for each i € {1,...,d — 2}, the only
neighbor of u; other than vy_s is w;. By deleting the edges vy _ouq, vg_oUs, . .., Vp_2Ug_3,

ULWY, UsWa, . . . Ug_3wq—3 from T and adding the edges viuy, ujwy, wis, uswsy, wous . . .,

Wy—4Ug—3, Ug—3W4—4, We get a new tree 7", which is not the path and

(7)) (1+2)(d(ks) +d)(1+2)> (2+d)" (2 +d)
H(T) (24 2)(d(ves) +3)(1+2)(2+3)(2+ 3)427 (1 + 2)
3(1755(2 + d)d—l
Let
d—3 d—1
fld) = 22+ d

25 x 42d-6
Then for d > 3, the function f monotonically increases. Therefore, f(d) > f(3) = 1. This
implies IT{(T) > IT{(T"), which is a contradiction.

If d = 3, then d(u;) = 2 and w; in T is the only neighbor of u; other than vj_s. If
T & T(n,2,n —4), then there is i € {3,...,n — 3} such that d(v;) > 3. By deleting the
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. ! . .
edges vi_ouy, uywy and adding the edges viug, uyw; we get a new tree 1", which is not the

path and
(7)) (d(oe-s) +3)2+3)(2+3)(1 +2)
I15(77) (d(vi—s) +2)(2+2)(2 +
5XHx3 o1
4x4x4 ’
This is a contradiction and the proof is thus completed. O

Corollary 6 Let G be a connected graph with n > 7 vertices, such that no one of its
spanning tree is isomorphic to P,. Then II5(G) > 3% x 5% x 4"~7 and the equality holds if
and only G € T*(n).

For n > 7, suppose that U(n,t), 2 < t < n—2, is a tree with vertex set {vy, va,..., v},
obtained from the path vjv9vs...v,-1 by appending the edge vv,. Also let U*(n) =
{U(n,t) | t <n}. Then we conjecture that among all trees with n > 7 vertices, the

trees belonging to U*(n) have the third-minimal IT} index.

Acknowledgement. 1. G. thanks for support by the Serbian Ministry of Science (Grant
No. 174033).
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