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Abstract

For a nontrivial graph G, its first Zagreb coindex is defined as the sum of degree
sum over all non-adjacent vertex pairs in G and the second Zagreb coindex is defined
as the sum of degree product over all non-adjacent vertex pairs in G. Till now, estab-
lished results concerning Zagreb coindices are mainly related to composite graphs
and extremal values of some special graphs. The existing literatures witnessed
no results dealing with the relations between Zagreb coindices and distance-based
topological indices so far. Aiming at filling in this gap, we reveal the relations be-
tween the first Zagreb coindex and some distance-based topological indices here.
We establish sharp bounds on the first Zagreb coindex in terms of distance-based
topological indices including Wiener index, eccentric connectivity index, eccentric
distance sum, degree distance and reverse degree distance.

1 Introduction

Let G be a simple connected graph with vertex set V(G) and edge set V(G). For a
graph G, we let dg(v) be the degree of a vertex v in G and let dg(u, v) denote the
distance between vertices u and v in G. Let ecq(u) = max{da(u, v)|v € V(G)} denote
the eccentricity of G.

A graph invariant is a function defined on a graph which is independent of the labeling
of its vertices. Till now, hundreds of different graphs invariants have been employed in
QSAR/QSPR studies, some of which have been proved to be successful (see [22]). Among

those successful invariants, there are two invariants called the first Zagreb indez and the
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second Zagreb index (see [5,8,11,12,19,21,25-27]), defined as

M (G) = Z (dg(u))? and My(G) = Z dg(u)dg(v),
ueV(G) weB(G)
respectively.

In fact, one can rewrite the first Zagreb index as

Mi(G) = > (do(u) +da(v)). (1)

weE(G)
Noticing that contribution of nonadjacent vertex pairs should be taken into account
when computing the weighted Wiener polynomials of certain composite graphs (see [7]),

Ashrafi et al. [1,2] defined the first Zagreb coindex and second Zagreb coindex as

Mi(G)= > (da(u)+da(v)) and Mr(G) = > da(w)da(v),
wgB(G) wgE(G)
respectively.

It is well known that many graphs arise from simpler graphs via various graph op-
erations. Hence, it is important to understand how certain invariants of such composite
graphs are related to the corresponding invariants of the original graphs. Ashrafi et al. [1]
explored basic mathematical properties of Zagreb coindices and in particular presented
explicit formulae for these new graph invariants under several graph operations, such
as, union, join, Cartesian product, disjunction product, and so on. Ashrafi et al. [2]
determined the extremal values of Zagreb coindices over some special classes of graphs.
However, among established results in the existing literature, we can hardly find a re-
sult dealing with the relations between Zagreb coindices and distance-based topological
indices.

In this paper, we reveal the relations between the first Zagreb coindex and some
distance-based topological indices. This paper is organized as follows. In Section 2,
we give two general bounds on the first Zagreb coindex. In Section 3, we establish sharp
bounds on the first Zagreb coindex in terms of distance-based topological indices including
Wiener index, eccentric connectivity index, eccentric distance sum and degree distance.
In Section 4, we establish sharp lower and upper bounds on the second Zagreb coindex in

terms of modified degree distance.

2 General bounds on M; index

In this section, we give two general bounds on the first Zagreb coindex in terms of order,

size, maximum degree and minimum degree.
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It is not difficult to see that the contribution of each vertex u in G to M,(G) is exactly

(n — dg(u) — 1)dg(u). Thus, we can rewrite the first Zagreb coindex as
M(G)= > (n—dg(u) —1)dg(u). (2)
ueV(G)

Theorem 2.1 Let G be a connected graph of order n. Then
n(n —1)?

4
where the left-hand side equality holds if and only if G = K,,, and the right-hand side one

holds if and only if n is odd and G is a %—Tegula,r graph.

0<M(G) <

Proof. Obviously, each vertex in K, contributes 0 to M, index. So Ml(l(n) = 0.
Any connected graph G not isomorphic to K, has at least one non-adjacent vertex pair.
Then M;(G) > 0.

Now, let us treat the right-hand side inequality. In view of the equation (2), we have

M (G)<n- ("T’l)z = W with equality if and only if for each vertex u, dg(u) = 3,
-regular graph. [ |

n—1

ie, nisoddand G is a 5

A graph G is said to be (a, b)-biregular if its vertex degrees assume exactly two different

values: a and b.

Theorem 2.2 Let G be a connected graph of order n, size m, mazimum degree /A(G)

and minimum degree 6(G). Then
(n* —n —2m)é(G) < M,(G) < (n®> —n —2m)A(G)

where the left-hand side equality holds if and only if G is a %—regulm" graph or a (n —

1,8(G))-biregular graph with 22="C) yertices having degree n — 1 and =122 yertices

n—1-6(G) n—1-6(G)
having degree §(G), and the right-hand side equality holds if and only if G is a *™-regular

n
2m—nA(G)

graph or a (n — 1, A(G))-biregular graph with A vertices having degree n — 1 and

% vertices having degree A(G).

Proof. If G = K, then M,;(G) = 0 and the result follows readily. Suppose that
G 2 K, and that there are ¢ (0 < ¢t < n — 2) vertices of degree n — 1. It is obvious that
the number of vertex pairs {u, v} in G at distance greater than or equal to 2 is exactly

(5) —m= 7"("27” —m. Thus

that is,
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The above left (resp., right) equality holds if and only if for each vertex z in G, if

de(z) # n — 1, then dg(z) = §(GQ) (resp., A(G)). Then t(n — 1) + (n — t)6(G) = 2m

(vesp., t(n — 1) 4+ (n — t)0(G) = 2m). So we have t = i’f;fgég; (resp., t = %)4

If t = 0, then each of above two equalities holds if and only if G is a %—T—regular graph.

Otherwise, we have the left-hand side equality holds if and only if G is a (n — 1,6(G))-

biregular graph with i’f;ﬁgég)) vertices having degree n — 1 and 22:175(25; vertices having
degree §(G), and the right-hand side equality holds if and only if G is a (n — 1, A(G))-
biregular graph with ﬁ%ﬁgﬁ; vertices having degree n — 1 and % vertices having
degree A(G). This proves theorem. |

3 Sharp bounds on )M, index involving
distance-based topological indices

In this section, we present sharp bounds on the first Zagreb coindex in terms of some
distance-based topological indices including Wiener index, eccentric connectivity index,
eccentric distance sum, and degree distance.
The eccentric connectivity index (see [3,16,17]) of a connected graph G, denoted by
¢4(Q), is defined as
¢(G) = > eco(u)da(u). (3)

ueV(G)

As introduced in [4], we call §(G) = Y. ecg(u) the total eccentricity of a connected
ueV(G)
graph G.

Theorem 3.1 Let G be a connected graph of order n and size m. Then
€(G) —2m < My(G) < (n—1)n’ — 2mn — (n — 1)¢(G) + €°(G)

with either equality if and only if G = Py or K,y —il, (0 < i < [§]).
Proof. First, let us prove the left-hand side inequality. For each vertex v, we clearly
have ecq(v) < n —dg(v). According to the equations (2) and (3), we have

Mi(G) = Y (eca(v) = 1)da(v)

veV(G)

=¢4(G) —2m.

Suppose now that M;(G) = £4(G) — 2m. Then we must have ecg(v) =n — dg(v) for

each vertex v in V(G). We first prove the following claim.

Claim 1 Suppose that ecq(v) = n — dg(v) for each vertex v in V(G). If G 2 Py, then
ecq(v) <2 for each v.
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Proof. Suppose to the contrary that ecg(v) > 3 for some v. Let ecq(v) = dg(v, u)
for some vertex u. Then dg(v, u) > 3. Set Ng(v) = {v1, ..., Vagw)} and assume that
the vertex vg, () lies within the u — v path. Clearly, wv; & E(G) (i = 1, ..., Vag())s
for otherwise, dg(v, u) = 2, a contradiction. Thus, dg(u) = 1. Note that ecg(u) <
1 + ece(v) with equality only if each v; is not adjacent to any vertex in the set V(G) \
{v1, ..., Vagw)-1, u, v}. So we have dg(u) + ecq(u) = 1+ eca(u) < 2+ ecq(v) = 2+
[n — de(v)]. Note that ecq(u) + dg(u) = n, thus, we have dg(v) < 2 with equality only if
de(vi) = 1. By above analysis, G is just the path P, when dg(v) =1 or 2.

By our assumption that G 2 P, and ecg(v) > 3, we must have G is a path P, of order
at least 5. However, for such a path P,, the equality ecg(v) = n — dg(v) cannot hold for
each vertex v in P,, a contradiction. This proves the claim. [ |

By Claim 1, if G 2 Py, then ecg(v) = 1 or 2 for each v in G. Since ecg(v) +dg(v) =n
for each vertex v, we must have dg(v) = n — 1 or n — 2 for each v in G, that is, G =
K, —iK5(0 <i<|%]). Sowehave G = Pyor K,, —il, (0 <i < [5]).

Conversely, if G = P, or K, —iK,(0 < i < |§]), then we clearly have ecg(v) =
n — dg(v) for each vertex v in V(G). Thus, M(G) = £¢(G) — 2m, as desired.

Now, we turn to the right-hand side inequality.

Again, by the equation (2), we have

M(G) < Y (n—da(v) = 1)(n — eca(v))
veV(Q)
= (n—1)n* = 2mn — (n — D)E(G) + £9(G).

The equality holds if and only if for any vertex v, dg(v) = n — ecg(v). By previous

analysis, we must have G = Py or K, —iK5 (0 <i < |2]). This completes the proof. H

For a connected graph G, we let W(G) = >~ dg(u, v) denote the Wiener index
{u,v}CV(G)
(see [6] for a survey).

Theorem 3.2 Let G be a connected graph of order n and size m. Then

My (G) > 2W(G) — 2M,(G) + 6m(n — 1) —n® +n?
with equality if and only if G = K,, —iK, (0 <i < L%J)

Proof. Let Dg(z) = > dg(v, y). Then W(G) =% > Deg(z). We have

yeV(@) % evia)

Do) = ¥ dalw, )
yeV(G)

=dg(z) + Z de(zx, y)

yeV(G)\Ne[v]
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<dg(x)+ Z ecq(z)

yeV(G)\Ng/[v]
)+ (n —da(x) — 1)eca(x)
<dg(x)+ (n—de(x) — 1)(n — dg(z))
= (dg(2))* = 2(n — 1)dg(x

= d(;(l‘

(
) )+n?—n.
Note that M1(G) = > [(n— 1)dg(x) — (dg(x))?]. Thus,
zeV(G)

W(G) = % S Do)
zeV(G)
< % 3 [(do(@))? = 2(n — )da(z) + 72 — n)
zeV(G)
_ %Hl(c:) + ;mg(:c)p(dg(x))z —3(n— Dde(z) +n? —n

- %Ml(G) + M) — 3m(n — 1) +

3

Suppose now that W(G) = 5M1(G) + Mi(G) — 3m(n — 1) + ";2"2 Then we must
guarantee that for each x in V(G) and any y € V(G) \ Ng[v], da(z, y) = ecq(z), that is,
ecq(z) < 2. Also, we must guarantee that for each z € V(G), dg(x) + ecg(x) = n. By
the previous analysis in Theorem 3.1, we must have G = Py or K, — ik, (0 <4 < [5]).

Since P, has diameter 3, we must have G = K,, —iK, (0 <1 < [§]).

Conversely, if G = K, —iK, (0 <i < |5]), then W(G) = 3M1(G) + My (G) —3m(n —
1) + 252 that is, M1(G) = 2W(G) — 2M;(G) + 6m(n — 1) — n® + n?.
This completes the proof. |

The degree distance or schultz index of a connected graph G is defined [10] as

D@ = Y (de(u)+da(v)de(u, v). (4)
{u,v}CV(G)
For recent results on degree distance, see [14,15,23,24].
Note that K, has diameter one and M (K,) = 0. So, we will always assume that the
underlying graphs have diameter greater than or equal to two in the subsequent part of

this paper.

Theorem 3.3 Let G be a nontrivial connected graph of diameter d > 2. Then

D'(G) = My(G)
d

_ D(G) - M(G)

< M(G) < D)

with either equality if and only if d = 2.
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Proof. By means of the equations (1) and (4),

D(G) = Y (da(u) +do(v)de(u, v) + Y (do(u) + da(v))da(u, v)

weE(G) wgE(G)
=Mi(G)+ > (da(uw)+ de(v))da(u, v)
wd E(G)
>Mi(G)+2 Y (do(u) + d(v))
wgE(G)

Therefore, M,(G) < w with equality if and only if for any non-adjacent
vertex pairs {u, v}, dg(u, v) = 2, that is, d = 2.
Similarly, we have

D(@) = Z (de(u) + dg(v))de(u, v) + Z (de(u) + de(v))de(u, v)

wel(G) wgE(G)
= Mi(G)+ > (do(u)+ da(v))da(u, v)
wéE(G)
< Mi(G)+d Y (do(u) +de(v))
wg E(G)
= My(Q) + dM,(G).

Therefore, M,(G) > M with equality if and only if for any non-adjacent
vertex pairs {u, v}, dg(u, v) = d, that is, d = 2. This completes the proof. |

The reverse degree distance of a connected graph G of order n, size m and diameter d
is defined [28] as "D'(G) = 2(n — 1)md — D'(G).

By means of Theorem 3.3, we immediately get the following consequence.

Corollary 3.1 Let G be a nontrivial connected graph of order n, size m and diameter
d>2. Then

2(n — 1)md =" D'(G) — My(G)
d

2(n — )md —" D'(G) — My(G)
2

<M, (G) <
with either equality if and only if d = 2.

Let ¢4(G) = > ecq(u)Dg(u) denote the eccentric distance sum (see [13,18]), where
ueV(G)
D¢ (u) is the sum of distances between u and all other vertices in G.

Lemma 3.1 ( [18]) Let G be a nontrivial connected graph on n > 3 vertices. Then

’

¢4(G) < 20W(G) — D'(G)

with equality if and only if G = Py or K,, —ie, wherei=0,1, ..., |5].
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Corollary 3.2 Let G be a nontrivial connected graph. Then
— - W (G) — €4(G) — My(G)

M,(G) < 5
with equality if and only if G = K, —ie, where i =1, ..., [§].
Proof. Note that K, has diameter 1, P, has diameter 3 and K, —ie,i =1, ..., [§],

has diameter 2.

According to Theorem 3.3 and Lemma 3.1, we have

(@) < 2PW(G) —€(G) — M(G)
a 2

with equality if and only if G = K, —ie, where i =1, ..., L%J [ ]

4 Concluding remarks

In this paper, we have established sharp bounds for the first Zagreb coindex in terms of
distance-based topological indices including Wiener index, eccentric connectivity index,
eccentric distance sum, degree distance and reverse degree distance. It seems to be natural
to consider the relations between the second Zagreb coindex and these distance-based
topological indices. As expected, the properties of second Zagreb coindex are less elegant
than those of first Zagreb coindex. We present here a result revealing the relation between
second Zagreb coindex and the modified schultz index.
The modified degree distance or modified schultz index of a connected graph G is
defined [20] as
SG = > de(w)de(v)da(u, v). (5)
{u,v}CV(G)

Theorem 4.1 Let G be a nontrivial connected graph of diameter d > 2. Then

L SH(E) - My(G)
<wy(e) < TG

S*(G) = My(G)
d

with either equality if and only if d = 2.
Proof. According to the equation (5),

S*(G) = Z dG dgu ’U Z dG dg(u ’U)

weE(G) wéE(G)

= MG+ > da(u)de(v)da(u, v)

wgE(G)

My(G)+2 > da(u)de(v)
wg E(G)

Y
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= My(G) + 2M(G).

Therefore, M,(G) < w with equality if and only if d = 2. Similarly, we have

SNG) = Y de(wde(v)da(u, v)+ Y da(w)da(v)da(u, v)
weE(Q) wéEB(G)
= MG+ > da(u)de(v)da(u, v)
wgE(G)
< My(G)+d Y da(u)da(v)
wEE(G)
= My(G) + dMy(G).
Therefore, My(G) > w with equality if and only if d = 2. |
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