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Abstract: The atom—bond connectivity index of a graph G is defined as

_ [daw) + dv) 2
ABC(G) = W;;G) “dwdo

where E(G) is the edge set and d(u), d(v) are the degrees of the vertices # and v in G,
respectively. We characterize the trees with given degree sequences, extremal w. r. t. the
ABC index.

1 Introduction

Topological indices play a prominent role in chemistry, pharmacology, etc. Among them,
one of the best known and widely used is the connectivity index, y, introduced in 1975 by
Randic [8,9]. Estrada et al. proposed a new index, known as the atom—bond connectivity

(ABC) [4]. This index is defined as

B du)+dv) -2
ABC(G) = m;@ \ /—d wdo)

where E(G) is the edge set and d(u), d(v) are the degrees of u and v in G, respectively.
Furtula et al. [S] showed that the star (S,) is the unique tree with the maximal ABC

index. The characterization of trees with minimal ABC index is still unsolved [7]. Among
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all graphs of order n, the complete graph K, has maximal ABC index [2]. For other recent
studies of the ABC index see [1-3,6,7].

Molecular graphs of the practical interest have natural restriction on their degrees cor-
responding to the valences of the atoms. Therefore it is reasonable to consider a tree with
given degree sequence. In this paper we discuss some properties of the extremal trees and
construct the trees which have the maximum or minimum ABC index with given degree
sequences.

For any vertex v € V(T), let d(v) denote the degree of v, i. e., the number of edges
incident to v. The degree sequence of a tree is the sequence of the degrees (in descending
order) of non-leaf vertices. We call a tree maximum (minimum) optimal tree if it maximizes
(minimizes) the ABC index among all trees with given degree sequence. In a tree 7 there
is a unique path connecting two vertices u and v, denoted by Pr(u, v). The distance dr(u, v)
between them is the number of edges on the path Pr(u, v). Let T, be a rooted tree with root
r. The height of a vertex v in 7, is hy(v) = dr(r,v). In T,, if the vertex u is adjacent to

the vertex v and dr(r, u) = dr(r,v) — 1, then we call v a child of u. Through this paper, for

convenience, we letij = /(i + j — 2)/(ij), where 1 <i< j<A.

2 Some Lemmas

Lemma 2.1 Let Xy = ,V Y2 Jfx <y, then 1x < 1y.

Proof. Ifx<y,then———:’—V OHencely—lx—J - J=t=o. o

Lemma 2.2 ([11]) Let
x+y—-2 1 1 2
f(x,y>=\/L=\/—+———
xy Xy Xy

where x, y > 1. If y > 2 is fixed, then f(x,y) is decreasing for x.

Lemma 2.3 Let a, b, and x be the positive integers with a, b, x > 2. Denote f(x) = ./ %—

”b 2 Ifa < b, then f(x) is increasing for x; if a > b, then f(x) is decreasing for x.

Proof. Note that
f )=

ﬁ( 2-a  2-b )
22\ Vxra-2va Vx+b-2b
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and consider the function g(y) = ﬁ (y = 2). Note that
X+Hy=24/y
, —xy—2x—-2y+4
gy)= ———<0.

20y +32 - 29)
Hence, if a < b, then g(a) > g(b). Thus f’(x) > 0, i. e., f(x) is monotonously increasing for

x. Similarly, if @ > b, then f(x) is decreasing for x. O

3 Tree with given degree sequence with minimum
ABC index

For a tree T', suppose that vov; - - - v, is a path, where vy and v,,; are leaves. Let 7’ denote
a new tree obtained from 7" by reversing the order of the components attached to v; - - - vy.

We denote such operation by J(v;, v). (Fig.1 and Fig.2)

4

Vo VI Vier Vi Vit Vel Vi ViR Ve Vi

Fig. 1: A path vovy vy in T.

0000

Vi Vielt Vi Vi-1 Viel Vi Virl Vi Vgl

Fig. 2: A new path obtained by J(v;, v;) on a path vovy - - v, vy, .

Lemma 3.1 In a minimum optimal tree T, every path vyvy - - - v,v,.1, where vy and v,y are
leaves, has the properties:

1) iftis odd, then

divy)) <dv,) <d(vy) <d(v,.) <--- < d(v%) < d(v%) < d(v%)
2) if'tis even, then

dvy)) <dv) <d(vy) <d(v,)) £+ < d(v%) < d(vi) < d(v%) .

Proof. It clearly suffices to prove that d(v;) < d(viy1-;) < d(v), (+1 <k <t+1—-i,i=
L,2,...,[(t+ 1)/2)).
By induction on i. Fori = 1, we should show that d(v,) < d(v;) <d(vy) (2 <k <1). By

the way of contradiction, suppose that d(vx) < d(v;) for some 2 < k < ¢. Then we get 7’ by
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using J(vq,v;) on T. Note that the edges vov; and vy, in T are transformed to the edges
vovx and vy, in T, respectively. Moreover, no other edges are changed. By Lemmas 2.1

and 2.2,

ABC(T") = ABC(T) = (1d(vg) = 1d(v1)) + (d(v1) d(vis1) = d(vi) d(ves)) < 0.
It is contradicted to the minimum optimality of 7. Hence we have d(v;) < d(v) (1 <k <1).
At the same time, we easily have d(v;) < d(v,). Similarly, we can verify the d(v;) < d(v).
Then we have

d(v)) <d(v) <d(vy) 2<k<1t).

We now assume Lemma 3.1 holds for any / < i — 1. In other words, we have d(v;) <
dWyi) <d(vy) (I+1<k<t+1-L1=12,...,[(t+ 1)/2]). We should prove that
dW;) <dWei-) <d(v) ((+1<k<t+1-i,i=1,2,...,[(t+1)/2]). Suppose d(v;) > d(vy)
for some i+ 1 <k <t+1—i. Weobtain anew 7’ by applying J(v;, vx) on T Note that the
edges v;_1v; and vy, in T are transformed to the edges v;_; v, and v;vy,; in 77, respectively.

And no other edges are changed. By the inductive hypothesis, we have d(vi-1) < d(Vi+1).

_ x+d(vk+])—2_ x+dvi_)-2
f(x)_\/ xd(vey1) \/ xd(vi)

Let

By Lemma 2.3, f(x) is decreasing for x. Then,

ABC(T") =ABC(T) = d(vi-)d(ve) +d(vi) d(vis1) — d(vie) d(v)
- dv) d(vea) = f(dv) = f(dv)) < 0.

It is contradicted to the minimum optimality of 7. Thus we have d(v;) < d(vy) (+1 <
k <t+1—1i). Clearly, d(v;) < d(v;+1-;). We can also prove that d(v;;-;) < d(v;) with the
same methods present in the former discussion for i + 1 < k < ¢+ 1 —i. Hence, we have

dv) < d(ve-) <d(v) G <k<t+1-i). o

Definition 3.2 ( [10]) Suppose the degrees of the non-leaf vertices are given, the greedy
tree is achieved by the following ’greedy algorithm’:

1) Label the vertex with the largest degree as v (the root).

2) Label the neighbors of v as vi,Vva,. .., assign the largest degree available to them such
that d(vy) 2 d(vz) > ...

3) Label the neighbors of v (except v) as vii,Via,... such that they take all the largest
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degrees available and that d(vyy) > d(vy) > ... then do the same for vy, vs, . ..
4) Repeat (3) for all newly labeled vertices, always starting with the neighbors of the labeled

vertex with largest whose neighbors are not labeled yet.
Theorem 3.3 Given the degree sequence, the greedy tree minimizes the ABC index.

Proof. The greedy tree obviously satisfies the conditions in Lemma 3.1. However, there
are many trees for which these conditions hold. Now we only show that the ABC index of
the greedy tree achieves the minimum among these trees. First, we observe the followings
hold: (1) When d(v;) > d(v;) and v; is not adjacent to a leaf, the v; is also not adjacent to

a leaf, for otherwise the ABC index decreases. (2) When d(v;) > d(v;) > d(v;) and v; is

not adjacent to v;, then v; is not adjacent to v, for which d(v))d(v;) < d(v;)d(v;). The tree
which possesses the above properties is the greedy tree. Hence, the greedy tree minimizes

the ABC index. ]

Example 1 We present an example which is a minimum optimal tree obtained by the greedy

algorithm with degree sequence m = (4,4,3,3,3,3,3,2,2). Also it is a greedy tree.

Fig. 3: A greedy tree with degree sequence (4,4,3,3,3,3,3,2,2).

4 Tree with given degree sequence with maximum
ABC index

Theorem 4.1 In a maximum optimal tree, every path vyvy - - - v,v,.1, where vy and v,y are
leaves, has the properties:
1) ifiis odd, then d(v;) > d(viy1-;) 2d(vy) fori<k<t+1-i;

2) ifiis even, then d(v;) < d(vyy1—;) <d(v) fori<k<t+1-i.

Proof. By induction on i. For i = 1, we prove that d(vy) > d(v,) > d(vy) (2 <k <1).

By contradiction, suppose that d(v;) > d(v;) for some 2 < k < t. Then we get T’ by using
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J(vi,v) on T. Note that the edges vov; and vyvy, in T are transformed to the edges vovy
and vvy; in 77. And no other edges are changed. Thus combining Lemmas 2.1 and 2.2,
we have

ABC(T") = ABC(T) = 1d(vy) = 1d(v1) + d(v1) d(vi1) = d(vi) d(vis1) > 0 .

This contradicts to the maximum optimality of 7. Hence we have d(v() > d(v,) 2 <k <1).
At the same time, we have d(v;) > d(v;). The proof of d(v,) > d(v;) is carried out in the

same way. Hence we have

dv)) =dv)=>d(vy) (1<k<r1).

Now, assume that Lemma 3.1 holds for smaller values. We divide the proof into the next
two cases.
Case 1: When i > 2 is even, we have d(vi_1) > d(viy1-) =2 d(vy) (+1 <k<t+1-1i).
By contradiction suppose that d(v;) > d(v;) for some i + 1 < k < r+ 1 —i. Then we get
T’ by applying J(v;, v) on T. The edges v;_1v; and vyvi4; in T are transformed to the edges
vi1vi and vy, in T, respectively. Moreover, no other edges are changed. By the inductive

hypothesis, d(v;-1) > d(v41). Let

£ = x+dvie) -2 [x+d) -2
xd(vi_y) xd(via)

By Lemma 2.3, f(x) is decreasing. We have

ABC(T") = ABC(T) = d(vi-)d(ve) +d(v) d(vis)) — d(viy) d(v)

= dv)d(vier) = f(dv) - f(dv) > 0.

This contradicts to the maximum optimality of 7. Then we immediately get d(v;) < d(v;)
forany i < k < t+ 1 —i. Obviously d(v;) < d(v.4;-;). Using the same way, we can prove

d(W1-1) < d(vy) fori<k<r+1-i

Case 2: When i > 2 is odd, we can similarly verify d(v;) > d(v;1-;) > d(v;) by the above

argument. O

Operation 1 Suppose that C is the set of vertices that are adjacent to the leaves in some
tree T. Let d* = min{d(u),u € C}. Let C* be the set of leaves whose adjacent vertices have
degree d* in the tree T. For a tree T; rooted at r;, T is obtained from T by identifying the

root r; of T; with a vertex v in C*.
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Theorem 4.2 Let C denote the set of leaves which do not belong to C* in the tree T.
For a tree T, we obtain T| and T from T by identifying the root r; of T; with v and v",
respectively, where v/ € C*,v" € C. Then ABC (T7) = ABC(T3).

Proof. Suppose v, and v, are adjacent to V' and v”, respectively. Obviously, d(v;) <
d(v,) holds. By Lemma 2.1, ABC(T}) — ABC(T3) = d(v)(d(r;) + 1) + 1d(v;) — 1d(v}) —
dvy) (d(r) + 1) > 0. O

By Theorem 4.2, the maximum optimal tree is obtained by attaching a tree T; to a vertex
in T. Now we construct the extremal tree of the maximum ABC index with given degree

sequence by the following "adopting algorithm’.

Definition 4.3 Suppose the degrees of the non-leaf vertices are (dy,dy, . ..,d,). Then the

tree with maximum ABC index is obtained by the following ’adopting algorithm’.

1) We produce some subtrees T; as follows: T, rooted at ry are assigned d,, — 1 children
whose degrees are dy,d,, ...,dy,—1. T> rooted at ry are assigned d,,_y — 1 children whose

degrees are dy,,dg, 11, .. ., dg, 14, -2 Do the same to get T5, Ty, . . ..

2) Until T, rooted at r; with less d,,_;.1 — 1 children, or there is no degree available
to choose for Ti.1. Then we get some subtrees Ty, T,,...,T). Especially, we should have

d(r) = dp-141 -

3)Letr = r;and T = T;. We obtain T from T and T,_, rooted at r_, by Operation
1. Then let T = T, We obtain T from T and T,_, rooted at r,_,. Do the same for

Tis,....T).

4)Let T =T'. Then T is the extremal tree.

Example 2 We present an example which are maximum optimal trees with given degree
sequence (6,5,5,5,4,4,4,4,4,4,3,2,2).

T and T are obtained by the ’adopting algorithm’. It is obvious that ABC(T) = ABC (T)
and they are satisfied with Theorem 4.1. They are both maximum trees with degree sequence
(6,5,5,5,4,4,4,4,4,4,3,2,2). This means that the extremal tree is not unique. But it does

if the degrees of non-leaf vertices are different from each other.
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Fig. 4: A maximum optimal tree 7" with degree sequence (6,5,5,5,4,4,4,4,4,4,3,2,2).

Fig. 5: A maximum optimal tree T with degree sequence (6,5,5,5,4,4,4,4,4,4,3,2,2).
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